DIFFERENTIAL 
CALCULUS 


SHANTI NARAYAN 


a ee eS ae cet mt i EN RY UR noe 


Ne See ee treme Se ee 


(Review published in Mathematical 
Gazette, London, December, 1953 


| HE book has reached its 5th edition in9 years and it 
can be assumed that it meets all demands. Is it the revie- 
wer’s fancy to discern the influence of G. H. Hardy in the 
opening chapter on real numbers, which are well and 
clearly dealt with ? Or is this only to be expected from 
an author of the race which taught the rest of the world 
how to count ? 
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The course followed is. comprehensive and thorough, 
and there is a good chapter on‘.curve tracing. The author 
has a talent for clear exposition, and is sympathetic to the 


difficulties of the beginner. 
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Answers to examples, of which there are good and ample 

selections, are given. 
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Certaianly Mr. Narayan‘s command of English is 
excellent......Qurown young scientific or mathematical 
specialist, grumbling over French or German or Latin as 
additions to their studies, would do well to consider their | 
Indian confreres, with English to master before their | 
technical education can begin. 
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Preface to the Tenth Edition 


The book has been revised. A few more exercises drawn from 
the recent university papers have been given. 


30th April, 1962. SHANTI NARAYAN 


PREFACE 


This book is meant for students preparing for the B.A. and 
B.Sc. examinations of our universities. Some topics of the Honours 
standard have also been included. They are given in the form of 
appendices to the relevant chapters. The treatment of the subject 
is rigorous but no attempt has been made to state and prove the 
theorems in generalised forms and under less restrictive conditions as 
is the case with the Modern Theory of Function. It has also been a 
constant endeavour of the author to see that the subject is not pre- 
sented just as a body of formulae. This is to see that the student 
does not form an unfortunate impression that the study of Calculus 
consists only in acquiring a skill to manipulate some formulae 
through ‘constant drilling’. 


The book opens with a brief ‘outline of the development of 
Real numbers, their expression as infinite decimals and their repre- 
sentation by points ‘along a line. This is followed by a discussion 
of the graphs of the elementary functions x”, log x, e”, sin x, sin~x, 
etc. Some of the difficulties attendant upon the notion of inverse 
functions have also been illustrated by precise formulation of 
Inverse trigonometrical functions. It is suggested that the teacher 
in the class need refer to only a few salient points of this part of the 
book. The student would, on his part, go through the same in 
complete details to acquire a sound grasp of the basis of the subject. 
This part is so presented that a student would have no difficulty in 
an independent study of the same. 


The first part of the book is analytical in character while the 
later part deals with the geometrical applications of the subject. 
But this order of the subject is by no means suggested to be rigidly 
followed in the class, A different order may usefully be adopted at 
the discretion of the teacher. 


An analysis of the ‘Layman’s’ concepts has frequently been 
made to serve as a basis for the precise formulation of the corres- 
ponding ‘Scientist’s’ concepts. This specially relates to the two 
eoncepts of Continuity and Curvature. 
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Geometrical interpretation of results analytically obtained have 
been given to bring them home to the students. A chapter on ‘Some 
Important Curves’ has been given before dealing with geometrical 
applications. This willenable the student to get familiar with the 
names and shapes of some of the important curves. It is felt that a 
student would have better understanding of the properties of a 
curve if he knows how the curve looks like. This chapter will also 
serve as a useful introduction to the subject of Double points of a 
curve, 


Asymptote of a curve has been defined asa line such that the 
distance of any point on the curve from this line tends to zero as 
the point tends to infinity along the curve. It is believed that, of all 
the definitions of an asymptote, this is the one which is most natural. 
It embodies the idea to which the concept of asymptotes owes its 
importance, Moreover, the definition gives rise to a simple method 
for determining the asymptotes. 


The various principles and methods have been profusely illus- 
trated by means of a large number of solved examples. 


I am indebted to Prof. Sita Ram Gupta, M.A., P.K.S8., formerly 
of the Government College, Lahore who very kindly went through the 
manuscript and made a number of suggestions. My thanks are also 
due to my old pupils and friends Professors Jagan Nath M.A., 
Vidya Sagar M A., and Om Parkash M A., for the help which they 
rendered me in preparing this book. 


Suggestions for improvement will be thankfully acknowledged. 


January, 1942 SHANTI NARAYAN 
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CHAPTER I 
REAL NUMBERS" 
FUNCTIONS 


Introduction. The subject of Differential Calculus takes its 
stand upon the aggregate of numbers and it is with numbers and 
with the various operations with them that it primarily concerns 
itself. It specially introduces and deals with what is called Limiting 
operation in addition to being concerned with the Algebraic opera- 
tions of Addition and Multiplication and their inverses, Subtraction 
and Division, and is a development of the important notion of Instan- 
taneous rate of change which is itself a limited idea and, as such, it 
finds application to all those branches of human knowledge which 
deal with the same. Thus it is applied to Geometry, Mechanics and 
ether branches of Theoretical Physics and also to Social Sciences such 
as Economics and Psychology. 


It may be noted here that this application is essentially based 
on the notion of measurement, whereby we employ.numbers to 
measure the particular quantity or magnitude which is the object of 
investigation in any department of knowledge. In Mechanics, for 
instance, we are concerned with the notion of time and, therefore, in 
the application of Calculus to Mechanics, the first step is to correlate 
the two notions of Time and Number, i.e., to measure time in terms 
of numbers. Similar is the case with other notions such as Heat, 
Intensity of Light, Force, Demand, Intelligence, etc. The formula. 
tion of an entity in terms of numbers, i.e., measurement, must, of 
course, take note of the properties which we intuitively associate with 
the same. This remark will later on be illustrated with reference to 
the concepts of Velocity, Acceleration, Curvatsize, etc. 


The importance of numBery TorMiie' stidy é Of shessubject in hand. 
being thus clear, we will in some of the -fallawing articles, see how we 
were first introduced to the notion of number and how, in course of 
time, this notion came to be subjected to a series of generalisations. 


‘It is, however, not intended to give here any logieally connect-: 
ed amount of the development of the system of real numbers, also 
known as Arithmetic Continuum and. only a very brief reference to 
some well known salient facts will suffice for our purpose. An 
excellent account of the - Development. of numbers is given in 
‘Fundamentals of ‘Analysis’ by ‘Landau. 


It may also be mentioned here.that even though it satisfies a a 
deep philosophical need to hase the theory part of Calculus on the 
notion ‘of number alone, to the entire exclusion of every physical 
basis; but a rigid insistence on the same is not within the scope of 
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this book and intuitive geometrical notion of Point, Distance, etc., 
will sometimes be appealed to for securing simplicity. 


1:1. Rational numbers and their representation by points along 2 
straight line. | 


1:11. Positive Integers. It was to the numbers, 1, 2, 3, 4, etc., 
that we were first introduced through the process of counting certain 
objects. The totality of these numbers is known as the aggregate of 
natural numbers, whole numbers or positive integers. 


While the operations of addition and multiplications are un- 
restrictedly possible in relation to the aggregate of positive integers, 
this is not the case in respect of the inverse operations of subtractio1 
and ‘division. Thus, for example, the symbols 


2—-3, 2-3 
are meaningless in respect of the aggregate of positive integers. 


1:12. Fractional numbers. At a later stage, another class of 
numbers like p/q (e.g., 3, 3) where p and q are natural numbers, was 
added to the former class. This is known as the class of fractions 
and it obviouslv includes natural numbers as a sub-class: q being 
equal to 1 in this case. 


The introduction of Fractional numbers is motivated, from an 
abstract point of view, to render Division unrestrictedly possible and, 
from concrete point of view, to render numbers serviceable for 
measurement also in addition to counting. 


1:13. Rational numbers. Still Jater, the class of numbers was 
enlarged by incorporating in it the class of negative fractions includ- 
ing negative integers and zero. The entire aggregate of these numbers 
is known as the aggregate of rational numbers. Every rational 
number is expressible as p/g, where p and q are any two integers, 
positive and negative and q is not zero. 


The introduction of Negative numbers is motivated, from an 
abstract point of view, te render Subtraction always possible and, 
from concrete point of view,, to, facilitate a unified treatment of 
oppositely directed pairs of entities such as, gain and loss, rise and 
fall, etc. | 


1:14. Fundamental operations on rational numbers. An impor- 
tant property of the aggregate of rational numbers is that the 
operations of addition, multiplication, subtraction and division can 
be performed upon any two such numbers, (with one exception which 
is considered below in § 1:15) and the number obtained as the result 
of these operations is again a rational number. 


This property 1s expressed by saying that the ag,-egate of 
rational numbers is closed with respect to the four fundamental 
operations. 


1:15. Meaningless operation of division by zero. It is important 
to note that the only exception to the above property is ‘Division 
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by zero’ which is a meaningless operation. This may be seen as 
follows :— | 

To divide a by 6 amounts to determining a number c_ such that 

bc=a, 

and the division will be intelligible only, if and only if, the determi- 
nation of c is uniquely possible. 

Now, there is no number which when multiplied by zero pro- 
duces a number other than zero so that a/0 is no number when a0. 


Also any number when multiplied by zero produces zero so that 0/0 
may be any number. 


On account of this impossibility in one case and indefiniteness in 
the other, the operation of division by zero must be always avoided. 


A disregard of this exception often leads to absurd results as is 
illustrated below in (i). 


(i) Let x= 6. 
Then . 
—36=x-—6, 
or (x-—6)(x +6) =x—6. 
Dividing both sides by x—6, we get 
x+6=1. 


6+6=], 1e., 1L2=1. 
which is clearly absurd. 


Division by x--6, which is zero here, is responsible for this 
absurd conclusion. 


(ii) We may also remark in this connection that 


x936 _(x—6)(x+6) _ ; 
x--6 — (x—6) =xX-+-6, only when x46. wee (1) 


For x=6, the left hand expression, (x?—36)/(x—6), is meaning- 
less whereas the right hand expression, x+-6, is equal to 12 so that 
the equality ceases to hold for x=6. 


The equality (1) above is proved by dividing the numerator 
and denominator of the fraction (x?-—36)/(x—6) by (x—6) and this 
operation of division is possible only. when the divin (x—6) 0, i.e., 
when x6. This explains the restricted character of the equality (1). 


Ex. 1. Show that the aggregate of natural numbers is not closed with 
respect to the operations of subtraction and division. Also show that the 


aggregate of positive fractions is not closed with respect to the operations of 
subtraction. 


Ex. 2. Show that every rational number is expressible as a terminating 
ora recurring decimal. 


To decimalise p/q, we have first to divide p by q and then each remainder, 
after multiplication with 10, is to be divided by q to obtain the successive 
figures in the decimal expression of p/g. The decimal expression will be 
terminating if, at some stage, the remainder vanishes. Otherwise, the process 
will be unending. [n the latter case, the remainder will always be one of the 
finite set of numbers 1, 2, eee eeee , g—1 and so must repeat itself at some stage. 
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From this stage onward, the quotients will also repeat themselves and the 


ecimal expression will, therefore, be recurring. 


_ The student will understand the argument better if he actually expresses 
some fractional numbers, say 3/7, 3/13, 31/123, in decimal notation. 


Ex. 3. For what values of x are the following equalities not valid : 


y ~ . x?—a?* 
(i) “x =]. . (ii) “Xa =X+q. 
eee 1—x . 1—cos x Xx 
Gi) gaye mit. @) Sing = 82 


1:16. Representation of rational numbers by points along a line 
or by segments of a line. The mode of representing rational numbers 
by points along a line or by segments of a line, which may be known 
as the number-axis, will now be explained. 


We start with marking an arbitrary point O on the number- 
axis and calling it the origin or zero point. The number zero will 
be represented by the point O. 


The point O divides the number axis into two parts or sides. 
Any one of these may be called positive and the other, then negative. 


O ! Usually, the number-axis is 
O A drawn parallel to the printed 
lines of the page and the right 
Fig. 1. hand side of O is termed posi- 


tive and the left hand side of O negative. 


On the positive side, we take an arbitrary length OA, and call 
it the unit length. 


We say, then, that the number 1 is represented by the point A. 


After having fixed an origin, positive sense and a unit length on 
the number axis in the manner indicated above, we are in a position 
to determine a point representing any given rational number as 
explained below :— 


Positive integers. Firstly, we consider any positive integer,. 
m. We take a point on the positive side of the line such that its 
distance from O is m times the unit length OA. This point will be 
reached by measuring successively m steps each equal to OA starting 
from O. This point, then, is said to represent the positive inte- 
ger, mm. 

Negative integers. To represent a negative integer, —m, we 
take a point on the negative side of O such that its distance from O 
is m times the unit length OA. 


This point represents the negative integer, —m. 


Fractions. Finally, let p/q be any fraction ; q being a positive 
integer. Let OA be divided into q equal parts; OB being one 
of them. We take 4 point on the positive or negative side of O 
according as p is positiye or negative such that its distance from O is 
p times (or, —p times jf p is negative) the distance OB. 


The point so obtained represents the fraction, p/q. 
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If a point P represents a rational number p/q, then the measure 
of the length OP is clearly p/q or — p/q according as the number is 
positive or negative. 


Sometimes we say that the number, p/q, is represented by the 
segment OP. 


-1:2. Irrational numbers. Real numbers. We have seen in the 
last article that every rational number can be represented by a 
point of a Jine. Also, it is easy, to see that we can cover the line with 
such points as closely as we like. The natural. question now arises, 
‘Is the converse true ?”’ Is it possible to assign a rational number 
to every point of the number-axis ? A simple consideration, as de- 
tailed below, will clearly show that it is not so. 


Construct a square each of whose sides is equal to the unit length 
OA and take a point P on the number-axis such that OP is equal in 


the length to the diagonal of the square. B 
It will now be shown that the point P VA 
cannot correspond to a rational number 

i.e., the length of OP cannot have a 

rational number as its measure. O AP 


Fig. 2. 


If possible, let its measure be a rational number p/q so that, 
by Pythagoras’s theorem, we have 


p?* | ; 
( 4 ) == ]?+]2=2, i.e., p?=2q?. ovc(T) 
We may suppose that p and q have no common factor, for, such 
factors, if any, can be cancelled to begin with. 
Firstly we notice that 
(2n)?= 4n?, (2n+1)?=(4n?+4n)+1 


so that the square of an even number is even and that of an odd 
number is odd. gg. 


From th@iijttion (i), we see, that p® is an even number. 
Therefore, p itm t_ be even. 


PY 
@, Let, thex 


™a, 


equal to 2n where n is an integer. 


4n? —2q? or q?=2n’?. 


~ Thus, q? is also and so qis even. 
Hence p and ee 2 and this conclusion con: 
tradicts the hypothe@is that thesia no common factor. Thus the 
measure 4/2 of OP is not a rationarnumber. There exists, therefore, 


@ point on the number-axis not corresponding to any rational number. 


Again, we take a point L on the line such that the length QL 
is any rational multiple say,.p/¢, of OP. . 
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, The length OL cannot.have a rational measure. For, if possi- 
ble, let m/n be the measure of OL. 


Pp _ mq 
q f/2= n or f2= np ’ 


which states that 4/2 is a rational number, being equal to mg/np. 


This is a contradiction. Hence L cannot correspond to a 
rational number. 


Thus we see that there exist an unlimited number of points on 
the number-axis which do not correspond to rational numbers. 


If we now require that our aggregate of numbers should be such 
that after the choice of unit length on the line, every point of the 
line should have a number corresponding to it (or that every length 
should be capable of measurement), we ave forced to extend our sys- 


tem of numbers further by the introduction of what are called irra- 
tional numbers. 


We will thus associate an irrational number to every point of 
the line which does not correspond to a rational number. 


A method of representing irrational numbers in the decimal 
notation is given in the next article 1:3. 


Def. Real number. 4 number, rational or irrational, is called a 
real number. 


The aggregate of rational and irrational number is, thus, the 
aggregate of real numbers. 


Each real number is represented by some point of the number- 
axis and each point of the number-axis has some real number, 
rational or irrational, corresponding to it. 


Or, we might say, that each real number is the measure of some 


length OP and that the aggregate of real numbers is enough to 
measure every length. 


1-21. Number and Point. If any number, say x, is represent- 
ed by a point P, then we usually say that the point P is x. 


Thus the terms, number and point, are generally used in an 
indistinguishable manner. : 


1:22. Closed and open intervals. seta, b be two given numbers 
such that a<b. Then the set of numbers x such thata<x<b is 
called a closed interval denoted by the symbol [a, 5}. 


Also the set of numbers x such that a<x<b is called an 
open interval denoted by the symbol (a,4). 


The number b—a is referred to as the length of [a, 5] as also of 
(a, b). 


1:3. Decima) representation of real numbers. Let P be any 
given point of the number-axis. We now seek to obtain the decimal 
representation of the number associated with the point P. 
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To start with, we suppose that the point P lies on the positive 
side of O. 


Let the points corresponding to integers be marked on the 
number-axis so that the whole axis is divided into intervals of length 
one each. 


Now, if P coincides with a point of division, it corresponds to an 
integer and we need proceed no further. Incase P falls between two 
points of division, say a, a+1, we sub-divide the interval (a, a+-1) 
into 10 equal parts so that the length of each part is ~,. The points 
of division, now, are, 


A, A+ By, Ata eeccceeee , at, a+l. 


If P coincides with any of these points of division, then it corres- 
ponds to a rational number. In the alternative case, it falls between 
two points of division, say 


a a,+l1 
ati at 
1.€., 
a.a,, a.(a,+1), 
where, a,, is any once of the integers 0, 1, 2, 3,......... , 9. 


We again sub-divide the interval 


into 10 equal parts so that the length of each part is 1/10?. 
The points of avision, now, are 


a 2 a 9 a,+l1 
a+ 19 a+y +99 atig tigre “ig 10 10’ at 


The point P will cither coincide with one of the above points 
of division (in which case it corresponds to a rational number) or will 
lie between two points of division say 


a as a,+1 
at sit iee et iy io + 102 


1.é., 
@.0,d,, a.a,(a,+ 1), 
where a, is one of the integers 0, 1, 2,......, 9. 


We again sub-divide this last interval and continue to repeat 
the process. After a number of steps, say n, the point P will either 
tbe found to coincide with some point of division (in this case it 
corresponds to a rational number) or lie between two points of the 
form 


antl 


a 
a+ TEE get eet on AFG Hoe Foe * 
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A.A yg. 600.Ay, Q.Q,AAg Cee ees (a,+1), 


the distance between which is 1/10* and which clearly gets smaller 
and smaller as n increases. , oo , 


The process can clearly be continued indefinitely. 


The successive intervals in which P lies go on shrinking and will 
clearly close up to the point P. 


This point P is then represented by the infinite decimal 
A.A Allg... ... 
Conversely, consider any infinite decimal 


.Q14Q,Qg..+ oe Aye eee 
and construct the series of intervals 


[a, a+1], [a.ay, a.a,+ 1], [a.,a5, a.ayQ5+ 1],...... 


Kach of these intervals lies within the preceding one ; their 
lengths go on diminishing and by taking n sufficiently large we can 
make the length as near to zero as we like. We thus see that these in- 
tervals shrink to a point. This fact is related to the intuitively 
perceived aspect of the continuity of a straight line. 


Thus there is one and only one point common to this series - of 
intervals and this is the point represented by the decimal 


Combining the results of this article with that of Ex. 2, §1°1, 
p. 3, we see that every decimal, finite or infinite, denotes a number which 


is rational if the decimal is terminating or recurring and irrational in the 
contrary case. 


Let, now, P lie on the negative side of O. Then the number 
representing it is 


—@.Q,Q. e Aye tenes 
where 


A.AyAgeerccesAneceers 


is the number representing the point P’ on the positive side of O such 
that PP’ is bisected at O. 


Ex. 1. Calculate the cube root of 2 to three decimal places. 


We have 1?=1<2 and 2?=8>2. 
. 1<3/2<2. 
We consider the numbers 

1, 1°1,1°2,...... , 19, 2, 


which divide the interval [1, 2] into 10 equal parts and find. two successive nur 
bers such that the cube of the first is <2 and of the second is >2. We find that 


(1°2)§ = 1°728 <2 and (1'3)?=2:197>2, 


a 1-2<8/2<1'3, 
Again consider the numbers 
1:2, 1°21, 1°22...... , 1°29, 1°3, 


which divide the interval (1:2, 1-3] into 10 equal parts. 
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We find that 
(1:25)*=1:953125<2 and (1°26)'=2:000376> 2. 
oe 1°25<3/2<1°26. 
Again, the numbers 
1:25, 1:251, 1:752........ , 1-259, 1:26 
divide the interval [1:25, 1:26] into 10 equal parts 
We find that 
(1°259)* = 1:995616979 <2 and (1°26)®=2:000376>2 
ote 1-259 <3/2< 1°26. 
Hence 
B/2==1°259.....4.. > 
Thus to three decimal places, we have 
s/2= 1°259. 
Ex. 2. Calculate the cube root of 5 to 2 decimal places. 


Note. The method described above in Ex. 1 which is indeed very cum- 
bersome, has only been given to illustrate the basic and elementary nature of 
the problem. In actual practice, however, other methods involving infinite 
series or other limiting processes are employed. 


1:4, The modulus of a real number. 


Def. By the modulus of areal number, x, is meant the number 
x, —x or 0 according as x is positive, negative, or zero. 
Notation. The smybol | x | is used to denote the modulus of x. 


Thus the modulus of a number means the same thing as its 
numerical or absolute value. For example, we have 
{3 | =3;] —3 | =—(—3)=3;|0]| =0; 
[5-7] =| 7—5 | =2. 
The modulus of the difference between two numbers is the 


measure of the distance between the corresponding points on the 
number-axis. 


Some results involving moduli. We now state some simple and 
useful results involving the moduli of numbers. 


1-41. [a+b] <]a|] + ]b{, 


i.e., the modulus of the sum of two numbers is less thar or equal to the 
sum of their moduli, 


The result is almost self-evident. To enable the reader to see 
its truth more clearly, we split it up into two cases giving examples- 
of each. 


Case 1. Let a, b have the same sign. 
In this case, we clearly have 


| atb|{|=]| al+]| 4]. 
€.8., | 74+3{=[{ 7] +] 3], 


10 DIFFERENTIAL CALCULUS 


Case II. Let a, b have opposite signs. 
In this case, we clearly have 
(at+b|<]a|+ |b 
€.8., 4 |7—-3|<|]7,+]3|= 
Thus in either case, we have 
fatb| < [a] + [|]. 
1-42, | ab [| =Jfa|. |b], 
e.g., the modulus of the product of two numbers is equal to the pro- 
duct of their moduli, 


e.g., | 4°3 | =f{ 4|].] 3]; 
| (—4)(— _5) | =12 =| 4]. IL-3]; 
|(—4).(8) | ==] —4].] 31. 
1:43. If x, a, 1, be three numbers such that 
|x—a| <i, »-(A) 
then 


(a—lN<x<(a+l) 
i.e., x lies between a—I and a+ or that x belongs to the open interval 
(a—l, a+l). 
The inequality (A) implies that the numerical difference between 
a and x must be less than /, so that the point x (which may lie to the 


right or to the left of a) can, at the most, be at a distance / from the 
point a. 


Now, from the figure, we clearly 
- + 
a-€ ¥ “ see that this is possible, if and only 
Fig. 3 if, x lies between a—/ and a+l. 
It may also be at once seen that 
[|x-a|</ 
iS , equivalent to saying that, x, belongs to the closed interval 
[a—/, a+ 1]. 
Ex.1. If|a—b| </, | b—c| <m, show that 
|a—c | </+m. 


We have | a—c | = | a—b+b—c | & | a—b| + | b-c| <l4+m. 
_ 2. Give the equivalents of the following in terms of the modulus 
notation : 
(i) —1<x<3. (ii) 2<x<5. (iil) —I3 xT. (iv) |-B<x<I+E, 
3. Give the equivalents of the following by doing away with the modu- 
lus notation : 
(i) | x—2| <3. (i) | x+1 | 2. Gd) O< | x-1 | <2. 
4. Ify= |x| + | x—1 | , then show that 
{ —2x, for x0 
yr 


1, for 0<x<1. 
2x -1, for x21. 
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1:5. Variables, Functions. We give below some examples to 
enable the reader to understand and formulate the notion of a vari- 
able and a function. 


Ex. 1. Consider two numbers x and y connected by the relation, 


y= VJ (1—*), 
where we take only the positive value of the square root. 


Before considering this relation, we observe that there is no 
real number whose square is negative and hence, so far as real num- 
bers are concerned, the square root of a negative number does not 
exist. 


Now, 1—.x?, is positive or zero so long as x? is less than or 
equal to 1. This is the case if and only if x is any number satisfying 
the relation 


—l<x<l, 
l.e., when x belongs to the interval [—1, 1]. 


If, now, we assign any value to x belonging to the interval 
[—1, 1], then the given equation determines a unique corresponding 
value of y. 


The symbol x which, in the present case, can take up as its 
value any number belonging to the interval [—1, 1), is called the 
independent variable and the interval [—1, 1] is called its domain of 
variation, 


The symbol y which has a value corresponding to each value of 
x in the interval [—1, 1]is called the dependent variable or a function 
of x defined in the interval [—1, 1}. 


2. Consider the two numbers x and y connected by the relation, 
y=(x—1)/(x—2). 


Here, the determination of y for x2 involves the meaningless 
operation of division by zero and, therefore, the relation does not 
assign any value to y corresponding to x=2. But for every other 
value of x the relation does assign a value to y. 


Here, x is the independent variable whose domain of variation 
consists of the entire aggregate of real numbers excluding the number 
2 and y is a function of x defined for this domain of variation of x. 


3. Consider the two numbers xand y with their relationship 
defined by the equations : 


y==x4 when x<0, ...(i) 
y=x when 0< x<l, ... (ZL) 
y==1/x when x>1. »+0(iil) 


These relations assign a definite value to y corresponding to 
every volue of x, although the value of y is not determined by a single 
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formula as in Examples 1 and 2. In order to determine a value of 
y corresponding to a given value of x, we have to select one of the 
three equations depending upon the value of x in question. For 
instance, 


for x==—2, y=(—2)*=4, [Equation (i) :.. —2<0 
forx=4, y=} _ [Equation (ii) -.. 0<4<1 
for x=3, = [Equation (iil) -.° 3>1. 


Here again, y is a function of x, defined for the entire aggregate 
of real numbers. : 


This example illustrates an important point that it is not neces- 
sary that only one formula should be used to determine y as a funce- 
tion of x. What is required is simply the existence of a law or laws 
which assign a value to y corresponding to each value of x in its 
domain of variation. 

4. Let 

y=x!. 


Here y is a function of x defined for the aggregate of positive 
integers only. | 


5, Let 
y= |x|. 


Here we have a function of x defined for the entire aggregate of 
real numbers. 


It may be noticed that the same function can also be defined as 
follows : | 


y= x whenx>0, 


y=—x when x<0. 
6. Let 


y=1/q, when x is a rational number p/q in its lowest terms pr 
y=0,when x is irrational. 


Hence again y is a function of x defined for the entire aggre- 
gate of real numbers. 


1:51. Independent variable and its domain of variation. The 
above examples lead us to the following precise definitions of variable 
and function. Jf x ‘is a symbol which does not denote any fixed number 
but is capable of assuming as its value any one of a set of numbers, 
then x is called a variable and this set of numbers is said to be its 
domain of variation. 


1:52. Function and its domain of definition. Jf to each value of 
an independent variable x, belonging to its domain of variation, there 
corresponds, by any law, or laws, whatsoever, a value of. a. symbol, y, 
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then y is said to be a function of x defined in the domain of variation of 
x, which is then called the domain of definition of the function. 


1-53. Notation for a function. The fact that yis a function of 
@ variable x is expressed symbolically as 


y=f(x) 


and is read as the ‘f’ of x. 


If x, be any particular value of x belonging to the domain of 
variation of x, then the corresponding value of the function is denot- 
ed by f(x). Thus, if f(x) be the function considered in Ex. 3, § 1:5, 


p. 11, then | 
| F(—2)=4; fG)=3; £(3)=5. 
If functional symbols be required for two or more functions, 


then it is usual to replace the latter fin the symbol f(x) by other 
letters such as F, G, etc. 


1:6. Some important types of domains of variation. 


Usually the domain of variation of a variable x is an interval 
(a, 5}, i.e., x can assume as its value any number greater than or 
equal to a and less than or equal to J, i.e., 


acxccb. 


Sometimes it becomes necessary to distinguish between closed 
and open intervals, 


If x can take up as its value any number greater than a or less 
than b but neither a nor b i.e., if ax<x<b, then we say that its 
domain of variation is an open interval denoted by (a, b) to distin- 
guish it from [a, b] which denotes a closed interval where x can take 
up the values a and BD also. 


We may similarly have semi-closed or semi-opened intervals 
(a, b), a<x<b; (a, b], a<x<b 
a3 domains of variation. 
We may also have domains of variation extending without 
bound in one or the other directions i.e., the intervals 
(—oo, b] or x<b; [a, ©) or xX Sa; (—o, &) or any x. 


Here it should be noted that the symbols —o,o are no 
numbers in any sense whatsoever. Yet, in the following pages they 
will be used in various ways (but, of.course never as numbers) and 
in each case it will be explicitly mentioned as to what they stand for. 
Here, for example, the symbol (—o, b) denotes the domain of vari- 
ation of a variable which can take up as its value any number less 
than or equal to 5b, 


Similar meanings have been assigned to the symbols 
(a, 0), (—0, 0). 


Constants. A symbol which denotes a certain fixed number is 
called a constant, 
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It has become customary to use earlier letters of the alphabet, 
like a, b, c ; a, B, Y, as symbols for constants and the latter letters 
like x, y, 2; u, v, w as symbols for variables. 


Note. The following points about the definition of a function should be 
carefully noted : 


1. A function need not be necessarily defined by a formula or formulae so 
that the value of the function corresponding to any given value of the indepen- 
dent variable is given by substitution. All that is necessary is that some rule or 
set of rules be given which prescribe a value of the function for every value of 
the independent variable which belongs to the domain of definition of the func- 
tion. (Refer Ex. 6, page 12.] 


2. It is not necessary that there should be a single formula or rule for the 
whole domain of definition of the function. [Refer Ex. 3, page 11.] 


Ex. 1. Show that the domain of definition of the function 
1 /4/[(1—x)(x—2)] 
is the open interval (1, 2). 
For x=1 and 2 the denominator becomes zero. Also for x<l1 
and x >2-the expression (1 —x) (x—2) under the radical sign becomes. 
negative. | 


Thus the function is not defined for xc l and x>2. For x>1 
and <2 the expression under the radical sign is positive so that a 
value of the function is determinable. Hence the function is defined 
in“the open interval (1, 2). 


2. Show that the domain of definition of the function ~w{(1—.x) (x—2)] is 
the closed interval {1, 2). 


3. Show that the domain of definition of the functions 
I /vx, 1/W(—x) 
are (0, 0) and (—o, 0) respectively. 
4. Obtain the domains of definition of the functions 
(i) V(2x+1) (ii) 1/(1+-cos x) (iii) V(1+2 sin x). 
1:7. Graphical representation of functions. 
Let us consider a function. 
y=f(x) 
defined in an interval [a, 5]. we (i) 


To represent it graphically, we take two straight lines X'OX 
pnd Y’OY at right angles to each other as in Plane Analytical 
Geometry. These are the. two co-ordinate axes. 


We take O as origin for both the axes and select unit intervals 
on OX, OY (usually of the same lengths). Also as usual, OX, OY 
are taken as positive directions on the two axes. 


To any number x corresponds a point M on X-axis such that 
OM=x. 


FUNCTIONS 15 


To the corresponding number y, as determined from (i), there 
corresponds a point N on Y-axis such that 


ON =y 
Completing the rectangle OMPN, we obtain a point P which is 
said to correspond to the pair of y 
numbers x, y. f 


Thus to every number x be- 
longing to the interval [a, 6], there 
corresponds a number y determined 
by the functional equation y=/(x) 
and to this pair of numbers, x, y 
corresponds a point P as obtained 
above. Fig, 4 


The totality of these points, obtained by giving different values, 
to x, is said to be the graph of the function f(x) and y= (x) is said to 
be the equation of the graph. 


Examples 


1. The graph of the function considered in Ex. 3, § 1°5, 
page IT, is 


Fig. 5 


2. The graph of y=(x?—1)/(x—1) is the straight line y=x+F 
excluding the point P(1, 2). 


7 


P(L2) 


Fig. 6 


3. The graph of y= x ! consists of a discrete set of points 
(1, 1), (2, 2), (3, 6), (4, 24), ete. 
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4. The graph of the function 
(x, when 0<x<} 
fix)=< 1, when x=}: 


1—x when b<x<l, 


is a8 given. 


Fig. 7 
_§. Draw the graph of the function which denotes the positive 
Square root of x?. | 
As 4/x*=x or —x according as x is positive or negative, the 
graph (Fig. 8) of 4/x? is the graph of the function f(x) where, 
| x, when xX ; 
pay=d 
| —x, when x<0. 


Fig. 8 Fig. 9 


The student should compare the graph (Fig. 8) of 4/x? with the 
graph (Fig. 9) of x. 
The reader may see that 
| V/xi= |x|. 
©. Draw the graph of 
y= |x] + |x-—1]. 


é 


We have 


Y {SESS he when x<0, 
y= 


x-+1—x=1 when 0<x< 1, 
x+x—1=2x—1 when x>l. 
Thus we have the graph as 
drawn : 


The graph consists of parts of 
3 straight lines 


y=1—2x, y= 1, y= 2x—1 
_ & corresponding to the intervals 
(— o, OJ, [0, 1], [1, o). 
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7.° Dawn the graph of 


[ x ], 
where [x] denotes the greatest integer not greater than x. 
We have (0, for 0 <x<1, 


y=< 1, for] <x<2, 
2, for 2 <x<3 and so on. 
The value of y for. negative values of x can also be similarly 
given. 


The right-hand end-point of each segment of the line is not a 
point of the graph. 


Fig. Il. 
Exercises 
1. Draw the graphs of the following functions : 
1, when x <0 . x, when 0<x<h. 
WFQ) = —1, when x>0 (i) f(x) = 7 1—x, when $< x<1. 


. . henO<x<$; 
ves x, when O0<x<4 , pe =}: 
Gii) F(X) = 2—x, when d<x<t CFCD= 4 1 ne ede et: 


( . . ( i/x, when x<O0: 
O) FG) = 4X2 MEN XSYS Gay F(R) = 4 0; when x=0 ; 
Lv: when x>0 ; | ~1/x. when x>0. 
2. Draw the graphs of the following functions : ; 
(i) ~~ : (ii) x + Ven. 
Ver - 1)? N(x— 2)? 
qiii) x + y boy ae 


We 1? V2)? | Ve—3)*, 
Gy xb yet Gna ty 3 
The positive ran of the square root is to be taken in each case. 
3. Draw the graphs of the functions : 


(Gi) |x. (ii) |x| + ]x+1]. (iii) 2|x-1]43!x4+2|. 
4. Draw the graphs of the functions : 
(i) [x}*, (ii) [x]+{% +1] 


where [x] denotes the greatest integer not greater than x. 


CHAPTER II 


SOME IMPORTANT CLASSES OF FUNCTIONS AND 
THEIR GRAPHS 


Introduction. This chapter will deal with the graphs and some 
simple properties of the elementary functions 


a*, log, x; 

sin X, cos xX, tan x, cot xX, sec xX, cosec x ; 
sin~!x, cds-!x, tan™x, cot-!x, sec-1x, cosec~1x. 
The logarithmic function is inverse of the exponential just as the 
inverse trigonometric functions are inverses of the corresponding 
trigonometric functions. . The trigonometric functions being periodic, 
the inverse trigonometric are multiple-valued and special care has, 
therefore, to be taken to define them so as to introduce them as single- 
valued. 

2°1. Graphical representation of the function 

y=x" 
n being any integer, positive or negative. 

We have, here, really to discuss a class of functions obtained by 
giving different integral values to n. 

It will be seen that, from the point of view of graphs, the whole 
of this class of funetions divides itself into four sub-classes as 
follows :— | 

(i) when n is a positive even integer ; (ii) when n is a positive odd 
integer ; (iii) when n is a negative even integer (iv) when n is a negative 
odd integer. 

The functions belonging to the same sub-class will be scen to 
have graphs similar in general outlines and differing only in details. 


Each of these four cases will now be taken up one by one. 
. 211. Let n be a positive even integer. 


The following are, obviously, the properties of the graph 
of y=x” whatever positive even integral 
value, 2 may have. 
(i) y=0, when x=0 ; 
y=1, when x=1; 
y=1, when x= — 1, 
The graph, therefore, passes 
through the points: 
O (0, 0), A (1, 1), A’ (—1, 1). 
/ ; (i) y is positive when x is posi- 
y you", tive or negative. , Thus no point oPthe 
graph lies in the third or the fourth 
quadrant. 
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(1. DAN 


(n, a positive even integer) 
Fig. 12. 
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(iii) We have 
y=x"=(—-x)", 
so that the same value of y corresponds to two equal and opposite 
values of x. The graph is, therefore, symmetrical about the y-axis. 


(iv) The variable y gets larger and larger, as x gets larger and 
larger numerically. Moreover, y can be made as large as we like by 
taking x sufficiently large numerically. The graph is, therefore, not 
closed. 


The graph of y=x", for positive even integral valne of n is, in 
general outlines, as given in Fig. 12. page. 18. 


2:12. Let n be a positive odd integer. 


The following are the properties of y=x", whatever positive 


Yi ; 


odd integral value n may have. 

(1) y=0, when x=0; 
y=l, when x=1; 
y=-—I1, whenx=—l 

The graph, therefore, passes 

through the points 

O(0, 0), A (1, 1), A’ (--1,—1). 

(ti) yis positive or negative 

according a3 X is positive or nega- 
tive. 

Thus, no point on the graph y=xn 

lies in the second or the fourth (n, a positive odd integer) 
quadrant. | Fig 13. 


(iii) The numerical value of y increases with an increase in the 
numerical value of x. 


Also, the numerical value of y can be made as large as we like 
by taking x sufficiently large numerically. 


2:13. Let n be a negative even integer, say, —m, (m>0). 
Here, 


youXx" we ee le 


The following are the- 
properties of y=x”" whatever 
negative even integral value, 
n, may have 


(t) Determination of y 
for x=0 involves the meaning- 
| less operation of division by 
v=x" (n, a negative even integer) 0 and so y is not defined for 

Fig. 14 x=0. 
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(ii) y=1 when x=1 or —1, so that the graph passes through 
the two points A (1, 1) and A’ (—1, 1). 
(iti) y is positive whether x be positiveor negative. Thus no 
point on the graph lies in the third or in the fuurth quadrant. 
(iv) We have 
y =X" = (—x)", 
s0 that the same value of y corresponds to the two equal and 


opposite values of x. The graph is, therefore, symmetrical about 
y-axis. 


(vy) As x, starting from 1, increases, x” also increases so that y 
decreases. Also y can be made as small as we like (i.e., as near zero 
as we like) by taking x sufficiently large. 


Again, as x, starting from 1, approaches zero, x” decreases so 
that y increases. Also y can be made as large as we like by taking x 
sufficiently near 0. 


The variation of y for negative values of x may be, now, put 
down by symmetry. 
2°14. Let n be a negative odd integer. 

y The statement of the various 
properties for this case is left to the 
reader. The graph only is shown 
here. (Fig. 15) 


ACL I) 
2:2. Before considering the 


graphs of other functions, we allow 
ourselves some digression in this 
article to facilitate some of the. 
later considerations. 


Ci? DA 


2:21. Monotonic functions. 


= " e e e 
_ Increasing or decreasing functions. 


dn, a negative odd integer) 

Fig. 15. . 

Def. 1. A function y= f(x) is called a monotonically increasing 

ion in an interval if it is such that throughout the interval a larger 

value of x gives a large value of y, i.e., an increase in the value of x 
always causes an increase in the value of y. 

Def. 2. A function is called a monotonically decreasing function, 
if it is such that an increase in the value of x always causes a decrease 
in the value of the function. . 

Thus, if x, and x, are any two numbers.in an interval such that 


Xam, 
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then for a monotonically increasing function in the interval 


F(X) >f(%1) 


and for a monotonically decreasing function in the interval 


F(%2) <f(%1) 
A function which is either monotonically increasing or decreas- 
ing 18 called a monotonic function. 


_ Ex. Show that for a monotonic function f(x) in an interval (a, 6), the 
fraction 


Lf (x2) —F(%1))/(Xa-- 1) , 
keeps the same sign for any pair of different numbers, x, x, of (a, 5). 
Illustration, Looking at the graphs in §2°1, we notice that 
x" is 


(t) monotonically decreasing in the interval (—0oo, 0) and mono- 
tonically increasing in the interval [0, co] when n isa positive even 
integer ; 


(ii) monotonically increasing in the intervals [—oo, 0], [0,0] 
when n is a positive odd.integer. 


(111) monotonically increasing in the interval (—oo,0) and mono- 
tonically decreasing in the interval (0, 00) when 7 is a negative even 
integer. 


(iv) monotonically decreasing in the intervals (—oo, 0), (0, 00) 
when n is a negative odd integer. 
2:22. Inverse functions. 
Let 


y=f(x) ---(1) 
be a given function of x and suppose that we can solve this equation 
for x in terms of y so that we may write x as a function of y, say 
| X= $(y). ---(2) 
Then 9(y) is called the inverse of f(x). 
This process of defining and determining the inverse of a given 


function may be accompanied with difficulties and complications as 
illustrated below :— 


(i) The functional equation (1) may not always be solvable for 
x asa function of y as, for instance, the case 
p= xt +28, 
(ii) The functional equation (1) may not always determine a 


unique value of y in terms of x as, for instance, in the case of the 
functional equation 


y=1+4-2%, o»-(3) 
which, on solving for x, gives. . | 


x=4+V(y-1), (4) 
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so that to each value of y there. correspond two values of x. This 
situation is explained by the fact that in (3) two values of x which 
are equal in absolute value but opposite in sign give rise to the same 
value of y and so, conversely, to a given value of y there must natur- 
ally correspond two values of x which gave rise to it. 


We cannot, therefore, look upon, x, as a function of, y, in the 
usual sense, for, according to our notion of a function there must 
correspond just one value of, x, to a value of, y. 


In view of these difficulties, it is worthwhile to have a simple 
test which may enable us to determine whether a given function 
y=f(x) admits of an inverse function or not. 


If a function y=/(x) is such that it increases monotonically in an 
interval [a, b] and takes up every value between its smallest value f(a) 
and its greatest value f(b), then it is clear that to each value of y 
between f(a) and f(b), there corresponds one and onlv one value 
of x which gave rise to it, so that xis a function of y defined in the 


interval [ f(a), f(d)). 


Similar conclusion is easily reached if y decreases monotoni- 
cally. 


Illustrations of this general rule will appears in the following 
articles. 


2:3. To draw the graph of 


J 
Y=X" ; 
n being any positive or negative integer. 


From an examination of the graph of y=x”* drawn in § 2:1, or 
even otherwise, we see that y= x” 


(i) is monotonic and positive in the interval (0, 0) whatever 
integral value n may have ; 


(ii) takes up every positive value. 


Thus, from § 2:2 or otherwise, we see that to every posSitive 
value of y there corresponds one and only one positive value of x 
such that 


1 
y=x" or x==y". 
Thus 


as 
x=y" 


determines x as a function of y in the interval (0,0); x being also 
always positive. : 
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The part of the graph of y=x", lying on the first quadrant, is 


1 
also the graph of x=y"”. 


when nis a positive integer. when nis a negative integer. 
Fig. 16. Fig. 17. 
1 
To draw the graph of y=x”* when x is independent and y 
dependent, we have to change the point (A, k) in 


t 
X= Vy % 
to the point (k, fh) i.e., find the reflection of the curve 


1 

x=y"” 

in the line y=x. This is illustrated in the figure given below. 

Cor. x?/7 means (x%)1/7 where the 

root is to be taken positively and x is also 
positive. 

Note. It may be particularly noted that 

in order that x1/* may have one and only one 

value, we have to restrict x to positive values 


only and x]/" is then to be taken to mean the 
positive mth root of x. 


It is notenough to say that x1” is an 
nth root of x; we must say the positive mth root 
of the positive number x. 


For, if n be even and x be positive, then x 
has two nth roots, one positive and the other 
negative, so that the mth root is not unique and 
if n be even and x be negative, then x has no ath when n is a positive integer. 
root so that x1/” does not exist. Fig. 18. 


Thus x and x!/# are both positive. 

2:4. The exponential function a*. The meaning of a* when a is 
positive and x is any rational number, is already known to the 
student. (It has also been considered in § 2°3 above). To give the 
rigorous meaning of a* when the index, x is irrational is beyond the 
scope of this book. However, to obtain some idea of the meaning of 
a* in this case, we proceed as follows : 


24 DIFFERENTIAL CALCULUS 


_ We find points on the graph of y=a* corresponding to the 
rational values of x. We then join them so as to determine a conti- 
nuous curve. The ordinate of the point of this curve corresponding 


to any irrational value of x as its abscissa, is then taken to be the 
value of a* for that particular value. 


_Note. The definition of a* when x is irrational, as given here, is incom- 
plete in as much as it assumes that what we have done is actually possible and 
that also uniquely. Moreover it gives no precise analytical way of representing 


a* as a decimal expression. 
Graph of y=a*. In order to draw the graph of 
y=a", 
we note its following properties :— 


2:41. Leta>l. 


(i) The function q” is always positive whether x b2 positive or 
negative. 


(ii) It increases monotonically as x increases and can be made as 
large as we like by taking x sufficiently large. 

(iii) a°=1 so that the point (0, 1) lies on the graph. 

(iv) Since a*¥=1/a-*, we see that a* is positively very small when 
. X is negatively very large and can 
be made as near zero as we like 
provided we give to x a negative 
value which is sufficiently large nu- 
merically. 


With the help of these facts, 
we can draw the graph which is 
as shown in (Fig. 19). 


Fig. 19. 
2°42. Let Q<aq<l. 


(i) The function a* is always positive whether x be positive 
or negative. 


(ii) It decreases monotonically as x increases and can be made 
as near zero as we like by taking x 
sufficiently large. 

(iii) a@=1. Therefore the point 
(0, 1) lies on the graph. 

(iv) Since a*==1/a-*, we see that 
a* is positively very large when x is 
negatively very large. Also it can be 
made as large as we like if we give to x 
a negative value which is sufficiently 
large numerically. 


Thus we have the graph as drawn Fig. 20. 
in (Fig. 20). 
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Note 1. In the case of the function a* it is the exponent x which is a 
variable and the base is a constant. This is the justification for the name 
‘*Exponential function” given toit. For the function x*, the base is a variable 
and the exponent is a constant. 


Note 2. a* never vanishes and is always positive : 
Ex. Draw the graphs of the functions : 
Gy 2'/* iy 24 Gy 2 @y 2 TI, 
2‘5. Graph of the logarithmic function 
y=log,x ; 
a, x being any positive numbers. 
We know that 
y=a* 
can be written as 
x=log,y. 


We have seen in § 2°4 that y=a* is monotonic and takes up 


every positive value as x increases taking ‘all values from —oo 
to +o. 


Thus to any positive value of y there corresponds one and only 
one value of x. 


In the figure of § 2:4, we take y as independent variable and 
suppose that it continuously varies from 0 to 0. Thus we see that 

(i) x monotonieally increases from —x to wo, ifa>l1,; 

(ii) x monotonically decreases from «2 to —«, if al. 

Also, x=0 for y=1. 

Considering the functional equation 

y=log,x, 

we see that as the independent variable x varies from 0 to oo the 


dependent variable y monotonically increases from —«to # if a>l 
and monotonically decreases from © to --» ifa<l. 


Also, y=0 for x=1. 
We thus have the graphs as drawn. 


Fig. 21. Fig. 22. 
Note. The graph of y=log,x is the reflection of y=a* in the line y=x. 
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Some important properties of log, x. 
| We may, now, note the following important properties of 
y=log,x. 


(?) log,x is defined for positive values of x only and the base a 
is also positive. 


(ii) If a>1, log,x can be made as large as we like by taking x 
sufficiently large and can be made as small as we like by taking x 
sufficiently near 0. 

For a<‘l, we have similar statements with obvious alterations. 

(iii) log, 1=0. 

When a>1, we have, log ,x>0, if x>1, and log, x<0, if x<I ; 
When a<1, we have, log, x<0, if x>1, and log,x>0, if x<1. 
2‘6. Trigonometric functions. 


It will be assumed that the student is already familiar with the 
definitions, properties and the nature of variations of the fundamental 
trigonometrical functions sin x, cos x, tan x, cot x, sec x and cosec x. 
The most important property of these functions is their periodic 
character, the period for sin x, cos x, sec x, cosec x being 27 and that 
for tan x, cot x being 7. 


We will only produce their graphs and restate some of their 
important and well known properties here. 


2°61. y=sin x. 


Fig. 23. 
(t) It is defined for every value of x. 


(ti) It increases monotonically from —1 to 1 as x increases from 
—7/2 to 7/2 ; it decreases monotonically from 1 to —1 as x increases 
from 7/2 to 372, and so on. 


h (iii) —1 < gin x <1, ie., | sin x | <1, whatever value x may 
ave, 
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Fig. 24. 


(i) It is defined for every value of x. 


(ii) It decreases monotonically from 1 to —1 as x increases from 
Q to 7 ; and so on. 


(tit) | cos x | <1 whatever value x may have. 
2°63. y=tan x. 
Y 
ww Al he | 
l n yi i," m | 
| a ul 
as 
| ’ { t (271,0) 
(27,0) | C7Y{0) | O , (GO | 
| | | ! 
| ) | 
| | | 
| | | ! 
! | \ 
' | | \ 
Fig. 25. 
(i) It is defined for all values of x excepting 
—in, —n, —8n, —}o, 4a, $2, 57, £7,...... 


i.e., (2n+1)7/2, where n is any integer, positive or negative. It fact 
it will be recalled that for each of these angles the base of the right- - 
angled triangle which defines tan x becomes 0 and so the definition of 
tan x, as being the ratio of height to base, involves division by 0 
which is a meaningless operation. 
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(ii) It increases monotonically from —o to +o as x increases 
from —z/2 to 7/2 ; it increases monotonically from —o to +o as 
x increases from 7/2 to 37/2, and so on. 


(iii) It can be made positively as large as well like provided 
we take 


x<i7/2 and sufficiently near to it ; 
and can be made negatively as large as we like provided we take 
x{>—7/2 and sufficiently near to it. 
2°64. y=cot x. 


Y 


2-270 
2C=-i0 
__ 26 =/T 
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Fig. 26. 
(i) It is defined for all values of x excepting 
osocee 47, —3%, —I27, —7, 0, 7, 27, 377, I7,...05. 


i.e., na, where n has any integral value, since for each of these angles 
the height of the right-angled triangle which defines cot x is zero and 
the definition of cot x being the ratio of base to height involves 
division by zero. 


(ii) It decreases monotonically from « to —9s as xX increases 
from 0 to 7 ; it decreases monotonically from « to — as xX increases 
from 7 to 27 ; and so on. 


(iii) It can be made positively as large as we like provided 
we take 


x>0:and sufficiently near to it ; 


and can be made negatively as large as we like provided we take 
x<0 and sufficiently near to it. 
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2°65. y-==sec x. 
Y 
ON fn 
‘ t 
i $2 rs at 
270,10 | , OO | | (271, 1) 
. 5 ; ¥ 
' (-T-)) | | (7G-l)_ 
| | | 
| 
| 
| | | 
| | | 
j | | ( 
Fig. 
It is defined for all values of x excepting 
wecees — 47m, —in7, —4nr, bn, 27, E7,...... 


1.é., (2n-+1) 7/2, where n has any integral value, since for each of 
these angles, the base of the right angled triangle which defines 


sec x is zero and as such the definition of sec x involves division by 
Zero. 


(it) | sec x ; >1 whatever value x may have. 


(iii) It increases monotonically from 1 to o when x increases 
from 0 to 7/2; it increases monotonically from —o to —1 when x 
increases from 7/2 to 7, and so on. 


(iv) It can be made positively as large as we like by taking 
x<7/2 and sufficiently near to it ; 
and can be made negatively as large as we like by taking 


x>1/2 and sufficiently near to it. 
2°66. y=cosec x. 


KI 
NT 
ny! 
| 
| 


Fig. 28. 
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(¢) It is defined for all values of x excepting 
ececes ON, — OM, —,.0, WH, 27, BW, cecece 

i.e., na, when n has any integral value. 

(ii) | cosec x | > 1 whatever value x may have. 


(iii) It decreases monotonically from —1 to —o as x increases 
from —7/2 to 0; it decreases monotonically from o tol as x in- 
creases from 0 to 7/2. 


(iv) It can be made positively as large as we like by taking 
x>0 and sufficiently near to it ; 
and can be made negatively as large as we like by taking 
x <Q and sufficiently near to it. 


2°7. Inverse trigonometrical functions. The inverse trigono- 
metrical functions 


sin-!x, cos~!x, tan~1x, cot—'x, sec-1x, cosec7!x 


are generally defined as the inverse of the corresponding trigono- 
metrical functions. For instance, sin-!x is defined as the angle whose 
sine is x. The definition, as it stands, is incomplete and ambiguous 
as will now be seen. 


We consider the functional equation 
x=sin y we (1) 
where y is the independent and x the dependent variable. 


Now, to each value of y, there corresponds just one value of x 
in (i). On the other hand, the same value of x corresponds to an 
unlimited number of values of the angle so that to any given value 
of x between —1 and 1 there corresponds an unlimited number of 
values of the angle y whose sine is x. Thus sin7x, as defined above, 
is not unique. 


The same remark applies to the remaining trigonometric func- 
tions also. 


We now proceed to modify the definitions of the inverse 
trigonometrical functions so as to remove the ambiguity referred to 
here. 


2°71. y=sin—x. 
Consider the functional equation 
X=sin y. 


We know that as y increases from —7/2 to 7/2, then x increases 
monotonically, taking up every value between —1 and 1, so that to 
each value of'x between —1 and 1 there corresponds one and only one 
value of y lying between —7/2 and 7/2. Thus there is one and only 
one angle lying between —7/2 and 7/2 with a given sine. 
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Accordingly we define sin-!x as follows :— 

sin-1x is the angle lying 
between —7/2 and 7/2, whose 
sine is x. 

To draw the graph of 

=sin-}x, 
we note that 
(i) y increases monotoni- 


cally from —7/2 to 7/2 as x 
increases from —1 to I. 


(ii) sin-1 0=0, 
sin-! l=7/2, sin71(—1)= —7/2. 
(iii) sin-1x is defined in 
the interval [—1, 1] only. 


Fig. 29. 


We, thus, have the graph as drawn. 


Note 1. We know that if z=sin y, then z varies monotonically taking up 
every value between —1 and 1 as y increases from 7/2 to 32/2, 37/2 to 57/2, and 
soon. Thus the definition could also have becn equally suitably modified by 
restricting sin-!z to any of the intervals (7/2, 37/2), (37/2, 57/2) instead of 
(—2/2, 7/2). What we have done here is, however, more usual. 


Note 2. The graph of y=sin-'z is the reflection of y=sin x in the line 
yr. 


2°72. y=cos"'x. 
Consider the functional equation 
X=COS y. 
We know that as y increases from 0 to a, then x decreases 
monotonically taking up every value between | and —1. Thus, there 


is one and only onz angle, lyinz between 0 and 7, with a given cosine. 
Accordingly we define cos~!x as follows :— 


cos~1x is the angle lying between 0 and 7, wiose cosine is x. 


To draw the graph of 
y=cos"!x, 
we note that 


(i) y decreases monotonically 
from 7 to 0 as x increases from 
—I1 tol. 
(ii) cos! (—1l)=7, cos“! 0= 7/2, 
Fig. 30, cos™! (1)=0. 
(iii) cos-1x is defined in the interval [—1, 1] only. 
Note. We know that x=cos y varies monotonically, taking up every 
value between —1 and 1 as y increases from 7 to 27, 27 to 3n and so on. Thus 


the definition could also have been equally suitably modified ty restricting 
cos—! x to any of the intervals, [7, 27], [27, 37] etc., instead of (07). 
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2°73. y==tan™ x. 
We consider the functional equation 
X=tan y. 

We know that as y increases from —7/2 to 7/2, then x increases 
monotonically from —o to o taking up every value. Thus there is 
one and only one angle between —7/2 and 7/2 with a given tangent. 
Accordingly we have the following definition of tan-! x : 


tanx is the angle, lying between —7;2 and 7/2, whose tangent 


Fig. 31 
To draw the graph (Fig. 31) of 
y=tan! x, 
note that y increases monotonically from —7/2 to 7/2 as x in- 
creases from —o to © and then tan-! 0=0. 
2:74. y=cot-! x. 
Consider the functional equation 
xX=cot ). 
We know that as y increases from 0 to 7, then x decreases 
monotonically from +o to —x» taking up every real value. Thus, 


there is one and only one angle between 0 and a with given cotan- 
gent. 


In view of this, we define cot~! x as follows : 
cot—', x is the angle, lying between 0 and z, whose cotangent is x. 


Fig. 32 
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To draw the graph (Fig. 32) of 
y=cot-* x, 
we note that y decreases monotonically from 7 to 0 as x increases 
from — o to «and cot-! 0=7/2. 
2:75. y=sec"!x, 
Consider the functional equation 
x= see y. 
We know that as y increases from 0 to 7/2, then x increases 


monotonically from 1 to o ; also as y increases from 7/2 to 7, then 
xX increases monotonically from — « to —1. 


Thus, there is one and only one value of the angle, lying between 
0 and 7, whose secant is any given number, not lying between —! 
and 1. The following is, thus, the precise definition of sec’*x :— 

sec- x is the angle, lying between 0 and z, whose:séeunt is x. 

To draw the graph of 

y=sec! x, 
we note that y increases from 0 to 7/2 as x increases from 1 to co and 
y increases from 7/2 to 7 a8 x increases from — o to —1. Also 
sec-! 1=0, and sec~! (—1l)=z7. 


a seen ner ete 


2°76. y=cosec"'x. 
‘Consider the functional equation 
x=cosec y. 

We know that as y increases from —7/2 to 0, then x decreases 
monotonically from —1 to — o and as y increases from 0 to 7/2, it 
decreases monotonically from o to 1. Thus there is one and only one 
value of the angle lying between —7/2 and 7/2 having a given 
cosecant. We thus say that | 

cosec-* x is the angle, lying between —7/2 and 7/2, whose 
cosecant Is x. 

To draw the graph of 

y=cosec”! x, 
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we note that y decreases from 0 to —7/2 as x increases from — to 
— 1} any y decreases from 7/2 to 0 as x increases from 1 to o. 


Y) 
FF 
1,2) 
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Cl oz 


Fig. 34 

Ex. What other definitions of tan-1x, cot~'x, sec~*x and cosec-!x would 
have been equally suitable. 

Note. The graphs of y=sin-'x, cos-'x, tan-'x, cot—lx, sec-!x and 
sosec—\x are the reflections of y=sin x, cos x, tan x, cot x, sec x and cosec x 
‘espectively in the line y=x. 

2°8. Function of a Function. The notion of a function of function 
will be introduced by means of examples. 


Ex. 1. Consider the two equations 
u= x? (1) 
y=sin u, ...(2} 
To any given value of x, corresponds a value of u as deter- 
mined from (1) andto this. value of u, corresponds a value of y as 


determined from (2) so that we see that y is a function of u which is 
again a function of x, t.e., y isa function of a function of x. 


From a slightly different point of view, we notice that since the 
two equations (1) and (2) associate a value of y to any given value 
of x, they determine y as a function of x defined for the entire aggre- 
gate of real numbers. 

Combining the two equations, we get 

y=sin x? 
which defines y directly as a function of x and not through the inter- 
mediate variable wu, 

Ex. 2. Consider the two equations 

u=sin x, (Lp 
a y=log u. »..(2) 

The equation (1) determines a value of u corresponding to every 

given value of x. The equation (2) then associates a value of y to 


this value of um case it is positive, But we know that u is positiv 
if and only if x lies in the open intervals : 


ocesvcecsescone( —47, —3m), (—24, —7), (0, 7), (27, 37) (3) 
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Thus these two equations define y as a function of x where the. 
domain of variation of x is the set of intervals (3). 


General consideration. 
Let 
u =f (x), 
and 
y=$l¥), 
be two functional equations such that f(x) is defined in the interval 
(a, b] and ¢ (x) in [c, d]. 
Let, further, each value of f(x) lie in [c, d]. 
Clearly, then, these two equations determine yas a function of 
x defined for the interval [a, 5}. 
2:9. Classification of functions. Algebraic and Transcendental. 
Any given function is either 
(i) Algebraic or (ii) transcendental. 


A function is said to be algebraic if it arises by performing upon the 
variable x and any number of constants a finite number of operations 
of addition, subtraction, multiplication, division and root extraction. 
Thus, 


y=X247X43, p= (7X24 2)/(BxA+5x2), pea/(X434/x8-+ s/x) 
are algebraic functions. 
A function is said to be transcendental if it is not algebraic. 


The exponential, logarithmic, trigonometric and inverse trigono- 
metric functions are all transcendental functions. 


Two particular cases of algebraic functions. There are two speci- 
ally important types of algebraic functions, namely, 
(i) Polynomials ; 
(ii) Rational functions. 
A function of the type 
yx AXP AV A oe ee Dp XH App 
WhEFO Ay, Ay,.....000- 1 Im are constants and m is a positive integer, 
is called a polynomial in x. 
A function which appears as a quotient of two polynomials 
such as 
Agx™ +A X™ TH TA aX AO, 
Byx® +b, x*-1 b,x +5, 
is called a rational function of x. 


A rational function of x is defined for every value of x exclud- 
ing those for which the denominator vanishes. 
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Exercises 
1. Write down the values of 
(i) sin-1 $, (ii) tan-1 (—1), (iii) sec™1 2, 
2. For what domains of values of the indepzndent variable are the following. 


(iv) cos~! (—4). 


functions defined :— 
({) sin-lvx. (ii) log, sin x. 
(i) sin-1 vx is defined only for those values of x for which 


[Sol. 
—~CvxCl 
and this will be the case if, and only if, 
0<ex<l, 
so that sin-!¥x is defined in the interval (0, 1]. 
(ii) log sin x is defined only for the values of x for which 
sin x>0 
j.e., in the open intervals 
(0, 7), (27, 37),...... 
or generally in (2n7, 2n+1 7) ; 2 being any integer. 
(iii) log sin-1x. (iv) log { (1+x)/(—x) ]. 
(v) log [ (+ 1)/@—1) ] (vi) log (tan-‘x 
(vii) (sin x)*. (viii) (log, x). 
(ix) log [x+ ~v(x?—1) ]. (x) x tan-1x. 
1 - | 
©) WRN ELD I (1) “sintg— cost 
a* +a-* 


ves a . 
(xiii) vi— xi) (xiv) re (a>0). 
3. Find out the intervals in which the following functions are monotoni- 


cally increasing or decreasing :— 
2 e 
U/x'. (v) 2 sin x. 


(i) 2%. (i) ()*. 


4. Distinguish between the two functions 
1, 


(it) 31% ivy 4 


X, —_— 


_— 


— 


x 


CHAPTER III 
CONTINUITY AND LIMIT 


Introduction. The statement that a function of x is defined in a certain 
interval means that to each value of x belonging to the interval there corres- 
ponds a value of the function. The value of the function for any particular value 
of x may be quite independent of the value of the function for another value of x 
and no relationship in the various values ofa function is implied in the defini- 
tion of a function as such. 


Thus, if x,, x, are any two values ofthe independent variable so that 
f(x,), fxg) are the corresponding values of the function f(x), then | f(x2)—F(x:) | 
may be large even though | x,--x,|is small. It is because the value f(x) 
assigned to the function for x==x, is quite independent of the value f(x,) of the 
function for x= x. 


We now propose to study the change | f(x:)—f(x,)| relative to the 
change | X,—x, | by introducing the notion of continuity and discontinuity of 
a function. 


In the next article, we first analyse the intuitive notion of continuity that 
we already possess and then state its precise analytical meaning in the form of 
a definition. 


3-1. Continuity of a function at a point. Intuitively, continuous 
variation of a variable implies absence of sudden changes while it 
varies so that in order to arrive at a suitable definition of continuity, 
we have to examine the precise meaning of this implication in its 
relation to a function f(x) which is defined in any interval [a, b]. Let, 
c, be any point of this interval. 

The function f(x) will vary continuously at x=c if, as x changes 
from c to either side of it, the change in the value of the function is 
not sudden, i.e., the change in the value of the function is small if 
only the change in the value of x is also small. 

We consider a value c+h of x belonging to the interval [a, 5}. 
Here, h, which is the change n the independent variable x, may be 
positive or negative. 

Then, f(c+h)—/fic), is the corresponding change in the depen- 
dent variable f(x), which, again, may be positive or negative. 

For continuity, we require that c+h)— f(c) should be 
numerically small, if h is numerically small. This means that 
| ficth)—fic) | can be made as small as we like by taking | / | 

sufficiently small. 

The precise analytical definition of continuity should not involve the use 


of the word small, whose meaning is definite, as there exists no definite and 
absolute standard of smallness. Such a definition would now be given. 


To be more precise, we finally say that 


A function f(x) is continuous at x=c if, corresponding to any 
positive number, «, arbitrarily assigned, there exists a positive number 8 


such that 
I f(ic+h) — fic) | <e 
37 
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for all values of, h, such that 
Ih| <8. 


This means that f(c-+-h) lies between f(c)—e and f(c)+e for all 
values of h lying between —6 and 6. 


| Alternatively, replacing c+-h by x, we can say that 


S(x) is continuous at x=c, if there exists an interval (c—68, c+8) 
around c such that, for all values of x in this interval, we have 


Sey—e< f (x)<f (ce) +8; 


« being any positive number arbitrarily assigned. 


Meaning of continuity explained graphically. Draw the graph of 
the function f(x) and consider the point P[c, f(c)] on it. 


Draw the lines 
y=fic)—e, y=f(c) +8 w.(1) 
which lie on different sides of 


the point P and are parallel to 
X-axis. 


Here, e is any arbitrarily 
assigned positive number and 
measures the degree of close- 
ness of the lines (1) from each 
other. 


The continuity of f(x) for 
x=c, then, requires that we 
should be able to draw two 
lines 


x=c—6, x=c+6, ...(2) 
which are parallel to y-axis and which lie around the line x=c, such 
that every point of the graph between the two lines (2) lies also 
between the two lines (1). 


3:11. Continuity of a function in an interval. In the last 
articles, we dealt with the definition of continuity of a function f(x) 
at a point of its interval of definition. We now extend this definition 
to continuity in an interval and say that 


A function f(x) is continuous in an interval (a, b), if it is continuous 
at every point thereof. 


Discontinuity. A function f(x) which is not continuous for x=c is 
said to be discontinuous for x=c. 


The notion of continuity and discontinuity will now be illustra- 
ted by means of some simple examples. 
Examples 
1. Show that 
f(x)=3x+4+1 


is continuous at x=1. 
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Here, 
f)=,4 


J(x)—f(1)=3x+1—4=3(x—1). 
We will now attempt to make the numerical value of this 
difference smailer than any preassigned positive number, say ‘001. 
(i) Let x>1, so that 3(x—1) is positive and is, therefore, the 
numerical value of I(x)—f(1). 


and 


Now 
| f(x)—f#Q) | =3(x—1) <:001, 
if 
: x—1<:001/3 ; 
de., if 
x<1+-001/3=1-0003. (8) 


(ii) Let x<1, so that 3(x—1) is negative and the numerical 
value of f(x)—f{1) is 3(1—x). 


Now 
| f(x) SQ) | =38(1—x) <001, 


if 
1—x< 001/3, 
f.e., if 
1—-001/3<x, 
or . 
1—:0003 <x. 


Combining (i) and (ii), we sec that 
| #1) | <°001, 
for all values of x such that. 
1—:0003 < x <1 +:0003. 

The test of continuity for x1 is thus satisfied for the parti- 
cular value ‘001 of «. We may similarly show that the test is true for 
the other particular values of « also. 

The complete argument is, however, as follows :— 

Let ¢ be any positive number. We have 


| ffl) |] =3 | x-1]. 
3|x—1]| <e 


Now 
if 
lie, if 


| x—1 |! <e/3, 


l—e/38 < X¥ < 1+¢2/3. 

Thus, there exists an interval (l—e/3, 1-+-¢/3) around: 1 such 
that for every value of x in this interval, the numerical valne of the 
difference between /(x) and /(1) is less than a preassigned positive 
number e«. Here $=e/3. 

Henee f(x) is continuous for x=1. 

Note. Jt may be shown that, 3x+1, is continuous for every value of x. 
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2. Show that f(x)=3x*+2x—1 is continuous for x =2. 
Let « be any given positive number. We have 
f(2) =15. 
| Ax) —f(2) | = | 8x®+2x—1—15 | 
= !x—2] | 3x+8|[. 
We suppose that x lies between 1 and 3. For values of x 
between | and 3, 3x+-8 is positive and less than (3°3-+8)=—17. 


Thus when 
<x<3, 
we have 
| f(x) —f(2) | <17 | x-2]. 
Now 
17 | x—2 | <e, 
Af, 
/ | x—2 | <e/17. 
Thus, we see that there exists a positive number ¢/17 such that 
| f(x) —-f(2) | <e 
when 
| x—2 | <e/17. 
Therefore f(x) is continuous for x=2. 
of x Note. It may be shown that 3x?+2x—1, iscontinuous for every value 


3. Prove that sinx is continuous for every value of x. 


It will be shown that sin x is continuous for any given value of 
x; say ec. 


Let « be any arbitrarily assigned positive number. We have 


- | f(x)—f(c) | = | sin x—sin c | 


= | 2 cos xe sin — 
| x4+¢ |. x—-e 
=|? cos > | sin =I 
Now | cos xee <1 for every value of x and c. 
| ein Hae XE 
Also | sin —~ ~ PS . 
(From Elementary Trigonometry) 
Thus we have 
sin x—sin ¢ | =2 | cos xe in ~_* 
x—C 
< 2.1. 3 | = | X—C 


Hence | sin x—sin c | <e when | x—c] <e. 
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Thus, there exists an interval (c—e, c-++e) around c such that for 
every value of x in this interval 


| sin x—sinc | <e. 


Hence, sin x is continuous for x=c and, therefore, also for 
every value of x ; c being any number. 


4. Show that sin* x is continuous for every value of x. 
Let « be any given positive number. 


We have 
| f(x) —f(c) | = | sin?x—sin?c | 
=| sin(x-+c)] | sin (x—c} | 
< | sin (x—Cc) | 
<|x-—c|. 
| f(x)—fle) | <e, 
when 


Hence, sin? x is continuous for x=c and, therefore, also for 
every value of x ; c being any number. 


5. Show that the function f(x), as defined below, is discontinuous 
at X==}. 


(x, when 0<x<h ; 
f(x)=< 1, when x=} ; 
1—x, when 4<x<l. 


The argument will be better grasped by considering the graph: 
of this function. 


The graph consists of the point P (4, 1) and the lines OA, AC: 
excluding the point A. Our _ intuition 
immediately suggests that there is a dis- 
continuity at A; there being a gap in the 
graph at A. 

Also, analytically, we can see that 
for every value of x, round about x=}, 
f(x) differs from f(4) which is equal to 1, 
by a number greater than 4 so that there 
isno question of making the difference 
between f(x) and f (4) less than any posi- 
tive number arbitrarily assigned. 


Therefore f(x) is discontinuous at x=}. 


3:2. Limit. The important concept of the limit of a function 
will now be introduced. 


For the continuity of f(x) for x=c, the values of the function 
for values of x near c lie near f(c). In general, the two things, viz. 


(i) The value f(c) of the function for x=:c, and 
(ii) the values of f(x) for values of x near c, 
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are, independent. It may, in fact, sometimes happen that the values 
of the function for values of x near c lie near a number / which is not 
equal to f(c) or that the values do not lie near any number at all. 
Thus, for example, we have seen in Ex. 5, above, that the values of 
the function for values of x near 4 lie near 4 which is different from 
the value, 1, of the function for x=}. In fact this inequality itself 
was the cause of discontinuity of this function for x=}. 


The above remarks lead us to introduce the notion of limit as 
follows : 


Def. lim f(x) =. 
x—>c 
A function f(x) is said to tend toa limit, l, as x tends to c, if, cor- 
responding to any positive number ¢, arbitrarily assigned, there exists 
a positive number; 5, such that for every value of x in the interval 
(c—8, c+8), other than c, f(x) differs from | numerically by a number 
which is less than ¢, i.e., 


| f(x)—F | —<e, 
for every value of x, other than c, such that 
| x—c | <é. 
Right handed and left handed limits. 
lim f(x)=/. lim f(x)=I 
x — (c+0) x —> (c—0) 


A function f(x) is said to tend to a limit, |, as x tends to, c, from 
above, if, corresponding to any positive number, ¢, arbitrarily assigned, 
there exists a positive number, 8, such that 


| f(x)—-T | <s 
whenever 
e<x<c+64. 
In this case, we write 
lim f(x)=l, 
x — (c+0) 


and say that, / is the right handed limit of f(x). 

A function f(x) is said to tend to a limit, 1, as x tends to c from 
below, if corresponding to any positive number, ¢, arbitrarily assigned, 
their exists a positive number, 8, such that 


| f(x)—! | <E, 
whenever 
C—8<X<C. 
In this case, we write 
lim f(x)=!/ 
x — (c—0) 


and say that, /, is the left handed limit of f(x). 
From above it at once follows that 
lim Kxj=l, 


x-7 C 
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if, and only if, 


lim f(x)=I= lim f(x) 
x —(c+0) x (c—0) 


It is important to remember that a limit may not always exist. | 
(Refer, Ex. 3, p. 46) 


Remarks 1. In order that a function may tend to a limit it is necessary 
and sufficient that corresponding to any positive number, ©, a choice of § is 
possible, The function will not either approach a limit or at any rate will not 
have the limit /, if for some ¢, a corresponding § does not exist. 


2. The question of the limit of f(x) as x approaches ‘c’ does not take 
any note of the value of f(x) for x=c. The function may not even be defined for 
X=Ce 


3:21. Another form of the definition of continuity. Comparing 
the definitions of continuity and limit as given in § § 3-1, 3-2, we see 
that 

f(x) is continuous for x =c if, and only if, 

lim f{(x)=f(c). 
x—>Cc 


Thus the limit of a continuous function f(x), as x tends to c, is 
equal to the value f(c) of the function for x=c. 


We see that a function f(x) can fail to be continuous for x=c 
in any one of the following three ways :— 


(i) f(x) is not defined for x=c ; 


(ii) f(x) does not tend to a limit as x tends toc, i.e., 


lim (x) does not exist. 
x—->¢ 


{iii) lim f(x) exists and f(c) is defined but 
Xx->C 
lim fix) Af(c). 
Examples 
1. Examine the limit of the function 
x#—] 
x—\] 
as x tends to I. 
The function is defined for every value of x 
x2 


—1 
: y= gape th when x1. 


Case 1. Firstly consider the behaviour of the values of y for 
values of x greater than 1. 


Clearly, the variable y is greater than 2 when x is greater 
than 1. 
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__ If x, while remaining greater than 1, takes up values whose 
difference from 1 constantly diminishes, then y, while remaining 


greater than 2, takes up values whose difference from 2 constantly 
diminishes also. 


. In fact, difference between y and 2 can be made as smail as we 
like by taking x sufficiently near 1. 


For instance, consider the number ‘001. 
Then 


| y—2 | =y—2=x+1—2<:001. 
if x<1:001. 
Thus, for every value of x which is greater than 1 and less than 


1:001, the absolute value of the difference between y and 2 is less than 
the number ‘001 which we had arbitrarily selected. 


Instead of the particular number ‘001, we now consider any 
positive number e. 


Then 
y—2=x—l<e, 


x<l4e. 


Thus, there exists an interval (J, 14.6), such that the value of y, 
for any value of x in this interval, differs from 2 numerically, by @ 
number which is smaller than the positive number c¢, selected arbitra- 
rily. | 

Thus the limit of y as x approaches I through values greater than 
I, is 2 and we have 

lim y=2. 
x — (1+0) 
~ Case II. We now consider the behaviour of the values of y for 
values of x less than 1. 
When x is less than 1, y is less than 2. 


If, x, while remaining less than 1, takes up values whose 
difference from 1 constantly diminishes, then y, while remaining less 


than 2, takes up values whose difference from 2 constantly diminishes 
also. 


Let, now, ¢ be any arbitrarily assigned positive number, however 
small. 
We then have 
| y—2 | =2—y=2—(x+)=1-x*< «, 
if l—e < Xx, 


so that for every value of x less than -1 but >1—s, the absolute 
value of the difference between y and 2 is less than the number «. 
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Thus there exists an interval (l—e, 1) such that the value of y, 
for any x in the interval, differs from 2 numerically by a number which 
is smaller than the arbitrarily selected positive number «. 


Thus the limit of y, as x approaches 1, through values less than 
1, is 2 and we write | 


lim y=2. 
x —> (1—0) 

Case III. Combining the conclusions arrived at in the last two 
cases, we see that corresponding to any arbitrarily assigned positive 
number ¢«, there exists an interval (l—e, 14s) around 1, such that 
for every value of x inthis interval, other than 1, y differs from 2 
numerically by a number which is less than ¢, i.e., we have 

|y-2|[<e 
or any x, other than 1, such that 
|x-—1l| <e. 
Thus 
lim y=2, or, y>2as x — |. 
x—>1 
2. Examine the limit of the function 
y=xX sin x, 
as x approaches 0. 
Case I. Let x > 0, 80 that y is also > 0, if we suppos 
x < 7/2. : 
For 0<x<7/2, we have 
sin x<X, 
so that 
x sin x<x?, if 0<x<a7/2. 
Let ¢ be any arbitrarily assigned positive number. 


For values of x which are positive and less than 4/e, we have 
x? <e 
so that for such values of x, we have 
x sin x<e. 


Thus there exists an interval (0, «/c) such that for every value 
of x in this interval the numerical value of the difference between 
x sin x and 0 is less than the arbitrarily assigned positive number 
ce, so that we have a situation similar to that in case I of the Ex. 1 
above. Thus 


lim <x sin x=0. 
x —> (0+0) 


Case II. Let x<0 so that y>0, if we suppose x> —7/2. 


The values of the function for two values of x which are equal 
in magnitude but opposite in signs are equal. Hence, as in case I, 
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we easily see that for any value of x in the interval (—¥4/e, 0) 
the numerical value of the difference between x sin x and 0 is_less 
than ec. 

Hence lim xsin x=0. 

x — (0—0) 

Case III. Combining the conclusions arrived at in the last two 
cases, we see that corresponding to any positive number ¢ arbitrarily 
assigned, there exists an interval (—4/s, «/c) around Q, such that 
for any x belonging to this interval, the numerical value of the 
difference between x sin xX and 0 is <e, 


i.e., |x sinx—O| <e. 
Hence lim x sinx=0. 
x—0 


Note. It will be seen that the inequality | xsinx—0| <eis 
satisfied even for x=0. But it should be carefully noted that no 
difference would arise as to the conclusion 

lim x sin x=0, 
x —>0 
even if x=0 were an exception. 


Again, we see that for x=0, the value of the function is 
O sin 0 =() 
which is also its limit as x approaches 0. Thus in this case, the limit 


of the function is the same as its value. Thus this function is conti- 
nuous for x=0. 


The function (x?—1)/(x—1), as considered in Ex.1, possesses 
a limit as x approaches |, but does not have any value for x=1, go 
that it is discontinuous for x=1. 

3. Examine the limit of sin (1]x) as x approaches 0. 

Let . . 

y =sin (1/x) 

so that y is a function defined for every value of x, other than 0 

The graph of this function will enable the student to understand 
the argument better. 

To draw the graph, we note the following points :— 


(i) As x increases monotonically from 2/7 to oo, 1/x decreases 
from 7/2 to 0 and therefore sin (1/x) decreases monotonically from 
1to0; 

(ii) as x increases monotonically from 2/37, to 2/z, 1/x de- 
dreases monotonically from 37/2 to 7/2 and therefore sin 1/x increases 
monotonically from —1 to 1 ; 


(iii) as x increases from 2/57 to 2/37, I/x decreases monotoni- 
cally from 57/2 to 37/2 and therefore sin 1/x decreases from 1 to 
—] : 
and s0 on. 
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Thus the positive values of x can be divided in an infinite- 
number of intervals 


such that the function decreases from 1 to 0 in the first interval on 
the right and then oscillates from —J to 1 and from 1 to —1 


alternatively in the others beginning from the second interval on 
the right. 


___ It may similarly be seen that the negative values of x also. 
divide themselves in an infinite set of intervals. 


(~», 2), 2,-2.9, [-2,- 2) 
a ae a Ge ey, 30° Or 


such that the function decreases from 0 to —1 in the first imterval 
on the left and then oscillates from -—1 to 1 and from 1 to —1 


a fernately in the others beginning from the second interval! on the 
elt. . 


Hence, we have the graph (Fig. 37) as drawn. 


. The function oscillates between —1 and 1 more and more 
rapidly as x approaches nearer and nearer zero from either side. If 
we take any interval enclosing x=0, however small it may be then 
for an infinite number of points of this interval the function assumes. 
the values 1 and —]. 


Rd) 


Fig. 37. 


There can, therefore, exist no number which differs from the 
function by a number less than an arbitrarily assigned positive number 
for values of x near 0. 


Hence 


lim (sin 1/x) does not exist. 
x—->0O 


This example illustrates an important fact that a limit may not 
always exist. 


Note. The function considered above is not continuous for 
x=0. Neither is the function defined for x=0 nor does its limit 
exist when x tends to zero. 
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4. Examine the limit of 
. I 
x sin —. 
x 
as x approaches 0. 


Obviously the function is not defined for x=0. Now, for non- 
zero values of x 


. ad . 1 
x sin sae x | | sin —< | x | 


| 


so that 


x sin a, 
x 


. 1 
xsin =| < |x| <e 


when | 
|x—O|=|x]| <e. 

Thus, we see that if, «, be any positive number, then there 

exists an interval (—e«, <) around 0, such that for every value of x in 


this interval, with the sole exception of 0, x sin (1/x) differs from 0 
by a number less than «. 


Hence 
lim (x sin I =( 
x—0 x )= ; 
In fact, as may be easily seen, the graph of 
. I 
y=x sin — 


oscillates between 
y=x and y=—x 
as xX tends to zero. 
This function is not continuous for x=0. 


3°22. Infinite limits and variables tending to infinity. Meanings 
of 
(i) lim f (x) =o (ii) lim f(x)=— 0; 
. x-e et—>C 

Def. A function f(x) is said to tend tow, as x tends to c, if, 
corresponding to any positive number G, however large, there exists a 
positive number 8 such that for all values of x, other than cc, lying in the 
interval [c—5, c+], 

f(x) > G. 

Also, a function f(x) is said to tend to —«#,as x tends to c, if, 
éorresponding to any positive number G, however large, there exists a 
positive number § such that for all values of x in [c—8, c+8] exclud- 
ing c, 

f(x) < —G. 

Right handed and left handed limits can be defined asin § 3-2, 

p. 42. 


We shall now consider some examples. 
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Examples 


lim (<)= . 


x—>0 
The function is not defined for x=0. We write y=1/x?. 


Case I. Let x>0. If x, while continuing to remain positive, 
diminishses, then 1/x*® increases. 
Also, 1/x? can be made as large as we like, if only we take x 
sufficiently near 0 and greater than it. 
Consider any positive number, however large, say 108. 


Then 


1. Show that 


1/x?> 108, if x<1/108, 
so that for all positive values of x<1/10%, we have 
y> 10°. 

Instead of the particular number 106 we may consider any 
positive number G. 

Then 

1/x?>G, if x<1/4/G. 

Thus, there exists an interval [0, 1/4/G], such that for every 
value of x belonging to it, y is greater than the arbitrarily assigned 
positive number G. Hence 

lim (1/x*)=oa. 
x—>(0+ 0) 

Case II. Let x<0. Here also y is positive. If, x while conti- 
nuing the remain negative, increases towards zero, then 1/x? also 
increases. . 

Also if, G be any arbitrarily assigned positive number, then, 
for every value of x in the interval (—1/4/G, 0), we have 

1/x?>G, 
so that 1/x? tends to o as x tends to 0 through values less than it 
and we write in smybols 
lim (1/x*?)=o. 
z --(0—0) 

Case III. Combining the conclusions arrived at in the last two 
cases we see that corresponding to any arbitrarily assigned posi- 
tive number G, there exists an interval [—1/4/G, 1/4/G], around 0, 
such that for every value of x (other than 0) belonging to this inter- 
val, we have 

1/x?>G., 
Thus 
lim (1/x*)=0, or (1/x?)»o as x->0. 
z— 0 
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2. Show that 


. l 
lim ——=o0, #4x1lim —=— ©, 
z»(0+0) * — a >(0-0) * 


lim i does not exist. 
x—>0 
The function is not defined for x=0. We write y=1/x.. 


Case I. Let x>0 so that y is positive. If x, while continuing 
to remain positive, diminishes, then 1/x increases. 


Also, if G be any positive number taken arbitrarily, then 
1]/x>G, if x<1]G. 
Hence 
lim (1/x)=e when x->(0+0). 


Case II. Let x<0 so that y=1/xis negative. Ifx, while con- 
tinuing to remain negative, increases towards zero, then y=1/x 
decreases and numerically increases. 


Also, if G be any positive number taken arbitrarily, then 
I/x<—G, if x>—1/G. 
Hence 
lim (1/x)=—oo when x->(0—0). 
Case III. Clearly when x->0, lim (1/x) does not exist. 


3:23. We will now give a number of definitions whose mean- 
ings the reader may easily follow. 


(i) A function f(x) is said to tend to a limit I, as x tends to 
(or —oo ), if, corresponding to any arbitrarily assigned positive number 
¢, there exists a positive number G, such that 
| f(x)—l| <e, 
for every value of x>G, (x<—G). 
Symbolically, we write 
lim f(x)=/ when x->o , (lim f(x)=/ when x—>—» J. 


(it) A function f(x) is said to tend to w , as x tends to «(or — ) 
if, corresponding to any positive number G, however large, there exists 
a positive number /\ such that 


f(x) >G, for x>A; (<— A). 
Symbolically, we write 
lim f(x)=00 when x->o, [lim f(x)=0o0 when x>—» )] 
The reader may now similarly define | 
lim f(x)=—o when xo ; lim f(x)=—o when x>—o 
Note 1. Instead of 0, we may write +0 to avoid confusion with —o. 


Note 2. Rigorous solution of any problem on limits requires that the 
problem should be examined strictly according to the definitions given above in 
terms, of ¢'s, 6’s, G’s etc. But in practice this proves very difficult except in some 
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ee 


very elementary cases. We may not, therefore, always insist on a rigorous 
solution of such probelms. 


Exercises . 
1. Show that the following limits exist and have the values as given : 
(i) lim (2¢+3)=5. (i) lim (3x—4)=2. 
z—>] x—>2 
(iii) lim = (a2#+3)=4. (iv) lim (22%+2)=21. 
x—>1 x—>3 
(vy) lim (1/2)=4. (vi) lim 1/(2x+3)=}. 
x—>3 x-—>0 


2. Show that 

(i) 5x+4 is continuous for z=2. 

(ii) 2*+2 is continuous for 7=3. 
Also show that two functions are continuous for every value of z. 
3. Examine the continuity for z=0, of the following functions : 


() flz)= j=" when 253 


6, when z=3, 


(ii) f(x)= 1 sin =, when 2340 
0, whenz=0, 
4. Prove that cos xis continuous for every value of x. 
5. Show that cos? x and 2+2+27 are continuous for every value of z. 


6. Draw the graph of the function ?(z) which is equal to 0 when x0; 
to 1 when 0<z<1 and to 2 when «>1 ; and show that it has two points of 
discontinuity. 


7. Investigate the points of continuity and discontinuity of the following 
function :— 


f(x)=(2?/a)—a for x<a, f(a)=0, f(z) =a—(a*/z), for x>a. 
8. Show that : 


f(x)=cos ~ when 250 and f(0)=1. 


is discontinuous for x=0. 


9. Show that 
lim tan zw=oo, lim tan z=— 2% 
x—>(i7 —0) x—>($7+0) 
but lim tanz does not exist. 
x—>($7) 


[Refer § 2°63, p. 27] 


10. Show that 
lim logx=— o, 
x—>(0+ 0) 


[Refer § 2'5, p. 25]. 
11. Examine 
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(If x tends to 0 through positive values, then 1/z tends to «and, therefore, 
2'/* tends to ©. 


If x tends to 0 through negative values, then 1/x tends to — o and there- 
fore, 2!'® tencs to 0. 


Thus 
1 1 
lim 27 =o, lim 2*=0 
2->(0+0) 2—>(0—0) 
but 
lim 2+ 
x—>0 
does not exist.] 
12. Show that 1 
lim 27>? =0 
x—>0 
13. Show that if 
f(x)=[z], 


where [z] denotes the greatest integer not greater than x, then 
lim f(x)=0, lim f(z)=1,. lim f(x) does not exist. 
x—>(1—0) x—>(1+0) x—>J 
What is the value of the function for x=1? [Refer Fig. 11, p. 17] 


14. Explain giving suitable examples, the distinction between the value of 
the function for =a and the limit of the same as z tends to a. 


15. Give an example of a function which has a definite value at the origin 
but is, nevertheless, discountinuous there. 


3:3. Theorems on limits. 
Let f(x) and (x) be two functions of x such that 


lim f (x)=J, lim (x)=, 
w—->G xa 
Then 
(i) lim [{f(x)+¢ (*)]= lim f(x) +lim ¢(x)=/-+m, 
xw->a «t->Q 


i.e., the limit of the sum of two functions is equal to the sum of their 
limits ; 
(ii) lim [f(x)—¢(x)]=lim Ax) lim ¢(x)=l—m 
x—>a x->a 
i.e., the limit of the difference of two functions is equal to the difference 
of their limits ; 
(iii) lim [f(x)—9(x)]=lim f() . lim (x) =Im, 
X~ a x-—>@Q x—>a 
i.e., the limit of the product of two functions is equal to the product of 
their limits ; 


(iv) .lim [ f(x)+9(x)] =lim f (x)~lim 9(x)=/+m, (m0) 


i.e., the limit of the quotient of two functions is equal to the quotient of 
their limits provided the limit of the divisor is not zero. 
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These results are of fundamental importance but their formal 
proofs are beyond the scope of this book. 


These results can easily be extended to the case of any finite 
number of functions. . 

Note. Inversion of operations. A beginner who notices the above state- 
ments for the first time may fail to see any meaning in them and he may not be 


able to appreciate the significance of the same. In order, therefore, to help 
him do so, some observations seem to be necessary here. 


In mathematics we deal with different types of operations and some- 
times the mathematical expressions are subjected to two or more operations 
and in such a case the order in which the operations are made must be taken 
into account. Itcannot just be assumed that the order can be changed at will 
without altering the final outcome, i.e., the final result may not be independent 
of the order of the operations. 


The fact is that in each case the question as to whether the inversion of 
the order of operations is or is not valid has to be separately examined in 
relation to the nature of the operations. 


We now examine the following statements :— 
(i) log (m+n) log m+logn. 

(i) sin (A+ B) ¥sin A+sin B. 

(iii) ax(b+c) =axbtaxe. 


In (i) we find that the two operations involved, viz., that of addition 
and taking of log are not invertible. 


_ Similar is the case in (ii) where we have the operations of adding and 
taking of sine. 
In (iii), however, we see that the two operations of addition and multi- 
plication are invertible. 


The theorems in this article amount to asserting the validity of the in- 
version of the operations of taking the limits with each of the four operations of 
addition, subtraction, multiplication and division. 


The reader is advised to think of other similar cases also. 


3-4. Continuity of the sum, difference, product and quotient of 
two continuous some 


Let f(x), 9(x) be any two functions which are continuous for 
x=, so that 
lim f(x)= f(a), lim 9(x)=9(a). 
Xa z->a 


From the theorems in § 3°3, we see that 
lim [ f(x) -+¥% (*)]=lim K(x) him 2) 


xX > a. xX -> 
Fa (a) 9a) 
=value of [ f(x) +9(x)], for x=a, 
so that f(x) +9(x) is continuous at x=d. 
The continuity of f(x)—¥9(x) and f(x)?(x) may similarly be 
proved. 
For the quotient, we have 
lim f(x) _ lim fx) where lim ¢(x) 0. 


x >a ?(*) ~ lim ¢ (x) x—>a 
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7%) = value of f(x) for x=a, 
9(2) P(X 


(x) 


so that f(x)—9(x) is also continuous at x=a, provided 
lim 9(x)=9(@)40, when x — a. 


Thus, the sum, the difference, the product and the quotient of two 
continuous functions are also continuous (with one obvious exception 
in the case of a quotient). 


3°41. Continuity of elementary functions. 


We have seen in Ex. 3, p. 40 and Ex. 4, p. 51, that sin x and 
vos X are continuous for all values of x. 


Hence from §3°4, above, we see that 
sin x cos X ] 

————, cot X= ———., sec X¥=———. , coset X= --;---- 

cos x sin x cos xX 

are also continuous for all those values of x for which they are defined ; 
points of discontinuity of these four functions arise when the denomi- 
nators cos X, sin x become zero and for such values of x, these func- 
tions themselves cease to be defined. 


~ tan x= 


Also it may be easily seen that, x, and a constant are continu- 
ous functions of x. Thus by repeated applications of the results of 
§3°4 aboye, we see that every polynomial 


Agr” +a, x"-1 +... -+-4,, 


is a continuous function for every value of x and that every rational 
function 


Ayx" +-a,x"-1- + ...+y 
bx™ +b x1... +5, 


is a continuous function of x for every value of x except those for 
which the denominator becomes zero. 


* Finally the functions, sin-! x, cos-! x, tan~! x, cot-! x, sec7! x, 
cosec~! x, log, x, @* are continuous for all those values of x for which 
they are defined. This is geometrically obvious from the graphs 


drawn in Chap. II, Analytical proofs are beyond the scope of this 
book. oo 


3°5, Some important properties of continuous functions. 


3-51. Let f(x) be continuous for x=c and fi(c)0. Then there 
exists an interval [c—8&, .c+8] around c such that f(x) has the sign of 
fc) for all values of x in this interval. 


. Its truth is obvious if we remember that a continuous function 
does not undergo sudden changes so that if f(x) is positive for any 
value c of x and also continuous thereat, it cannot suddenly become 


negative and must, therefore, remain positive for values of x in a 
certain neighbourhood of c. 
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| In the formal, precise manner, it may be proved as follows ; 


To every positive number c, however small it may be, there will 
correspond a positive number 8 such that . 


fe) —e<f(x)<fle) +e 


for every value of x such that | 
c—8<x<c+46. a 


Let f(c)>0. In this case we take « any positive number less 
than f(c) so that f(c)—e and f(c)+e both are positive, Thus, f(x) lies 
between-two positive numbers and is, therefore, itself positive when 
x lies between c—8 and c+8. 


Lt f(c)<0. » Hence f(c)—e is already negative and f(c) + will 
be negative if e<—/f(c). Thus in this case if we take ¢ any positive 
number which is smaller than the positive number —f(c), then we see 
that f(x) lies between the two negative numbers f(c)—e and f(c)+e 
and is, therefore, itself negative when x lies in the” interval 


[c—3, c+6]. no 


Hence the theorem. 


Note. This simple but important property of continuous functions will 
be used in the chapters on Maxima, Minima and Points of inflexion. 
3°52. Let f(x) be continuous in a closed interval [a, b] and let 


f(a), f(b) have opposite signs. Then f(x) is zero for at least one value of 
x, lying between a and b. : : 


Its truth is intuitively obvious, for, a continuous curve y=f(x) 
going from a point on one side of x-axis to.a point lying on the other 
cannot do so without crossing it. Co 


Its formal, analytical proof is; however, beyond the scope of 
this book. | - 7 oe 
3-53. ° Let f(x) be continuous ina closed interval [a, b]. - Then 
there exists points c and d in the interval [a, b], where f(x) assumes its 
greatest and least values M and m, i.e., | 
Ae)=M, fdy=m. 
The proof is beyond the scope of this book. 


_ .. -The.theorem states that there is a value of a continuous fune- 
tion greater than every other of its values and as also a value smaller 
than every other value. 


A discontinuous function may nof possess-greatest or least values 
as we now illustrate. | 
| Consider the function defined as follows-:— 
1—x,forO0<x<1l 
fe)=}) oe 
“se Ay — -for x= 0, 
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Its graph consists of the point C(0, 4), and the li 
ra , 4), ne AB exclud- 
ing the point B. The function possesses no greatest value; 1 not being 


& value of the function. If we consider 
any value Jess than 1, however near 1 ; 
it may be seen that there isa value 
of the function greater than that value. 


This is explained by the fact that 
the function is not continuous in the 
interval (0, 1); x=0 being a point of 

Fig. 38. discontinuity. 
Note. This property will be required to prove Rolle’s Theorem in Chap. 


Example 
Show that 
qt 
lim * =nar}, 
x—-a”” 


when, n is any integer. 
We cannot write 


lim xa" tnt) for lim(x—a@) =0. 
x—o>q*7a lim(x—a@) 


In the present case the limit of the numerator 1s also zero. 
Case I. Firstly suppose that 7 is a positive integer. By actual 
division, 
x" —ar 
x—a 
the equality being valid for every value of x other than a. As the 
limit does not depend upon the value for x=a, we can write 


a= X71 4 x 8q t.., +.qr—l 


xu—a" 


-lim — ---- = lim (x*714-x774a+...... +a"), 
2—>a*— %—>a 
Being a polynomial, the function 
xP} XB Ht +a"! 


is continuous for every value of x and, as such, its limit when x — a 
must be equal to its value for x=a. Thus 


x"? — aq" 
x—@Q 


lim =q'i~ltg"™—qt.,.....-a"%I=na"1 
Case II. Now suppose that nis a negative integer, say —mM, 
where /m is a positive integer. We have 
x*—ar x7-*™—a-* a™~—x”" #1 


= | ~ "ieee are 
x—a@ x—a X—a a™”x™ 
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x”"—aq™ l 
x—a a”™x™ 
. x*— . xm l 
lim —— == —lim lim —— 
x—>a x>qg * x3>g © * 
l 
=—ma”-. agri == —ma-™-1=naq"—), 


employing Case I and the fact that 1/a”x™ is continuous for x=a. 
In the Case II, we must suppose that a0. 


Exercises 
1. Show that 
. . XP4+7X _ ve x §—3x+2 _ 3 
(i) iim x 7. (ii) im be sx E37 4 
vs _. N(i+x)—1_ ; . — 3x8 2x2+x% 3 
(ii) YT x83? 2 


2. If 


f(~)= ee TALE, when x3#—2 and f(—2) =k 


find k so that f(x) may be continuous for x= —2. 

3. Show that 

lim sin(x+A)=sin x. 
h->0 

3°6. Some important and useful limits. 

3°61. Limiting value of x” when n tends to infinity through posi. 
tive integral values ; x being any given real number. 

(i) Let x>1. 

We write x=1-++h so that h is positive. 

By the Binomial theorem, we have 


thy artmh¢ MO Dya yg 0 pV. Nps 


ee ee en RR I 


where each term is positive. 

Hence 

x" =(1 +h)" >1-+-nh. | 
As (1--nh) tends to infinity with n, therefore x* also tends to 

infinity. 

To be more rigorous, we consider any pre-assigned positive number G. 
Then 

l+nh>G, ifn>(G—1)/h. 
If A be any positive integer greater than (G—1)h, then 
x*>G forn> A so that x”-»> oc when n—-»o. 
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(ii) Let x=1. Here x*=1 for all values of 1 and therefore x*->1 
in this case. 


(iii) Let O0<x<l. Here, also, x” is positive. 
We write x=1/(1-+4) so that h is a positive number. 
As before 
(1 +iy'> 1 -Enh. 
1 
(i Wa Sah’ 


Now I/(1-+nh)->0 as n tends to infinity. Therefore x"—+0 as 
N—> 0. 


To be more rigOrous, we consider any positive number s. Then 


<é, if L4+nh>— ie, ifn>(2—1)ih 


. 0<x"*= 


1 
1+nh 
If m be any integer which is > (> —1 ‘a, then 


x" <€ for nm. 


Thus we see that x”, which is always positive, lies between. —& and & 
n2>m so that for 0<x<1 
lim x"=<0 when n->o. 


(iv) Let x=0. Here x*=0 for all n so that x"—>0. 


(v) Let -I<x<0. Here x is negative so that x* is positive 
for even values of 7 and negative for odd values, We write x=—a 
so that a is a positive number less than I. a 


Absolute value of x” is a”, i.e., 
| x" | =a”. 
But a"—>0. Hence 
x"—>0. . | 
(vi) Let x==—1. Since x” is alternately —1 and I, therefore it 
neither tends to any finite limit nor to +— o in this case. 


(vii) Let x<— —I, Here, again, x* is alternatively negative and 
positive. But in this case it takes values numerically greater than 
any assigned number. Hence x” does not tend to a limit. 

Thus, we see that lim x, when n> o, exists ts finitely if, and only 
if, ‘ "4 
-lex<l. 
- Also, it is Oif ~l<x<l, i.e., if | x | <1 and is 1 for x X=] 


-3-62. Limiting-value of x"/n!, when n tends to infinity | through 
positive integral values and x is any given real number. 


Let x be positive-and let m, m-+1 be the two consecutive 
integers between_which x lies so that we have _, 


mgx<m-+l. 
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We write 
i, x * * _~*. _ ~ 
ni! 1° 2° 380° Mm" msl m42 0° ne 
x x x 
Let P= TT tH 
so that p is a positive constant. 
x , x, x 
Also, each of —— many mag 1s <MoY. 
as. x ( x oe: 7 x % 
OSI im Fi) = m+1 
m+l 


=k (Gicer) » 599 


where k is a positive constant independent of n. 
Since, x/(m-+-1) is positive and <1, therefore when n->o , 


; x \" 
lim Gata) =° [§ 3°61] 
m being a constant. 


Hence 
x” 
lim a ie when N—>0o. 


Again, let x be any negative number, say —«, so that « is posi- 
tive. We have 
“ign 
Int) 


_ (— lyr 
nt) 


. a” | x” 
Now, since ato we see that at also—0. 


x"™ ¢ 
Hence - lim —-=0,_ 
N-P 00 n 


whatever value x may have. 


Here, of course, m tends to infinity through positive integral 
values only. 


3: 63. Limiting value of 


a (cron 


when 1 tends to infinity through positive integral values. 
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Step 1. By the Binomial Theorem for a positive integral index, 
we have 


i me 1 , Atn—1\(n—2) 1 
(14- Y attn, pO) Ep tn En) 
A(n—I)(n—2)...46. enon) I 
5 ee 23" — 


=141+ 73(1- yd, (1-—)(1-+) 


esses nal 1-1)(1-2) 1 nl) 


The expression on the right is a sum of (n+1) positive terms. 


Changing 7 to n-+-1, we get 


(1+ a) =14+1+ =o( aH ) Fesecenee 


+e a1 aur )(1- war) “_ (1— a4) 


Here, the right-hand side consists of the sum of (n+2) positive 
terms. Also 


1 j 2 2 3. 83 
]— nw wt WET ; 1——-<1I— n+1° 1——-<1— n+1e""""" 


so that each term in the expansion of 


' 1 n+I 
( + n+l ) 
is greater than the corresponding term in the expansion of 
1 \* 
(1+—). 
Thus, we conclude that 
] +1 1 \*" 
( i+ n+] ) >( 1+) 


for all positive integral values of n, I.e., (1+-1/n)* inereases- monotoni- 
cally as n increases. 


Step II. We have 
ob Fante BOD BONO 
Tevseesereee cK — rai ->)0- = (1-4-4 ~), evel) 
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1 i 1 
<Mltytypgt +733 a 
ty? 2 
SITE TG tee t +333 (|) factors 
l 1 1 
=1t]+ 3+ greet gar 
=l + {Jao pS 8 —_ <3, for all n. »oo(i) 


93 
Thus we see that € + — ) steadily increases as n takes up 


successively the series of positive integral values 1, 2, 3, etc., and re- 
mains less than 3 for all values of n. 


8 
Hence (1 + -. \ approaches a finite limit asn + @. 


Note 1. From (i) and (ii), we see that 


"m 
2<(1+ +) <3, 


for every value of n so that the limit is some number which lies between 2 and 3. 


The mere existence of the limit of (1+1/n)* has been shown here and at 
this stage nothing more can be said about the actual value of the limit which is 
denoted by e, except that it lies between 2 and 3. 


_ The reader will be enabled to appreciate the argument better and also 
begin to feel a little more acquainted with, e, if he calculates the value of 


an=(1+ os y’ 


for various successive positive integra] values of n. 
€.2., 
0,=2, a,=2 25, as=2°37, ag=2 441. 
In Chapter IX it will be shown how the value of e, correct to any number 
of places. can be determined without much inconvenience. 


_  .. Note2. The proof for the existence of the limit has been based on an 
Intuitively obvious fact that a monotonically increasing function which remains less 
than a fixed number tends to a limit. The formal proof of this fact is beyond the 
scope of this book. 

Cor. I. Lim (1+1/x)*=e, when x tends to infinity taking all the 
real numbers as its values. 


If x be any positive real number, then there exists a positive 
integer n such that 


ngx<n-+l. 

1.1 J 
n?x ntl 

] day 1 
or 1+ >it x. rs i 
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] ] \ "+1 1 1 \* ] 1 ad 
or —oOX — aeetnieieaiemnan) e \ 
(1+ =) >(14+--) >C+ a) 
n case the base is greater than 1, raising a greater number to a greater 
power, does not alter the direction of the inequality.) __ 


We thus have 


(14 ~)(t 7) >t —y>(t 4. wea) + a 


Let x > 0. Then 7 and (n+1) +> & through positive integral 
values. We know that " 


jim (4 Gp) stim (4 ea) 


lim (14 qq) =eslim (+ aH) 
Therefore 
aoae (i+ —-)'=e. 
. 1 \* 
Cor. 2. _ dim (- —) =e. 


Let x=—y so that y > + wo asx >—om. We have 
OF 370 5)" “GY 
=(4 527) =0+ 527)" (4 59) 


tim (42) =i [0+ 543) 0+ a) 


yr eo 

li (2 7 yo li (it I ) 
= mM —-—> im — « 
yoo F yri pow y—1l 
=e. l=—e. 


Cor. 3. © lim (42)? xe when z —> 0. 
Let z=1/x so that x +-+- © or —e according as z — 0 through 
positive or negative values. 
Now 
1/z ; 1 \* 
lim (1-+z)°"= lim (+ =) =e 
z —> (0+0) x—> 00 x 
and | 


1 . *. # 
lim (1 +2) re. lim (a+ ~) =, 
z ~—> (0O—0) 2 > —e x 
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ee im (tz) 7 —_ 
| 1} 1 
Cor. 4. lim (14 ~ ae = lim {(1+ aa a_i! 
x—0 z—0 


Note. In higher Mathematics the number ‘e’ is taken as the base of 
logarithms which are then called Natura’ logarithms. The base e is generally 
not mentioned so that log x means log, 2 


3°64. To show that 


a*—1 
lim ae =log, a 


x2->0 
Let a*—1l=yso that y > Oas x > 0. 
We have 
a*=1+y, 
or 
x log a=log (1+-y), i.e., =x log (1+-y)/log a. 
Hence 
a*—1} 
x “log (1+-y)/log a 
a 
Log ty) 2 
BT) og a 
= log a 7] a = log a. ae 
y os +Y) log (1+) 
°. lim eo = lim log aq | 
2t—>0 y—>0 log.(1+-y) y 
=log a. lim SEETT 
y>0 log (1-y)? 
1 
= log a, -—-—--------— 


lim log (1+) ily 
0 


ya 


=o . ==log a 
— &*joge 5 a: 


3°65. To show that 


Aart A\—1 
lim ~—*". =)a (a> 0) 
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Let x=a(1+y) so that y > 0, as x —> a. 


Oa _ [tyr -—Y gd (+9) -1, 
x—a ay y 


Again, we put 
(1+y)* —1=z so that z > 0,asy—>0. 
ve (1+y)4 =1+42z or y log (1+-y)=log (1-++2). 


x—a y 
aq? ). 2, log (142) 
— log (14-2) y 
ag? 7). ....2. . Nog ty) 
7 log (1+2) y 
—1 l 1 
— gq" ’ ve - \ log (1+-y) ly 
log (1+) 
Hence 
A aA - 1 1 
lim ~ yg) lim = > {Jz _lim log (1+) ” 
z>Q *—@ z—0 log (1+z2) y—>0 
A—-1, 1 _) An! 
=Aaq joge * log e=yXa 
3°66. lim *--~ =I, as proved in books on Elementary Trigono- 
x0 
metry 
- Examples 
1. Show that 
fixy=(143x)' when x40. 
f(0) =e 
is continuous for x=0. 
Now 
a 
lim f(x)=lim | (+32) | 
z-—>0 z—> 0 
so that lim f(x)=e=/f(0). 
. 2 —>0 


Hence the result. 
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2. Show that 
1 ay 
f(x)=(e* —1)/(e* +1) when x40, 
f(0)=0 


is discontinuous at x=0. 


When x tends to 0 through positive values, then 1/x-+-++o and 


1 
therefore e*~ > +o. Thus 


i. 
3 2 
lim St lim 1a? 21. 


2—->(0-+0) 1 2—>(0—0) i 1+0 
e* +1 I+ 1 


er 
When x tends to 0 through negative values, then 1/x-> —o 


il 
and therefore e* —-0. Thus 


Hence we see that 


lim SI(x)F lim f(x) 
x—>(0+0) ‘ #-—>(0—0) 


60 that lim f(x) 


does not exist. 


Hence the result. 


3. Show that 
fF x—) 
f(x)= { 1pe/@-0 when x41 
L° when x=1, 


is continuous for x=1. 


Now, as may easily be seen 


i 3). 
lim e— =o, lim ew =0. | 
z—>(1+0) x—>(1—0) 
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Thus 


x->(1+0) 
lim f(x)=0=/(0) 
x—>] 


lim f(x)=0, lim F(x) =0. 
x—>({1—0) 


Hence the result. 


4. A sum of P rupees is given on interest at the rate of r°%/, per 
annum, What will be the amount after t years, when the interest is 
being continuously added ? 


Supposing that the interest is added after every nth part of a 
year, the amount after ¢ years will be 


P( My on) 


The required amount is its limit as n> ». 


We have 
( tr/100 
ro\tn < r \100n/r 
1 sa) = P ( 1 ) 
P( +1007 L T100n 
. tr/100 . . 
which — Pe asn-> oo and is thus the required amoun - 
Exercises 
1. Prove that 
sinat a tan x 
i) lim == ,- (4) lim ~~) =I. 
(s) 2—>9 51 be b r>0 
; 1—cos x 1. 
Gii) lim ae Vion, 
x—>0 


2. Examine whether or not the following functions are continuous ag 


z=(0, 
sin x when x —40. 
(i) f(z) =| —:? = 
1, when +=0. 
sin 2v when 2-40. 
(ii) f(z) = a 
1, when «=9, 
tan 2x when 7-40. 
(iii) f(z)= 3a (” 
’ when x=0. 


(iv) fem}aes W/t, when 2340: 
I, 


‘when z=0, 
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v) faja} (+22) ue when x0. 


2, when x=0, 
—1/x? 
( vi) f=} e , when xq, 
1, when 7=0. 


[ oe, 


41. 1+el/ 

L1, when r=Q, 
[tat 

<2 


(vii) f(a) = when z+ 0. 


1 /a* 
( viii) f(x)= ,  whena 0. 
— |} 
- when 7=0. 
3. Show that 


sin (a+-h)—sin x 


lim h =COS 2, 
h->0 
Carefully state the results you employ. 
4. Show that 
(i) (i /nt+2/n?+3/n?+...... -+njn?)—>$. 
and (ii) (12/n3 4-28 'n3 + 82 /n8 +... -+ 2/184, 


when 1—>o through positive integral values. 
5. Draw the graphs of the functions 
ga hie* alle ie 
3:7. Note on Hyperbolic Functions. In analugy with Trigono- 


metric functions, the Hyperbolic functions are defined in the following 
manner :— 


er—er* ex e-* 
sinh x=-——- 5 > cosh x= 5 
tanh __Sinh x e*—e* th coshx  e*--e- 
aD Cosh x “er te7? com X= cinh x = “ez_e-r? 
7 1 2 9) 
sech X= - - -- ==, 3 cosech X= _,-.. ----=-2-—-- -—_ + 


cosh x =e“ -++-e™ Sinh x ~ e?’—e- ” 


3-71. Graph of sinh x. 


The following properties of sinh x will enable us to draw the 
graphs :— 
(i) sinh x is continuous for every value of x. 
—¢°" 


(it) ‘sinh 0-85 -. =Q,, . 
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1 
ez © ~~ a 
e? — e- e 
(iil) sinh a 
and as x increases from 0, e* monotonically increases and 1/e* 
monotonically decreases. Thus as x 
increases from 0, sinh x monotonically 
increases. 


(iv) lim (sinh x)=o., 


x—> 00 
— pe 
(vy) sinh (—x)= a e 
= ae == —ginh x. 
Y=Sinh x Thus we have the graph as 


shown, in general outlines. (Fig. 39). 
Fig. 39 


3-72. Graph of cosh x. 


(i) cosh x is continuous for every value of x. 


-0 
(ii) cosh = oe ‘ Y 
eo pe 
(tii) cosh x=- a 
“VICE ) + 
> 
and as seen above fener monotonically 0 Xx 
increases, as X increases from 0. Thus cosh x 
monotonically increases as xX _ increases Y= cos hx. 
from 0. 


Fig. 40 


(iv) lim cosh x= o. 
X—> 00 


(v) cosh (—x)=cosh x. 
Hence the graph as shown. 
3°73. Graph of tanh x. 


(i) tanh x is continuous for every value of x, the denominator 
(e* -+-e-*) not vanishing for any value of x. 


(ii) tanh 0=0. 


e*—e-* Ze" 2 
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so that tanh x increases as x increases from 0 onward. 


(iv) lim tanh x = lim “2 = lim 7 c 
xx xn OO Te* ym Lre™ 
(v) tanh (—x) = —tanh x. 
We may note that 
| tanh x | <1, 


for every value of x. 


Note. The graphs of coth a, sech a and cosech 2 have not been given, 
The reader may, ifhe so desires, draw the same himself. 


3:74. Some fundamental relations. The following fundamental 
relations can be at once deduced from the definitions : 


( (1) cosh*x—sinh’x =1. 
(2) 1—tanh’x = sech?x. 
(3) coth’x—1 ==cosech?x. 
(4) cosh?x-+-sinh?x =cosh 2x. 
(5) 2sinh x cosh x =sinh 2x. 


38. Inverse hyperbolic functions. In this section we obtain the 
logarithmic expressions for the inverse Hyperbolic Functions : 


sinh-! x, cosh—! x, tanh-} x, coth—! x, sech™! x, cosech™! x, 


which are defined as the inverses of the corresponding hyperbolic 
functions. This will also necessitate a slight modification of the de- 
finitions so as to make them single-valued. 


A. Let 
y=sinh"! x, 
so that y is the number whose sinh is x. 
oe x=sinh y = 4(e¥—e-") i.e., e?4¥—2x.eY—1=0: 
oo em x+4/(x?+1) or y=log [(x++/x?+1)]. 
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It is easy to see that x+-4/(x?-+1) is positive and x—4/(x?+1) 
is negative for every value of x, positive or negative. Also we know 
that the logarithm of a negative number has no meaning in the 


field of real numbers so that (x— 4/(x?-+ 1)] has to be rejected. Hence 
we have 


sinh™)x = log[x + 4/(x?+1)] 
B. Let ° 
y=cosh" x, 


We willsee that there are always two values of y whose cosh is 
@ given number. 


Now 
x=cosh y=} (e% +e-Y) i.e., e%—2x.e7+1=0. 
e¥ =X +.4/(x?—1) or y=log [x++/(x?—1)]. 


Here we see that both x-+4/(x?—1), and x—+/(x?—1) are 
positive and real when xs1 80 that in this case y has two values. 


For x1, we have 
X+ 4/(x?—1)>1 


and 


] 


X—a/(X?—1) = x 4/(x® 1) <1, 


80 that 
log [x +-+/(x?--1)]>0, and log [x— a/ (x? —1)]<0. 
To avoid this ambiguity, it is usual to modify the definition of 


cosh"! x a little and say that cosh—! x is the positive number y whose 
cosh is x so that we have 


cosh—! x =log [x + 4/(x?—1)]. 


Note. The ambiguity referred to here is a consequence of the fact that 
in x=cosh y two values of y give rise to the same value of x so that to a given 


value of x correspond two values of y which gave rise to it. (Refer § 3°72). 
C. Let 
y=tanh™x, where | x | <1. 
x=tanh y= ST so that tz = =e". 
Thus 
1 14+<x 


y = tanh“x = os log 1_x 
It is-easy to see that 
(1-+-x)(1—x)>0, if | x | <1. 
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We may similarly show that 


1 x-+1 
~ly — ~v 
D. eoth-x = 2 log Kd [|x| >1. 
[(x+L/(x—1)]>0, if | x | >1. 
iE sech-'x log t VG v=). [0 <x<]j. 
2 
¥. cosech—1x — log stv) ; 


where the sign of the radical is positive or negative according as x is 
positive or negative. | 
Ex. 1. Show that sinh x tends to oo or —oo according as x tends to 
oo or -~oO, 
2. Show that cosh x tends to oo whether x tends to % or to —0. 
' 3. Show that tanh x—~>1 or —»—1 according as xtends too or 
£0 ~oo. 
4. Show that 
sinh (x+y)=sinh x cosh y+cosh x sinh y 
cosh (x+y)=cosh x cosh »+sinh x sinh y. 


CHAPTER IV 
DIFFERENTIATION 


4:1. Introduction. Rate of Change. The subject of Differen- 
tial Calculus which had its origin mainly in the geometrical pro- 
blem of the determination of a tangent at a point of curve, has 
rendered possible the precise formulation of a large number of physi- 
cal concepts such as Velocity ata point, Acceleration at a point, 
Curvature at a point, Density at a point, Specific heat at any tem- 
perature, etc. each of which appears as a Local or instantaneous Rate 
of change as against the Average Rate of Change which pertains 
toa finite interval of space or time and not to an instant of time 
and space. 

The fundamental idea of Local or instantaneous Rate of Change 
pervading all these concepts underlies the analytical definition of 
differential co-efficient. 

4:11. Derivability. Derivatiye. We consider a function f(x) 
defined in any interval (a, b). Let c be any number of this interval 
so that f(c)is the corresponding value of..the function. We take 
e--h any other number of this interval which lies to the right or left 
of c (i.e., c+h> or <c) according as his positive or negative. The 
value of the function corresponding to it is f(c--A). 


Now, h, is the change in the independent variable x, and 
| fle-+h)—fic) 
is the corresponding change in the dependent variable f(c). 


The expression [ f(¢c-++h)—f(c)]/h, which is the ratio of these two 
changes, is a function of / and is not defined for h=0 ; c being a fixed 
number, 

It is possible that the ratio tends to a limit as h tends to 0. 
This limit, if it exists, is called the derivative of f(x) for x=—c and 
the function, then, is said to be derivable for this value. 

Def. f(x) is said to be derivable at x=c if , 

tim Le+h)—fle) « 

h->0 h Y, 
exists and the limit is called the Derivative or Differential co-efficient of 
the function f(x) for x=c. 

The limit must be the same whether / tends to zero through 
positive or through negative values. The function will not be deri- 
vable if these limits are different. 


The function f(x) is said to be finitely derivable if its derivative 
is finite. 
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Ex. 1. Show that x? is derivable for x =1 and obtain its derivative 
for x=. 
Let 
J(x)=x? so that f(1)=17=1. 


To find the derivative for x=1, we change x from 1 to 1+4/ se 
that the function changes from 1 to (1-+h)?. 


Change in the function=(1 --A)?@—1=2h--h?, 


ue ” —*(1) ae =2--h, [as h40] 


which approaches 2 as h approaches 0. 
Hence f(x) is derivable and its derivative is 2 forx=l. 
Ex. 2. Show that | x | is not derivable for x=0. 
Let 
f(x)= | x | so that f(0)=0. 


It will be shown that the limit of [ f(0+A)—f(0) ]/h does not 
exist, when / tends to 0. 


Now 
h, if h>0 ; 
fay=|_j if h<0. 
F(0 +h) —f(0) _ Sth) or —1 
h — hoo 


according as h is positive or negative. 


Hence, [ f(0 +h)—f(0)]/h + 1 as h + 0 through positive values 
and —-»—1] as h > 0 through negative values. 


Thus [/(0+h)—/f(0)]/h approaches different limits when h& 
approaches 0 through positive or negative values so that it does not 
tend to a limit as A tends to 0. 


Hence | x | is not derivable for x=0. 
Ex. 3. /f I(x) =x sin = when x40 


show that f(x) is continuous for x =O but has no differential co-efficient 
for x=0. 


We have 


f(x) —f(0) =x sin —-—0=x-sin - . 


| Ax)—f0) | =| x sin — 
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. dt a 
=|x] | sin = | <]x| 


Thus if ¢ be any pre-assigned number, we have 


| (x) —f(0) | <e when | x—0| <e. 
" Hence . 
hm f(x) =0=f(0) 


so that f(x) is continuous for x=0. 
Again 

. i 

x sin --- 


I(x)—f(0)_ 


= sin —- 
x—0 x x 


and, as seen in Ex. 3, p. 47, lim sin (1/x) does not exist when x > 0. 
Thus j(x) has no differential co-efficient for x=0. 
"Ex. 4, Find the derivatives of 

(i) 2x?+-3x—4 for x=5/2. (ii) 1/x for x=5. 


4:12. Derived function. In § 4:11, we have defined the 
derivative of a function f(x) for a particular value, c, of the indepen- 
dent variable. Instead of considering a particular number c, we, now, 
consider any number x and determine 


lim For fe) 


when h + 0 


where x is kept constant in the process of taking the limit. We 
suppose here that the limit exists whatever value x may have provl- 
ded it belongs to the interval of definition of the function. 


This limit which is a function of x is called the Derived function 
of Derivative of f(x) and is denoted by f’(x). 


Derivative of function is also called its Differential co-effi- 
cient. 


The symbol f‘(c) then denotes the derivative of f(x) for x=c. 


Examples 


1. Find the derivative of x?. 
Let 


fix) = x?, 
oe S'(x)=lim er n—Se) when h ->» 0 
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_ (xth— a 


ae when h —> 0 
= im (2x-+ h)= 2x. 
‘h—->0O 
Thus 2x is the derivative or the derived function of x?. 
Puting x=1, we get 
f ‘()=2, 
which is the derivative of x? for x=1 and agrees with the result of 
Bx. 1, § 4:11, p. 73. 
2. Find the differential co-efficient of »/X. 
Let 


fxy=V 


sm (EHD vyviet tv) 
A VOHOEV® 
I 
~-lim ——----yeo- Sg 7 When x £0. 

mm a/ (x +h)++/x sx 1x 
We start afresh to find derivative at x=0. Wel have 
f'(0)= jim fO+ sae 0) im VA = linn pO, 

h—-»OQ n — 0 — 0 jh 


when'h -> 0 through positive values ; 4/h being “hot defined for nega- 
tive values of h. 


Ex. Find the sry of 
©. 1 /(x*+- 3). (ii) 1/Nx. (iii) x’. (iy) ax?+bx +e. 


4: 13. Another notation for the Derivative. In this notation the 
changes in the variables x and y are denoted by the composite sym- 
bols 5x and dy respectively, so that 

Sy=f(x +6x)—S@). 

The derivative i.e., lim (Sy/8x), as 6x > 0, is then denoted by 
another composite symbol dy|dx. 

Thus : 


dy 


i = lim f(x- feito when 8x -> 0. 
Again, the value F'(c) of the derivative of. y=/f(x) for any parti- 


cular value. c, of x is denoted by ( oO) o. 
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Note 1. dy/dx is a composite symbol denoting lim dy/8x and is not to be 


regarded as the quotient of dy by dx which have not so far been defined as sepa- 
rate symbols. ; 


Note 2. The changes gx and $y ia x, y are also known as increments. 


. dy dy _ 2x 
Ex. 1. Find (2) x=0 and ix when y =a 


Ex. 2. If y=~+(x*+1), find (dy/dx) when x=—1. 


4:14. Animportant theorem. Every finitely derivable function 
bs continuous. 


Let f(x) be derivable for x=c so that the expression 


[ f(e+h)—fle)h 
tends to a finite limit as 4 tends to 0. We write 


Hle-+h)— fey ETO IO >, 


Tim [fle+h)—fle) )=tim (LEO xi ) 
h—0O h—0O 


= lim ferh fe) x lim (A) 
h->0 h—0O 
== f’ (c)x0=0. 
Hence 


jim fet h=SO, i.e., lim f(x)=f(c). 


_ Therefore f(x) is continuous at x=c. 


Cor. If f(x) is derivable for every point of its interval of defi- 
nition, then it is continuous in that interval. 


Note. The converse of this theorem is not necessarily true i.e., a function may 
be continuous for a value of x without being derivable for that value. For 
example, the function ' 


y= |x| 
is continuous but not derivable for x=0. {[Ex. 2, 3 page 73) 


Ex. 1. Show that the function | x |] + | x—1 | is continuous for every value 
of x but is not derivable for x=0 and x=1. 


_ _ Ex. 2. Construct a function which is continuous for every value of x but 
is not derivable for three values of x. 


Ex. 3. Show that f(x)=x? sin (1/x) when x40, and f(0)=0, is continuous 
and derivable for x=0. 


(For mor examples and exercises refer to the appendix to this chapt9r.} 
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4-15. Geometrical interpretation of a Derivative. To show that 
f'(c), Le., 
dy ) 
‘dx X=C 


is the tangent of the angle which the tangent line to the curve y=f(x) 
at the point P[c, f (c)] makes with x-axis. 
We take two points Pic, f(c)] and Q[(c+A), f(c+h)] on the 
curve y=/(x). 
Draw the ordinates PL, QM and 
draw PN | MQ. We have 
PN=LM=h 
and | 
NQ=MQ-—LP 
=f(e+h)—f(c) 
ove tan/ XRO=tan Z.NPQ 
NQ 
™ PN 
_ Her) —f(c) 


(1) 


Here, 7 XRQ is the angle which the chord PQ of the curve 
makes with the X-axis. 

As h approaches 0, the point Q moving along the. curve 
approaches the point P, the chord PQ approaches the tangent line 
TP as its limiting position, and 7 ¥RQ approaches / XTP which we 
denote by w. 

On taking limits, the equation (1) gives 

tan J=f'(c). 3 
Thus f'(c) is the slope of the tangent to the curve y=/f(x) at 
Pfe, f(c)}. , 
Cor. The equation of the tangent at any point P{c, f(c)] of the 
curve y=f(x) is 
y—f(c) =f’ (¢e)(x—c). 
Note. The student should note that it.is not necessary for every curve to 
have a tangent line at every noint thereof. The existence of the tangent demands 


the existence of the derivative and we have seen in Ex. 2, and 3, § 4°11, p. 73 
that every function is not derivable for every value of x. 


For example, we know that | x | is not derivable at x=0. The 
curve y= | x { cannot therefore possess tangent at (0, 0). 

This fact may be seen directly from the graph Fig. 8, p. 16 also. 

Ex. 1. Find the slope of the tangent to the parabola y =x? at the~ 
point (2, 4). 

Derivative of x* is 2x and its value for x=2 is 4. Hence the 
required slope of the tangent is 4. 


Ex. 2 Show that the tangent to the hyperbola y==1/x at (1, 1) makes an 
angle 37/4 with x-axis. 
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Ex. 3. Find the equations of the tangents to the parabola y=x‘ at the 
points (—1, 1) and (2, 4). 

4:16. Expressions for velocity and acceleration of a particle 
moving in a straight line. Every thinking person is aware of 
the concepts of Velocity and Acceleration of a moving point. The 
difficulty arises in assigning precise measures to them. In practice, 
velocity at any instant is calculated by measuring the distance 
travelled in some short interval of time subsequent to the instant 
under consideration. ‘his manner of calculating the velocity cannot 
clearly be precise, for different measuring agents may employ different 
intervals for the purpose. In fact this is only an approximate value 
of the actual velocity and some approximate value is all that we need 
in practice. The smaller the interval, the better is the approximation 
to the actual velocity. , 


In books not employing the method of Differential Calculus, 
velocity at any instant is defined as the distance travelled in an 
infinitesimal interval subsequent to the instant. Now there exists 
no such thing as an infinitesimal interval of time. We can take 
intervals of time as small as we like and in fact interval with dura- 
tion smaller than any other is conceivable. The definition as it stands 
is thus meaningless. A meaning can, however, be attached to the 
above definition by supposing that the words ‘velocity’ and ‘infinitesi- 
mal’ in it really stand for approximation to the velocity’ and ‘some 
short interval of time’, respectively. 

The precise meaning to the velocity of a moving particle at any 
instant can only be given by employing the notion of Derivative. 


4-161. Expression for velocity. The motion of -a particle 
along a straight line is analytically represented by a functional 


equation 
s=f(l), 


where, 5, represents the distance of the particle measured from some 
fixed point O on the line at time ¢. 


Let P be the position of the particle at any given time ¢. Let, 
again, Q be its position after some short interval 5¢, and let PO=86s. 

The ratio 5s/8t is the average velocity over this interval and 
is an approximation to the actual velocity at P. We know intuitively 
that better approximations will be obtained by considering smaller 
values of df. 

We are thus led to define the measure of the velocity at Pas 
being equal to 


e e d 
lim —, 1.eé., as 


Hence, if » denotes the velocity, we have 
om Bim AEH II-MO, 
dt—>0 t 
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4:162. Expression for acceleration. Let » be the: velocity at 


any given time t, and let v-+év be the velocity after some short. 
interval of time dt : dv is the change in velocity during time 6¢. 


The ratio $v/5t is the average acceleration during this interval: 
5¢ and is an approximation to the actual acceleration at time ¢t. The 
smaller values of 5¢ will correspond to better approximations for the 


acceleration at time f. We are thus led to define the measure of 
acceleration as 


UT bu Le dv 
5t->0 ét° at 
_Ex. 1. Find the velocity and acceleration (é) at the end of 3 seconds,. 
(ii) initially, in each of the following cases :— 
(a) s=t?+2t+3. (b) s=1/(t+1). (c) s=~(t+1). 
Ex. 2. A particle moves along a straight line such that ‘s’is a quadratic’ 
function of f ; prove that its acceleration remains constant. 


Ex. 3. [fs=f3—2r?+31—4, give the position, velocity and acceleration of 
the particle at the end of 0, 1, 2 seconds. 


4:2. The remaining part of this chapter is devoted to determin- 
ing the derivatives of functions. Some general theorems on differen- 
tiation which are required for the purpose will. also be obtainéd’ 
in § 4:3. To provide for illustrations of these gencral theorems, 


we obtain, in this section, derivative of x* where « is any reak 
number. 


A 


4:21. Derivative of constant. 
Let 


where, Cc, 1s a constant. 


To every value of x corresponds the same value of y, so that the 
increment Sy, corresponding to any increment $x, is zero, 


by _ 0 

sx ox" 

dy, dy _. ., de _ 
oe ax == lim ieee L.€., dx =(), 


Note. Looking at derivative as the rate of change, this result appears- 
almost intuitive, as the rate of change of anything which does not change is 
necessarily zero. 


The result may also be geometrically inferred from the fact that the slope 
of the tangent at any point of the curve y=c, which is a straight line parallel to- 
x-axis, is Q. 

4:22. Derivative of x* where oa is any real constant number, 
h 
Let . 
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Let Sy be the increment in y corresponding to the increment 6x 
in x. 


ytSy=(x+8x)% , 


dy =(y+dx)* — 
by _(%+-6a)®* —x* _ (x-+8x)* —x 
5x 8x ee , 


dy — jim (x-+-3x)*—x™ 


dx Sx30 (x+86x)—x ’ 
5xX)* —x* —1 
— jm rex Lye, 
(x+8x)—>x (x+-8x)—x ° 
(§ 3°65, p. 63) 
Hence 
d(x") 


ete A xe—1 
dx ? 


where ais any real number, rational or irrational. 


Another method. The derivative of x* for rational values ofa 
can also be obtained without employing the general limit theorem of 
§ 3°65. 


Case I. Let « be any positive rational number, say, p/q. 


Here 

oy __(X+8x)P!9— xP 7 

sx —~—~—<‘i«C 

- We write 
genx! so that 27==x. 
Then 
ritmo q or (2-+62)% =x-+6x. 
_(z4+8z)4*—2? 

° ns ~ (z82)9—27 


Let 6x —> 0 so that 5z also — 0. 
dy li (z +82)? 


nen Ae ” when 56z > 0, 


o°s dx. im (452)? 


— | DpH b2} + (82)? 2? 
= li WH qt) 4... (52) 24 when 6z —+ Q. 
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CO ees 


b-1 — —_ 
PPA P ypg 2 P y(P- DTP pla-l 
Q.z q q q 


a—l 
= ax 


_ Case Il. Let « be any negative rational number, say —p/q; P, q 
being both positive. We have 


by (x+8x) 7/9 74 
3x = iyo 


Writing zx '/9 and z+6z=(x +axy!/4, we obtain 


Sy (eb 82yFae" eh (et 82h 
8x (z-+8z)9—2z4 ~~ 24(z4-8z)4[(z4+8z)97—z7] 
Let 6x —+ 0so that 6z >0 also, As before, we get 
dy 1 o-1 1 
dg = 3826 (PI 9 a 
me Pg Peg Py gy 
q q q 
. d(x)? 4—] —} 1 
Ex. 1. (7) dx 4X = 4X = Vx’ 
vy A(X) gy 
(ii) dx. == 2x*-1l = 2x. 
l _ 
as) a» ‘) —}-1 —3 
(iit) YS V* 4S gy TB 
dx dx a ~ 


(iv) AO ext, 


4:3. Some general theorems on differentiation. 


4:31. Derivative of the sum or difference. Let wu, v be two 
derivable functions of x. 


Denoting their sum by y, we write 
y=u-+yV. oo0(Z) 
Let Su, dv, dy be the respective increments inu, v, y, corres- 


ponding to an increment dx in x so that x, u, v, y become x+68x, 
u+dsu, v+dv, y+édy respectively. We have 


y+sy=u+du+v-+dv. ...(ii) 
Subtracting (i) from (ii), and dividing by 6x we get 
dy ou dv 


Ne ee 


8x 8x 1 Sx’ 
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Let 6x —> 0. 
éy du ou év 
lim Sx =lim (+ =lim © “+ lim § ax? 
or dy te a 
dx dx Tax: 


We may similarly prove that 
d(u—v) du dv 


dx = ™ dx ~ dx’ 
Generalisation. By a repeated application of the results 
obtained above, it can be proved that if u,, u,,...... , u,, be any finite 
number of derivable functions and 


YSU AUytUgtug-b ress. cEUy, 
then 


We thus have the theorem : Algebraic sum of any finite number of 
derivable functions is itself derivable and the derivative of the sum is 
equal to the sum of their derivatives. 


Ex. 1. 


31 x3 dx dx? 
(i) Arte _ — 4 fg moet Ox. 


2 
l 1 x+l 
= 4+ a= se 
2x 2x2 2x? 
a+] x2] 
d(et}) gf} 
WS) ete) 
(ill) -. Pr 
dx dx-} 
=ax T dx 
1 x%~—] 
=J]+(~—1)x-?=1]~ r= a 
Ex. 2.. Find the derivatives of 
(i) +x (ii) txt sx. (iii) xitxtl (iv) (LEX) Nx , . 


a xt x 
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4:32. Derivative of a product. 
Let 
yo=uy 
where u, v, are two derivable functions of x. 


Let du, dv, Sy, be the increments in u, v, y respectively corres- 
ponding to the increment 5x in x. We have 


y+ dy=(u+ du)(v+dv) 
=uv-+u.dv+y.du+du.dy. 


dy =u.dv +v.du+ du.dy, 
or 


dy dv du év 
Bu Gxt! ax HO gy: 


Let 6x +0. Then Su also > 0; for u, whichis a derivable 
function, is continuous. 


dy _,. dv du 5v 
ax =lim| iis ia -|-3u. 5 | when 6x > 0 


, ov ; ou . OV 
=lim( Ue ) -+lim( y, =~ )+lim du. lim “sx 
Y dv du dv dy 
aaa Pr +y. xy +9: dx = Ox +Y. 
(day) _ dv du 
dx 7 dx 7 ax’ (I) 


- 


due 
dx’ 


Thus we have the theorem :—The product of two derivable 
functions is itself derivable and its derivative is the sum of the two 


products obtained by multiplying each function with derivative of the 
other. 


The derivative of the product of two functions=first function x 
derivative of the second-+-second function x derivative of the first. 


The result (i) may also be re-written as 
1 dy lduetilidad@=s,, 
ae ee ge if uS0, V0. 
y dx ~~ u ax TW dx #0, Vee 
Note. It may be noted that the operations of differentiation and multi- 
plication are not invertible. 
dtu vy _,, du_ dv_ 
“dx dx dx’ 
Cor. 1. Generalisation. Directive of the product of any finite 
number of derivable functions. 
We first take 


Y =UUgUs = (Uy Uy) Uy. 


i.e., 
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d d 
<3 +-Us Ate) 


dug du du 
= Uys ix fig ( ya te a ms 


du du du 
== UU, 7 Uys ot Ul a 


d 
a= = (Uju42) 


On dividing by y=u,u,u,, we obtain 
1 dy 1 du. 1 dul du 
‘y dx u, dx u, dx “us dx’ 
By repeated application of this result, we obtain 
ldy 1 diy 1 du, 1 du, 
¥ dx =u, dxtug dx tert an dx 
r=n r=Nn 
=: 2 a du, , Where Y=U,UgUy...U, = 7 U,. 
r=1 4, dx ” r=1 
Cor. 2. Derivative of cu, where c is aconstant and u any deri- 
vable function of x. Let 


y=chu. 
dy du dc 
dx ~° ax tY “dx 
u du 
e=x C dx +u.0=c ax’ 
Hence . 
d(cu) c du 
dx dx 
Ex. 1, (1) eal 2k ed e=(1+-x) IVE yx eee) 
“aampetaves 
1+-x 1+-3x 
=Gyx TVA ax 
(ii) eee) a 3.3X2== 9x3, 


2. Fiad the derivatives of 
(i) (x-+2)(3-+x). (ii) (6 +2)2(2x—3). ii) (2x 4+3)*(2Nx4 3/4x). 


4:33, Derivative of a quotient. 


Let 
y=uly, : (v3£0) 
whee u,v are two derivable functions of x such that v is not zero 
for the value of x under consideration. 
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We have , 
u+tou . 
yt+sy= v+sv_ ooe(Z) 
sy— utdu uu _ v.du— —u.bv 
Y= yay v= ¥(v-F ay) 
ou, oY 
Sy "8x 8x 
or 


8x uv 8v) 
Now, v, being a derivable function of x, is continuous. 


Hence 
dv +0 as 6x > 0. 


Cy) ay ier" a, 


dx dx v? 


so that derivative of the quotient of two functions 


Thus 


==[Derivate of Numer. (Denomr.) 


—(Numer.) (Derivative of Denomr.)]— Square of Denominator. 


x dx — d(l+x) 
| Ge) O49 eo a 

Ex. 1. (1) Tx FT 
_(1+x).1—x.1 i 


(Txt xy 


ts aneat 
dl fad Lit ae 


(ii 
(1-+-x2)s 
(142). pina 3X —4 _aVx+tx | 
2. Obtain the derivatives of 
. ox+4 . x+1 ves xg x4 
O aye” ee dye ae wie 


Note 1. Being a derivable function, v is continuous. Also, we have 


supposed ti at v0 for the value of x under consideration. There is, therefore, 
an interval around x such that v0 for any point of the interval. (§3°51, p.54.) 
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. Thus if we suppose x+§x to lie with'n this interval then, the correspon- 
ding value of v, i.e., v+§v=40. This fact justifies division by v+6$v in step (i). 


Note 2. The importance of the results obtained above in § 4:3 lies in 
the fact that the derivative of any function which is an algebraic combination 
(é.e., built up through the operations, of addition subtraction, multiplication snd 
division of several others is itself expressible as an algebraic combination of the 
derivatives of the latter. 


4:34. Derivative of a function of a function. /f y=f(u) and 
u= d(x), so y is a function of x,*then 
dy dy du 


~~ ro 


dx du ° dx’ 
¥ and ¢ being derivable functions of u and x respectively. 

Let 5x be any increment in x and Su the corresponding incre- 
ment in uv as determined from u=¢(x). Again, corresponding to the 
ancrement du, in u, let Sy be the increment in y as determined from 
y=f(u), We write 

| dy by bu 
bx bu 8x! 
Let 5x -> 0 so that u —+ 0. 
lim oy Y lim jy . —- 
Sx->0 \d5xX/ > §x +0 \ du * 8x 
_ jim Oy lim 84 | 
6u->064 §x—>05x 
Hence 
dy dy = du 
dx~ du © dx © 
The result is capable of immediate generalization. Thus if 
y=f(u), u=¢ (vr), v= Y(x) 
be three derivable functions so that y is a function of x, we have 
dy wy du a 
dx ~ du dv ° dx ~ 
Ex. Find the derivatives of 


Gi) V(L+*), (ii) y[(l+x)/(1—*)]. 
(i) We write u=] 4x%, youl, 

d — _ 
; a max, oyu bayazey 7F 
Hence 


dy dy du —to.  ¥ 
de du * de = (1+) =e 
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or, without introducing u, we have 


dyV(14x%)_dy/(1+x%) d(l+x*) 


ae rnin oe 
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dx d(1 +-x?) dx 
ce A(1-L x2) ®ax—=x/4/(1 +24). 
(ii) Let v= 7% y= ue. 
d(1+-x) d(1—x) 
du OO) gg ED ay 
dx = (I—x)? 
_(—x)l—(1+x(-1) iP 
— (l—xj? ~ (1 x)* ’ 
-dy yt lsltx \—4 
du ~ 2! >» ) 
Hence 
ay we V(t? a 
dx due dx ~ 3\1l—x (1 —x) +x? (x)? 
or, directly 
Li) (V+) a(7 
v2) VO) AD 
——= dx 
on 
—, (i+x\-$ 2 1 
=2 \I=x/ l— ( 


Ex. Find the derivatives of 


(i) (ax+b)". (ii) 1(1+x?). 
wy N(x?+ DI) — A? —1) a®—x 
@) Spsepraarir OAS Gore) | 
- x(x? —4) 
(vii) Nail’ 


4:35. Differentiation of inverse functions. 
function derivable in its interval of definition. 


admits of an inverse function 
x=9(Y), 
as explained in §2°22, p. 21. 


(ii) V(ax?+2bx+c). 
1— a/x* 


l+a3/x3 


Let y=f(x) be any 
We suppose that it 


We have to find a relation between f’(x) and ¢’(y). 
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Let dy be the increment in y corresponding to the increment 
5x in x, as determined from y==f(x). The increment 6x in x corres- 
ponds to the increment éy in y as determined from 


X= $Y). 
We have 
_y ox 9. ox 1 
Ox” by dy ~ dy/dx 
Let 5x —> 0. 
dx l dy dx 
ee CUO Ce —==I], 
dy ~~ dy/dx dx dy 
i.€., f'(x).9"(y)=1. 


Thus dy/dx and dx/dy are reciprocal to each other. 
Ex. Verify the theorem for y=x? when x=2. 


4:36. Differentiation of functions defined by means of a para- 
meter. We consider two derivable functions 


x=f(t), y=9(), 
of ‘i’. 


Assuming that x=/(t) admits an inverse function t=1(x) (§2°22) 
we obtain 


y= 9[Y(x)], 


80 that y is a function of x. 


By the rule for the differentiation of a function of a function 
(§ 4°34), we have ° 


dy _dy dt 

dx ~ dt ~° dx’ 

dt (— dx 
dy _dy/dx  ¥(t) 
_ dx ~ dt/ dt ~ f(t) - 


Note. ‘1’ is called a parameter. 
Ex. 1. Find dy/dx, when x=at®, y=2at. 
We have 
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2. Find dy/dx, when 


1—t 3at sat 
O) e=at ra vad in OD m= Pp Ty 
(iii) = 2at* 2at® 


ee i 


wy 2Qh/ (S54), vearA/ (G51). 


4-4. Derivatives of Trigonometrical functions. The symbols 
6x and dy stand for the increments in x and y and will always be 
used in this sense without any frequent mention of their meanings. 

441, Derivative of sin x. 


Let 
y=sin Xe 
éy _Sin (x +6x)—sin - x 
; bx ——<“‘i—i‘iésSSX 
2! cos 4(2x x +x) sin 48x 45x 
5x 
sin $6x 
=C98 (X-+ 30x) - “4Sx 

*. # =lim cos (x +45x) . lim oe when 6x —> 0. 


As cos X is a continuous function, we have, when 6x > 0, 
lim cos (x + 48x) =cos x. 


Also when 6x —> 0, lim sin 20x 
48x 
7 ® cos 
Thus 
d (sin x) __ cos x. 
dx 
4:42. Derivative of cos x. 
Let 
y=cos Xx 
dy cos (x +6x)—cos x 
** 8x Sx ——- 
—2 sin 4(2x +6x) sin 46x 
—_ 7 7 8x wee ~ 7 
= —sin (x-+-45x) oe 


As sin x is a continuous function, we have, when 6x — 0 
lim sin (x+46x)=sin x. . 


o's Y lim [—sin (x +46x)] lim —.4— 
X $20 67-0 


= — gin ¥.l==—sin x. 
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Thus d (cos x) _ —sin xX, 
dx 
Ex. 1. Find the derivatives of 
(i) sin 2x, (ti) cos? x, (iii) 4/(Sin 4/X)e 
(1) Let y=sin 2x. 
We write 


u=2x, so that y=sin u. 


dy dy du 9 
dx du’ he u.2=2 cos 2x. 


or briefly 

Wie jon . *C) =xe08 2x . 2=—2 cos 2x 

(11) Let y=cos* x=(cos x)3, 

We write | 

_ u=cos x so that y=u'. 
ow v4 . a =3u?(—sin x)=—3 cos?x. sin x. 
or, briefly 
Acos? x) __A(cos x)° _d(cos x)®_d(cos x) 
dx ~ dx ~d(cosx) * dx 
=3 (cos x)? x (—sin x)=—3 cos? x . sin x 


(iit) Let y=4/ (sin 4/x). 


We write = a/x=x? v=sin u, 
so that y=yve=y?, 
dy dy adv du 
dx ~ dv * du * dx 


boi 


= ry, copu. $x 
COS 4/X 1 
=4 V(sin x) * 9x" 
or, briefly 
dy/(sin 4/x) _dy/(sin 4/x) dsin \/x d4/x 


dx ~ @sin /x d\/x ° ax 


=} (sin Vx) ?, cos 4/Xx. wx 2 
1 COs 4/Xx 


= 4° A/xa/(sin 4/X) - 
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2. Find dy/dx for t=w/2, when 


x=2 cos t—cos 2t, y=2 sin t—sin 2¢. 


We have 
dx — 
—s- 1 —{-— pay 2 — 
“ii 2 sin f—(—sin 2f¢)(2) 
dy . 
at = 2 cos t--(cos 2f)2=2 cos t—2 cos 2, 


dy  dy,dx — 2(cos t—cos 21) 


dx ~ dt; dt ~ —2(sin t—sin 2t) 


Putting t=7/2, we obtain 


&) | 
dx J/t==7/2 


3. Find the derivatives of 


: : ee ere . 7% 
(‘) sin” x, (fi) cos mx, (iii) Ssinx , 
sin x sin2x 
V)o-—c- V7 - 
) x’ (vi) 1+cos x’ 


(iii) sin” x. cos” x. 
4, Find dy /dx, when 


(i) x=a (cos ¢+/ sin t), y=a (sin t—f¢ cos f¢). 


(ii) x=3 cos t—2 cos? ¢, y=3 sin ¢-—2 sin? ¢. 
(iii) x=acos? t, y=a sin? ¢. 


4°43. Derivative of tan x. 


Let 

y=tan x 
. by tan (x+6x)—tan x 
_ 5x 5x 


sin (x +x) sin x 


__ 008 (x +8x) cos Xx 
5x 


__ sin (x +6x) cos X—cos (x x +x) sin . sin x 
~~" §x cos (x + 8x) . cos x 


sin (x +d6x—Xx) 
— 8X. COS (X +0X). COS X 


1 1 sin 6x 


= cos (x 5x) * Gos x” 
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—2 sin ¢+2 sin 2¢, 


(iv) cos? x 


(vii) cos V(ax?+2bx+¢), 


(D.U. 1955) 
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. dy — jt . 1=sec? x. 
dx” Cosx cos 3 x 
Thus d (tan x) _ x. 
dx 


Or, we write 


sin x 
y=tan x= —— go that 
cos Xx 


dy dx 
dx” cos? x 
cos x. cos x--sin x. sin x 
= cos? x 
] 
==, =sec? x 
cos? x 
d(cot x 
4:44, “(cot *) — — cosec* X. 


Its proof is left to the reader. 


Ex 1. Find the derivatives of 


(i) tan x+cotx. (ii) sin x. tan 2x. 


(ivy fan xrcot x Gx (Fz ean). 
tan x+cot x’ 1 ftane) 
4:45. Derivative of sec x. 


cos xv A) gin x, H(008 %) 
dx 


tii) x tan x cot 2x. 


cos =) 
(vi) & + COS *) 


Let 
=sec X= _ 
Fe ReO Xe os x” 
oe _ 
Sy _cos (¥+6x) “cos x 
8x 5x 
cos X— cos (X-+5x) 
~ $x. cos (X-+8x). COS X 
2 sin $ (2x-+5x) sin } 5x 
~  §X. COs an cos x 
sin 4 6x 
=sin(x+$ 2%) cos5 cos x * cos (x+8x)° 45x — 
dy. 1 
a's dx 3 ** cos x ° cos zo tan xX sec xX, 
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Thus d(s eC X) _tan x sec X. 
dx 


Or, we write 


1 
=~, x 8° that 


dy cosx0—1 (—sin x) _ ton x sec X 


4-46. “(co’et ®) cot x cosec X. 


Its proof is left to the reader. 


Ex. Find the derivatives of 
(ii) v[sec (ax+5)]. 


(i) cosec® 3 x. 
(iv) ses (cosec x). 


(iii) secv(a+bx). 
4:5. Daerivatives of inverse trigonometrical functions, The precise 


definitions of inverse trigonometrical functions as given in § 27, p. 
30 will have to be kept in mind to obtain their derivatives. 


4°51. Derivative of sin x. 


Let 
y=sin™! x so that x=sin y. 
dec =cos y 
dy : 
dy l I l 
oF dx cosy Vaiasin'y) = / (1 —x?) 
where the sign of the radical is the same as that of cos y. 
By the def. of sin x, we have 
—7/2Qsin xg 7/2, Le, ~—m/2y<al2 
so that cos y is positive. 
d(sin-* x) 1 
Hence ae Vx)” 


452. Derivative of cos- x. 


Let 

y=cos™! x so that x=cos y. 
; dx 
“. dy 


= — sin y 
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or dy ~-—1_, =! _ =! 
dx “siny = ~/(1—cos*y) = Ey/(i— x) 
where the sign of the radical isthe same as that of sin y. By the 
def. of cos-! x, we have 


0< coslx ct ie, OCVKT. 
Also if y lies between 0 and 7, then sin y is necessarily positive. 


d(cos-1 x) _ 1. 
Hence ax (xy * 


4°53. Derivative of tan— x 


Let 
yetan! x so that x=tan y. 
dx =gec? y 
dy 
Se 
or dx sec? y 1l+tan? y ~1-+x2 
d(tan-1x) 1. 
Thus ax = P4x2* 
d(cot-! x) 1 
454. a FO ae 


Its proof is left to the reader. 
4:55. Derivative of sec-! x 


Let 
y=sec"! x so that x=sec y. 
st =sec y tan y 
dy ] 
oF ‘dx ~ sec y tan y_ 
re ore 
- —™ gee ya/(sec? y—1) = x1) 1) 
We take, +, sign before the radical and write 
oy = 7Gt=1) (Refer note below) 
Thus 
d(sec™! x) _ ] 


dx. ~x/(x?—1)_ 
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Note. This note is intended to show precisely what sign should be 
chosen before the radical. Nowitis clear that the sign before the radical is 


the same as that of tany. By the definition of sec-*x. [Refer § 2°75, p. 33], 
we have 


O< sec x<7/2 ; m/2<secx<c 7 
i.e., Oc y<an/2; n/2<ycn. 


When x is positive so that it lies in the interval [1. 0]. then y lies bet- 
ween 0 and 7/2 and so fan y Is positive ; 


When x is negative so that it lies in the interval, [— 0, —1], then y lies 
between 7/2 and 7 and so tan y is negative. 


Thus the sign of the radical is positive or negative aceording as x is posi- 
tive or negative. Hence 


dy 1 


. 1 . 
dx ~xy(xt—1y x70 and =~ Yaga cay Hx <0 
so that 
dy_ f ery admissible value of x 
dx [x | vGt—1y OF VOY | : 
d(sec™*x) Io 
Thus dx I x | WGP?) 
4:56. Derivative of cosec—! x. 
Let 
y=cosec™ x so that x=cosec y. 
d 
e dy =-—cot y cosec y 
or a 
dx cosec y cot y 
—] —| 
=-t 


‘cose ya/ (cose? y—1)— = x4/(x#—1) 
We take, -+-, sign before the radical and write 


ae 
dx = ¥J/(2= 1) * 
d(cosec™1 x) 1 
Thus ax = ae): 


Note. The sign before the radical is the same as that of cot y. 
By the definition of cosec~1x, we have 
—1/2< cosec"*x <0 ; 0<cosecx< 7/2, 
i.€., --1/2< y<0 ,0<ycn/2. 


When x is positive so that it lies in the interval [1, 0], then y lies bet- 
ween 0 and 7/2 and so cot y Is positive ; 


when x is negative so that it lies in the interval [oo , —1), then y lies bet- 
ween —7/2 and 0 and so cot y is negative. 


96 DIFFERENTIAL CALCULUS 
Ihe. 

Thus the sign of the radical is positive or negative according as x is posi- 
tive or negative. Hence we have 

dy —] 

dx aN 1) ~—if x>0 and = eoy Areas = if x<0, 


so that we can write 


dy 1 wos 
dx Tx | vG@zt)? for every admissible value of x. 
d(cosec~?x) _ 1 
Thus dx XP NG@P=1* 
Ex. 1. Find the derivatives of 
(i) sin73Vx. (ii) V(cot7x). 
(iii) tan [(1+x)/(1—x)]. (iv) tan~'(cos vx). 
(v) sec™ hx". (vi) cosec71(x7#), 
-~1 ee) x sin7*x 
(vii) *cos € pct) (viii) N(x)" 
.\- 4NX a+b cos x 
1 . —1f 479 COS 
(ix),tan 1—4x | (x) cos b+acos *). 


Ex. 2. Find dy/dx when 


1 
= —J -_ ~1 
x=sin N/ ae ): Y= COS N(1+27)° 


4-61. , Devivative of log, x. (a, x are both positive) 


Let 
y=log, x 
dy _ log,(x-+4x)—log,x 
Sx 5x 
] X-+6x 
3x 1080 ( x ) 
1 x 
=y + jy ote (14 
x. 
1 bX \tx 
Now lim 14 2) =e, (§ 3°63, cor. 3) 
6x—>0 x 
d(log, x) dy 1 
Thus ax ax =x log, e 


Cor. Let a=e so that 
y=log, x=log x 
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Thus d(log x) _ 1 
dx 
4:62. Derivative of a’. 
Let ya’, 
by aX + 8x aX _o ao* 1 
° 8x ~~ 5x a 5x 
5x 
dy =a*. lim Co 1 
dx Sz>0 o* 
=a* log,a. (§3°64, p. 63) 
d(a*) . 
Thus ax? log,a 
Cor. Let ae so that y=e*. 
dy . 
ee 7 el log.e=e . 
Thus d(e*) =e* 
dx 


Ex. Find the derivatives of :— 


(i) log sin 2. (ii) cos (log zx). (iii) esin - 
(iv) log[sin (log x)). (v) logv(z?+x +1). 


(vi) log tan (4x +42). (vii) log(sec x+tan x). 


be 
Oi) yoy (ix) «/(a®* 
(x) log,o(sin—1x?). 
(xii) log(e”* +e-"*). 
(xiv) eV ax. 


(xi) loglx + v(x*+<a*)]. 
(xiii) a** sin*x. 
a+6 tan x 
a—btanx 
Derivatives of hyperbolic functions. 
4:71. Derivative of sinh x. 
Let 


(xv) log 


e* — e~* 


2 


y=sinh x= 


oe = =F IHe* —e~*)] = 4(e"-+-e-")=cosh x, 
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Thus d(sinh x ) cosh x. 
dx 
4:72. Derivative of cosh x. 
Let 
—~ Xx 
y=cosh x= res 
2 
d __o-% 
~ = - ~ ==sinh x 
Thus d(cosh *) _ sinh x. 
dx 
4:73. Derivative of tanh x. 
Let 
sinh x 
y=tanh x= sh x 
a(sinh x) d(cosh x) 
dy _ cosh xX. dx. —sinh xX. dx 
° dx ~ cosh? x 
~ eosh x.cosh x—sinh x.sinh x 
— cosh? x ; 
cosh? x— sinh? x | _gech? x 
= oshtx cosh? 8°CR 
Thus d(tanh x) _ och? x. 
dx 
4:74, d(coth x) _ —cosch? x, 
dx 
Its proof is left to the reader. 
4-75. Derivative of sech x. 
Let 
=sech x=-~ 1 
y= ~ cosh x 
; dy __cosh x.0— l.sinh x 
_ dx” cosh* x 


DIFFERENTIATION 99 


Thus ee x) — tanh x sech x. 
4-76, _S(eosech X) _ _ coth x cosech x. 


Its proof is left to the reader. 
Derivatives of inverse hyperbolic functions. 
4:81. Derivative of sinh-! x 


Let 
y=sinh-! x so that x =sinh y. 
aX 
dy =cosh yj, 
or ay 


dx cosh y= (isin? yj (23) ” 
where the sign of the radical is the same as that of cosh y which we 
know, is always positive, (§ 3°72, page 68). 

d(sinh-? x) _ 1 

dx 4 /(1-++-x?) 


4°82. Derivative of cosh-! x 


Hence 


Let 
y=cosh™ x so that x =cosh y. 
a sinh 
dy =sinn yj, 
or dy 1 1 l 


dx ~sinh y~ © 4/(cosh® y—1)~ F 4/(a*—1) ’ 
where the sign of the radical is the same as that of sinh y. 


Now, cosh™ x i.e., yis always positive so that sinh y is positive 
(§ 3°71, page 68). 


@ (cosh-? x) __ 1 
Henoe dx ~*~ /(x?—1) 
4-83. Derivative of tanh-1 x. [ | z| <1]. 
Let _ | 
y=tanh-! x so that x=tanh y. — 
dx oe 
«= gech? 
dy sech® y, . 
or ae a 
dx ~sech? y 1—tanh? y ~ 1—x? 
d(tanh-' x) 1 
Thus . ar ne ee 
d(coth-* x) 1 
4°84. ~ ag Sy tl * | > Ih 


Its proof i is left to the reader. 
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4°85. Derivative of sech-! x. 


Let 
y=sech-! x so that x=sech y. 
i= —sech y. tanh y. 
or dy 
dx ~~ sech y tanh y 


—] —] 
= Xsech y. +/(1—sech?y) = E7132)" 
where the sign of the radical is the same as that of tanh y. 


But we know that sech-! x, i.e., y is always positive, so that 
tanh y is always positive. 


d(sech-} x) 1 
Hence ar ae = ~xV(1 —x?)" 
4°86. Derivative of cosech-! x. 
Let 
y=cosech-! x so that x=cosech y. 
ot oe = —cosech y .coth y. 
yi 
OF dx cosech y . coth y 


~1 —1 
= Feosech y. «/(cosech* y-+1) ~Fxy(x*+1) 
when the sign of the radical is the same as that of coth y. 


Now, y, and therefore coth y is positive or negative according 
as X is positive or negative. 


dy -l_ = ij 
de Vor FI) 78 ON ayiateny SX SD 
d(cosech-! x) —1 

Thus ax x Ve” 


for all values of x. 
Ex. Find the derivatives of 


(é) log (cosh x), (ii) eSinh*x 

491. Logarithmic differentiation. In order to differentiate 
a function of the form uw’, where u, v are both variables, it is 
necessary to take its logarithm and then differentiate. This process 
which is known as logarithmic differentiation is also useful when the 


(jii) tan x. tanh x. 
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function to be differentiated is the product of a number of factors. 
The following examples illustrate this process. 


Ex. 1. Differentiate x", 
Let y= xsin 7 
log y=lég (x89 *) sin x . log x. 


Differentiating, we get 


1 dy . ] 
y [xe 08 X - log x-+sin x. oo 


Hence o x “(cos x. log xn), 


Ex. 2. Differentiate [x'@" * +(sin x)°% * ]. 


We write y= x! 7 4 (gin x)S *, 
Let Ua fan . (1) 
and y=(sin x) *, | ...(2) 
so that yo=u-+y 

dy _du | dv 

dx dxt dx’ 


From (1), we obtain, taking logarithm, 


log u=tan x . log x. 


: . M800? x.logx+tanx. . , 
i.é., du x ° (sect x .log x+ an.). »-.(3) 
dx 
From (2), we obtain, taking logarithm 
| log v=cos x . log sin x. 
l v . , ] 
yo den sin x. log sin x-+ cos Xs oy COB X 
dy , COS X cos® x 
Ls, dx = (sin x) (—sin X- log sin x4+< sin x ): ..(4) 


Adding (3) and (4), we obtain dy/dx. 
Ex. 3. Differentiate 


xtd—axyF 
(2—3x)t3—4x)* 
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Putting it equal to y, and taking logarithms, we obtain 
log y=} log x+2 log (1—2x) —3 log (2—3x)—$ log (34x). 
Differentiating, we obtain 


1idgiili 1,2, -2 3, -3 4, -4, 
y ax 2° x 13° [8x7 4 23x75 8% 
j 4 9 16 


eS eed 


ee eet trie nepe ernie ee 


=9x —3(1—2x)t 4(2—3x) T5(3—Ax) 


dy _ E _4 =, 9 , 316 , | 
dx” | 3x ~30—2x) 1 4(2—3x) T5G—4x) 
Ex. 4. Find the differential co-efficients of : 


(i) (cos x) 108 *, (if) (1 +x-¥). aa e*, 
A xo v4 (cot x)fan x ; ‘(v) (log x)*+ (sin—? xin x 
(Lx)? (2—x?)?/8 . x8/ (x2 +4) 
(vi) (3—x8)8'4 (4 x40 18 (vii) N(x?-+43) 


(viii) sin x .e* .log x. x*. 


4:92. Preliminary transformation. In some cases, a preliminary 
{ transformation of the function to be differentiated facilitates the pfo- 


cess of differentiation a good deal, as is illustrated by the following 
examples. 


Ex.1. Differentiate 

1 2x 
1+x* 

Putting x=tan 0, we have 


sine 


2tenO —. de gn ong unt 
i Ltan® F =sin-! (sin 29)=20=2 tan-! x, 


dx ~\l+x* 
Ex. 2. Differentiate 
“ana VOFN-~ VU), 


- ce ee a 


“ V(I+x)+/(1—-x) 


Putting x=cos 6, we have 


/(1-+x)=+/(1+cos =N/ (2 cost 5) = 4/2 cos a 
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V—x)= 4/(1—cos a=V/ (2 sin? >» )=v2 sin é. 


cos a — gin 


ee y=tan-1 2 2 
s . +sin o 
2 2 
_ i—tan o 
==tan-! < 
1+tan ’- 


==tan7? }tan (4 _ = 


w 6 vi i 4 
=4- 9-479 cos—! x, 
di ss 
ax” 24/(1—x?) 


Ex. 3. Find the differential co-efficient i 


tan-} 2x with respect to sin} (P.U. 1954, 1956) 


1 —x? vee 2" 
Let y=tan“! ne z=sin™} Te 
Putting x=tan @, we see that a 
y=tan| cane gm tan™ (tan 26)=29=2 tan-! x. 
z=sin-} eae gasin™ (sin 26) =26=—2 tan-! x, 


dy 2 dz 2. 
“dx Tx? dx ~1+x8 
dy dy | dx 


Se GE = de” dz =) 
Also otherwise, we have 
YZ, 
dy _ 
so that Ps ae 
Ex. 4. Jf 4/(l—x*)+/Q—y*)=a(x—y), prove that 
dy_V(1—y*), | 
dx= (1 =x) (D.U. Hons. 1949 ; PU, 1952) 


Putting x=sin 9 and y=sin ¢, we have 


4/(1—sin® 6)+ 4/(1—sin* ¢)=a(sin 6—sin ¢) 
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or cos 6-+cos d=a(sin ‘6—sin p) 


_ 608 G+cosd 2 cos $(8-+¢) cos 4 (8@— ~) 


ener sane 
T= 


~ sin 0—sin @ 2 cos 4(@+¢) sin 4 (9—¢) 


we cot 4(@—d)=a 
or . $(@—d¢)=cota 

| —=2 cot! a 
oe sin-! x—sin-! y=2 cot? a 


Differentiating, we get 


i 1 W_y 
Vx) VT 9) dx 
or dy V(i—y*) 
dx 4/(1— x?) 
Ex. 5. Find the differential co-efficients of 
¢(i) tan-1 . (D.U. 1952) (ii) sin-? (3x—4x?)., 
es NX—X . _, ( levcos x \1/2 
, (ii) tan-* Tox’ \ (iv) tan“! i Earn ye, 
1— oy penn AHA 
i (vy) cos—3 tie . (vi) tan7?} 1 Wax) 
fii) sin—"[xv(1 —x)gpx(l —x?)}] (D.U. Hons. 1954) 


[Show that this is equal to sin7=!x—sin7 yx]. 


Ex. 6. Express in their simplest forms the differential co-efficients with 
respect to x of 
acos x—b sin x .. 1 ( 3x-x 
bcos x+a sin x/ (i) tan 1—3x? )- 
(P.U. Supp. 1938) 
4:93. Differentiation ‘‘ab initio’’. To differentiate ‘‘ab initio’’ 
or, from first principles, means that the process of differentiation is 
to be performed without making any use of the theorems on the 
differentiation of sums, products, functions of functions etc., nor is 
any use to be made of the differential co-efficients of standard forms. 
We have already had numerous illustrations of it. 


(i) tan-—? 


Ex.1. Differentiate sin-1x ‘ab initio’. (D.U, 1955) 
Let y=sin-!x, 

-_ y+édy=sin-! (x+68x). 

We have. X=sin y 

and 2+-d5x=sin (y+é8y) 


so that dx=sin (y-+dy)—sin y. 
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Thus 
2) ee) 
6x ~ sin (y+édy)—sin y _2cos (y+45y) sinkdy 
ltt 
cos (y-+ ¥5y) | \sin } dy 
Let 6x — 0 so that Sy also >0. 
dy 1 i= 1. 1 
dx ~ cosy’ cos y — 4/(1—x?) 
Ex. 2. Find, from first principles, the differential co-efficient of 
a/ sin x. 
Let 
Y= -+Jsin x. 
¥+6Y=V sin (x+5x), 


éy__Vsin (x 5x) — Vain x 


Ox 5x 
_ Vein (x x $dx)—~+/ain x V/ sin (x+6x)+ Vain x 
bx “\/sin (x+-5x) + a/sin x x 
_Sin(x+éx)—sinx 
~ bx * a/sin (x+-8x)-+ 4/sin x 
sin $ 6x. 1 


=COS (X-++46x) - yox “a/ sin ( x-+5x)+ 4/sin x 


Let 6x—> 0, 
dy | 
=cos xX. 1 ..__,-——_— 
dx 2 4/sin x 
cos x 
2 /sin x 


Ex. 3. Find, from first principles, the differential coefficients of :— 


(i) sin x?. (ii) sin? x. (iii) vx. <D.U. 1953) 
(iv) Sin , (v) eY*, (vi) tan-x, 
Exercises 


Find, from first principles, the differential coefficients of :-— 


; 
1. el ) . 2. (tan x). 3. x sin x. 
4. tan x3, §. sec—!x, 
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Find the differential co-efficients of :— 


6, % 0s x 7, Bxt=IA+2 
N(1 —x?*) ° ° xs ~° 
xv(x* — 4a?) if x _, x 
"  V(x?—a@?) 9. 6 tan iC tan—* ~.). 
$ $ 
10. eX) 11. tan — x" +a", 
iat xt 
12. tan—2_-COS *_. _i f 1—cos =. 
an 1+sin x 13. tan— 1+cos x 


Of 


8 
4 


4, (29 at39" * aay 
( (1—6x)* (1+7x) 7 (—8x) 
5 


| 


gs 


oy, 16. ix ). 


3 
17. [1—x?*)* . sin—x. 18. log [tanh (4x)]. 
—_1 N(1-+x?)+ V(1— x?) ; 
19. tan 0-8) — v= x8) 


l+tan x ; 
\/ 1—tan x 21. sin—![2ax (1 — a®x?)]. 


22. 19/08 sin x, 


23. x log x - log(log x). 


_, @+6cosx . cos—x 
24. tan biacos x' 25. (sin x) . | 
— 2 ax —aa 
26. e * . sin (x log x). 27. sin! ( e Te. ): 
e°” + e ax 
—1 wen! ae ee 
28. tan— : R29: sin Ni(x4 4 a) * 


GDH HD 
so. 10e [ #(2 2)* |: 31. loz GG qx 
32. tan—} _x sina ) 

1—x cosa 
33. 9x‘ sin (3x—7) log (1 —5x). 
34. -**cos (6 tan—! x). 


35. log een 
436. cot x coth x. 37. xa’ sinh x. 
1 cos 3x 39. ( +y 
38. cos N/ (22822) ): 1+ —-)*. 
Clax*+c) ° 
a | 
Qo. cos A/'| asrrey |: 
X41. Find the differential coefhcient of :— 


4 aps 3 YU) 
$ Logix+3/(1 —x)] a tan—? Sdn: x, 
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42. Disierentiate 
x8+x02+1 1 1 XN2 
() we log BONIEIT 22 1—x?° 
. —| 1 2x +1 
(i) > log WGipetiy taps 
43. Find dy/dx when 
(i) x= sins _ __costt 
~~ (cos 21) y N(cos2t) ’ 
(ii) x=sin tv(cos 2t), y=cos tv(cos 26). 
(ii) ~=x=a(cos t+log tan 4¢), y=a sin t. 
44. If x¥=e*-¥, prove that dy/dx=log x/(1+log x)*. (P.U. 1955, 56) 
(Differentiate logarithmically) 


at t=7/6. 


ks. Differentiate sin*® x with respect to (log x)*. (D.U. 1950) 
46. Differentiate sin * with respect to (sin x)”. (P.U. 1959) 
47. Differentiate tan—[{v(1 + x?)—1)}/x] with respect to tan—! x 

(P. U. 1956) 


af ¥- x" 
48, Find sd when x=e'@ ( x? )- 


49. Differentiate 

N(1 +x?) — v(1—x?) 

ACL +x?) + V(1—x?) 

with respect to cos—? x?, (D.U. Hons. 1949) 


tan-— 


tan X 


50. Differentiate (log x) with regard to sin (mcos—' x ) 


(P. U; 1955, 56) 
51. Differentiate the determinant. 
fi() ?,(x) us (x) 


F(X) =| fax) P(x) (x) 
| f(x) @,(x) Ws(x) 


From first principles 
we have 


f(x +A) (x +A) P(x +h) A i(x) (x) (x) 
F(x+h) —F(x)=| fa(xt+h) = 9,(x +4) Hace = fe) a(x) = Ha () 


f3(x +h) P(x +h) $s(x+ h | fle ) s(x) Ys) 
Axeth)—filx) (+h) F10) (+A) — 4x) | 


=| filx-+h) exh) alx+h) | 
fi(x+A) 3(x +h) w(x +h) | 
A(x) © (x) (x) 


+) fi(xth)—-falx) = arl(xt+h)—9,(x) (x +h) —%,(x) 
Sf(x+h) (x +A) w(x +h) 
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f(x) ,(x) P(x) 
+] fs(x) ,() B_(x) 
S(x+h)—f(x) s(x +h)—9,(x) s(x +A): - (x) 
Dividing by h and making A tend to zero, we get 
flo WwW | m wh ih mH 
Fi(x)=| fo Ps Hs + fy’ 4" + fz 2 Ps 
ifs 3 Hs fs os Bs i | fy’ Os! H, 
The rule can be easily extended to the case of determinants of any order. 
APPENDIX 
EXAMPLES 
1. Show that 
I (x)=? sin (1/x) when x40 
F(0}=0 


is derivable for every value of x but the derivative is not continuous for 
x=0. (D.U. Hons. 1954) 


rata (A 


l ] 
—- —CO8--::* 
x x 


For x=40, f’(x)=2x sin 


For x=0, we have 


. dl 
flx)—fo)_* "x 


x—0 x 
. dl 
=x sin yO QOasx —>0. 


f'(0)=0. 


Thus the function possesses a derivative f(x) for every value of 
x and is given hy 


f'(x)=2x sin aa —cOs . when x40 


f'(0)=0. 


We have to show that f’(x) isnot continuous for x=0. We write 


]. _ |  . | 1 
cos raha ca! ein — —(2% sin —- —cos + ). ..(1) 
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Here 
. . I 
lim ( 2x sin —)=0. 
x0 x 
In case 
lim f’(x), 
x0 
i.e., lim ( 2x sin I —Ccos —) 
x->0 x x 


had existed, it would follow from (1) that lim (cos 1/x) would also 
x-> 
exist. But this is not the case. 


Hence lim f'(x) dozs not exist. Tnus f’(x) is not continuous 
x—>0 


for x=0. 


2. Examine the continuity and derivability in the interval 
(—o, 0) for the following function — 


i(x)=1 in — o<x<O, 
f(x)=1+sin x in 0¢ x <hrn, 
f(x)=24+(x—4hr)? in Ft7CX< ow. (Mysore) 


The function f(x) is derivable for every value of x except 


perhaps for x =0 and x=7/2. Thus we shall now consider x=0 and 
Xx=7/2. 


Firstly we consider x =0. 


Now f(0)=1--sin O=1. 
lim (f(x)=1 and lim f(x)= lim = (1+sin x)=1 
x-(0—0) x—(0+0) x—>(0+0) 


lin fix)=1=f(0), 


Hence f(x) is continuous for x=0. 


Again, for x<0, 
fix)-f0)_1-1_, 
x—-0 ~ x’ ° 
so that 


x->(0—0) *—9 
Also for x>0 


{(x)—f(0)_ 1+sin x—1 _ sin x 
x—-O ~~ x—0O ~~ x 
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80 that 


lim I(x)—f(0) lim sin X 
x40) *~P x40) * 


Thus 
lim J (*)—fl0) ~ lim I{x)—f(0) 
x>(0+0) *—-9 “ x-5(~0) *—0 
Hence the function is not derivable for x0. 


Now we consider x=7]2. 


We have 
f( 5 )=2+Gn—4a)=2, 
lim (x)= lim (1-++-sin x)=14+1=—2, 
x—>(4a—0) x—>(}2—0) 
lim (x)= lim [2 +-(x—4or)*]=2. 
x—>($7-+-0) x—>(47 +0) 
*. man J(X)=2=f(7/2). 


Hence f(x) is continuous for x=7/2. 
Again, for 0c x<irn, 
I(x)— f(§n) _ (i+sin x)—2_ 1—sin x 


x— 47 x—47 an—x - 
Putting 47—x=1, we see that 
f—sin x _1-sin (ja—1) 


dan-x 7 t 
l—cost 2Qsin? dr. 
= TOS Fe sin’ bf sin 4 
t t 
so that 
. I—sin x 
lim = 
x->(4n—0) 37—X 
For x>4r, 
Kx)—flan) _ 2+(x—4n)r—2 
x—47 X—17 
=xX— 47, ; 


x—>(in+0) X47 
. J'($2) exists and is equal to 0. 


sin tt 
— 


, 
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Exercises 
1. Discuss the existence of f’(x) and f’(x) at the origin for the function 
f(x)=2? sin -. when x0, 


f(0)=0 
(B.U. 1953; D.U. Hons, 1952) 
2. Examine the differentiability of the function 


f(x= x™ sin - when x=40, m>0 


f(x)=0 when x=0 
at the point x=0. Determine m when f’(x) is continuous at the origin. 


(D.U. Hons. 1952) 


h 3. Determine whether f(x) is continuous and has a derivative at the origin 
where 


2+x if x>0 
I@)= 2—x if <0. (BU) 
4. Show that 
f= |x] +] x—-1| 
ig continuous but not derivable for x=0 and x=1. 


5, Examine the function 


ol /x_,—I1/x 


f( ST? xx0 
f(9)=0 


as regards its continuity and the existence of its derivative at the origin. 
(D.U. Hons. 195T) 


6. Discuss the continuity and the differentiability of the function f(x) 
where | 


0, when x is irrational or zero 


f(x)= 


os when x= 4 , a fraction in its lowest terms. 


(D.U. 1953) 


2 
7. Find from first principles the derivative of f(x) = $n @) when x40 


and f(0)=0 at a point x=0 and show that the derivative is continuous at x=0. 


(B.U. 1953) 
8. Show that the function 


f(x)=x{1+4¢ sin (log x*)} ; for x#0, f(0)=0 
is everywhere continuous but has no differential co-efficient at x=0. 
(B.U. 1952) 


| - . 
9. If f(x)=x tan x when x0 and f(0)=0, ‘show that f(x) is continu- 
ous but not derivable for x=0. 
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10. Is the function 
1 
f(x)=(x—a) sin x—@ for x0 


f(@=0 


continuous and differentiable at x=a? Give your answer with reasons. 
P.U.) 


11. Discuss the continuity of f(x) in the neighbourhood of the origin when 
f(x) is defined as follows : 


(i) f(x)=x log sin x for «+0, and f(0)=0. 


(ii) f(xy=e!!* when x0 and f(0)=0. (D.U. 1955) 
12. A function f(x) is defined as being equal to --x*, when <0, to 
5x—4whenO0<xcl, to 4x?—3x when l<x<2 and to 3x+4 when x=2; 


discuss the continuity of f(x) and the existence of f’(x) for x=0, 1 and 2. 
(D.U. Hons, 1957) 


CHAPTER V 
SUCCESSIVE DIFFERENTIATION 


51. Notation. The derivative f’(x) of a derivable function 
J(x) is itself a function of x. We suppose that it also possesses a 
derivative, which we denote by f’’(x) and call the second derivative of 
f(x). The third derivative of f(x) which is the derivative of f’’(x) is 
denoted by f’’’(x) and so on. 


Thus, the successive derivatives of f(x) are represented by the 
symbols, 


V(X), IU Bye cee A ad 6.9 Se 
where each term is the derivative of the preceding one. 


Alternatively, if y=f(x), then d*y/dx- also denotes the nth 
derivative of y. Sometimes 


Vy Vas Vanes cvcvas a Viger vane 
are used to denote the successive derivatives of y. 
The symbols 


dy 
$0), | oe Leong, OF Jal 
denote the value of the nth derivative of y=f(x) for x=a. 
Examples 
1, If x=a (cos 6+ 6 sin 6), y=a (sin 0—8 cos 6), find d*®y/dx!, 
We have 


dx 


We? (—sin 6+-sin 0+6 cos #)=a 6 cos 8, 


t =a (cos 9—cos 6+ 6 sin @)=a @ sin 8, 
dy dy ds _ady [dx 


Wo Ge = Gg * de dvldg" ® 
2 
e oo, = sec? 9 o [Note this step} 
1 sec’ @ 
me O08 Qo nce eens ee eg 
==fEC 95 cos 6 a0 
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2. If y=sin (sin x), prove that 


o2.-+tan x o +y cos? x=0. (D, U, 1953) 
We have 

— =cos (sin x) cos x, 

== —gin (sin x) cos xX cos x—cos (sin xX) sin x 


== —sin (sin X) cos? x—cos (sin x) sin x. 
Making substitution, we see that 


SY tan x 2 de TY cos? x=0. 


3. Change the independent variable to @ in the equation 
d’y 2x dy y 7 
at tT $x ax + (py 


by means of the transformation 


x=tan 6. (P. U. 1932) 
We have 
dy dy d@_ dy dx _ dy 3 0, WY 
dx do “dx 0 10 a8] sect 0008" 8. ay 
dty dg ay o, ay dé 
Ta = cos 6 sin @. dx dp +08 8 ‘6? * dx 


2 
=~ 2 cos @ sin § cos? @. or +008" 6 ox . cos? 9 


g 
= —2 sin 6 cas? 9g. = 7 tos Her 


Substituting the values of x, ” ld and d?y/dx? in the given 
differential equation, we see that it becomes 


_ 3D ag Gv, 2tano ag D 
2 sin @ cos OG p 1eos om" iv tant 6° ° 6° O16 


+ apient ae 
or —2 sin § cos® 9 +eost 0.5 Gite sin 6, cos® 6 cost. y=0 
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4, If axt+2hxy+ by? + 29x+2fy+e=0, show that 


dy _abc+2f h—af?—bg? —ght 
dx? (Ax oy +-7)8 ee”) 


Solving the given equation as a quadratic in y, we get 
by -+-hx-tf=41(h? —ab)x24 2(hf—by)x-+(f2—be)}* 


DD 4 ha LH UR—abyxt +2(hf—bg)x+(f—bo] 


x [2(h? —ab)x+-2(h/—bg)} 
(h4 —ab)x +-(hf— bg) 1 
=" hx by $f vl) 


Differentiating again, we get 
gry (WB —ady(hx by +f}—( hbo) (#8 — aby (Hf— bg) 
dx® ~~ (hx by +f)? 


eed 


Substituting for » “ bh from (1), we get the required 
result. 


Exercises 
log x dy 2 log x— 3 
a rn show that da = x3 
2 cos x 
sin’x * 


. Show that y=x +tan x satisfies the differential equation 
2 
* cos*x gen 2 tea 0” 
, Ify=[(a+5x)/(c+dx)}, then 2e= 3y,*. 


/ 
i y-alog (sin x), show that ys = 
, 
5 


. If x=2 cos t—cos 2tand y=2 sin t—sin 2, find the value of dty/dx* 
when t=}, 


If x=a sin 29 (1+cos 26), y=a cos 29 (1—cos 29), prove that 
[1+ (dyldxyy]? 


dy dee =4a cos 39. 


Hee (1/x)*, show that y, (1) =0. 


Vie p*=a" cos*@ +5? sin*@, prove that 


2 
p+ ‘ans ~ oe (Rajputana) 
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G, If yx log eee) prove that 
x(x+1) pee +x B =y-l. 
10/7 If x=sin ¢, y=sin pt, prove that 
d*y dy 
—_ 2 _— wat, = . 
(I-29) a — XH + ph =0. (P.U.) 
1y. Change the independent variable to z in the equation 


d®y dy o 
aya TOOL X ye +4y cosec*x=0 
by means of the transformation 
z=log tan $x. 
12. If» is a function of x and x=1/z, show that 
dy | d’y fy dy d*y 
dz? dee? ae ar Ae 


18. Show that 
dx 1 ,d*x — d*y/dx 
dy ~dyldx® dy* ~~ (dyidxS®" 
and find the value of d*x/dy? in terms of dy/dx, d*y/dx', d’y/dx'. 
Also show that 


5-2, Calculation of the nth derivative. Some standard results. 
521. Let y= (ax-+b)". 
oe y,=ma(ax+b)™"), 
Yg==m(m—1)a?(ax + b)”-?, 
ya=in(m—1)(m—2Q)a%(ax-+ by", 
80 that in general 
= m(m—1)(m— 2)......(m—n-+ la"(ax+-by"-", 
In case, m is a positive integer, y, can be written as 
bi cay ny a"(ax +b)"-", 


so that, the mth derivative of (ax+))” is a constant viz.,m !a™ 
and the (m+1)th derivative along with the other higher successive 
derivatives are all zero. 
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Cor. 1. Putting, m=—1, we get 
Ya=(—1)(—2)...... (—n)a"(ax+b)-1-4, 
nf tL 
; d (stb (—1)*(n !)a" 
a ~~ ax®  ™ (ax+b)"t? | 
Cor. 2. Let y=log(ax+b). -—~ 
_ a 
Ya ax+b" 
(=n) 1, 
Hence Va= (axt by 
d*{log(ax+-b)}_(—1)*"1(n—1)! a” 
axe (ax+b)" 
5:22. Let 
y=a"*, 


y,:=ma"™* log a 
Ya=mPa™* (log a), 
so that, in general 
| yasmrareiog yr 
Cor. Putting ‘e for a, we get 
on —m"e"™2, 
5:23. Let 
y=sin (ax+)). 
y,=a cos (ax-+b)=a sin (ax+b+4n), 
Yo=a? cos (ax-+b+47)=a? sin (ax+b+2n), 
Ygs=@ cos (€x+56+437)=a3 sin (ax+-b+87), 
so that, in general 
ll a sie Gt) =a" sin I ax+b+ > |. 
5:24. Similarly 


d" cos (ax+b) nw 
axe = cos] ax + b+- 2 | 


3:25. Let 
y=e™ sin (bx-+¢). 
a" y,= ae" sin (6x-+c)+ e% 5 cos (bx+-¢) 
=e%*(a sin (bx-+-c)+5 cos (bx-}-c)]. 
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In order to put y ina form which will enable us to make the re- 


quired generalisation, we determine two constant numbers r and 
¢ such that 


a=rcos ¢, b=r sin ¢ 
“ r= 4/(a2+ b), ¢=tan-(b/a). 
Hence, we have _ 
y,=re* sin (bx-+c+ 9). 


Thus y, arises from y on multiplying by the constant rand 
increasing the angle by the constant ¢. 


Thus similarly 
Yg=rre** sin (bx +¢+-29). 

Hence, in general 

d* [e* a Sn OF ON r” e* sin (bx te-+n $) 

where 
y= 4/(a?-+b?), ¢=tan-1(b/a). 
5°26. Similarly 
d"[e** cos (bx+C)] _ afb? in ta | b 
dx? == (a?-+ b’) cos (betetn tan =) 


5-3. Determination of nth derivative of Algebraic rational func- 
tion. Partial Fractions. In order to determine the nth derivative of 


any algebraic rational function, we have to decompose it into partial 
fractions. 


Sometimes it also becomes necessary to apply Demoivre’s 
theorem which states that 


(cos @-Li sin @)”=cos n@+i sin né, 
where n is any integer, positive or negative, and i=4/(—1). 


Examples 
1. Find the nth derivative of 
x? 
(x-++- 2)(2x +3) 
Throwing it into partial fractions, we obtain 
—___- eo | 1- ———— tax | 
(x+-2)(2x+3) °° 2 x4+2 | 2x+3_)° 
(—1)"!.8 (—Il1)%"!. 2" .9 
elena) |= ~ “B(e-fayet TF Rax p38) 
(—1)*n ! 9.2” 8 } 


=e, 


2 Lexpapn— eran 
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2, Find the differential co-efficient of 
x 


Pia 
We have 
x x 
x*+ a2 ~(x+a i)\(x—a) 
‘1 l I 
as = +e7ai] 


d” —(-* \= ye iT 1 l ] 
dx,\x? +0? (x—a iyuticpa j)*+i 
To render the result free from ‘i’ and express the same in real 
form, we determine two numbers r and @ such that 


x=rcos 6, a=rsin 6. 
r= 4/(x*+a?), d=tan“(a/x). 
1 


l .. .—(n+l 
oP (XG ies pay «(C8 O—F sin 6) we 


= ass [eos (n--1)0-Li sin (n+-1)6], 

] 1 Loo — 1 

and (xpa i= peat (cos @-+7 sin @) (n+l) 
= oa [cos (n-+1)9—isin (n+1)@]. 


Hence : | ' 


~~ 


"(sai ae ) _(- Went. cos (n+-1)6 
dx" rnth 


where 
r= 4/(x*-++a®), @=tan-! (a/x). 
Exercises 


> 
1. Find the nth differential co-efficients of 


. x‘ 
(i) Ne 2) (D.U. Hons., 1954) (ii) > 


Git) — 
tii (en 1+ 1)" 
2. Find the tenth and the nth differential co-efficients of 


x*+4x+1 


4 2xt—x—2 OU 
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3. Find the nth differential co-efficients of 


x +e 1 
() 1+3x+2x? i) x*—a* 
+. i 
a i) sar xGT' ) apyaT 
4. Show that the nth differential co-efficient of 
a 
L+x+x7 +28 


4$(—1)"(n !) sin" +’ 9[sin (n+ 1)9—cos (n +10 
+(sin @+cos 9)—-"-1]. where 9=cot-1x, 


5. Prove that the value of the nth differential co-efficient of x*/(?— 1) 


for x=0 is zero, if n is even, and —(n!) if nis odd and greater that I. (P.U.) 
6. Show that the nth derivative of y=tan-! x is 
(—1)"-1 (n—1) ! sin n (4n—y) sin” (47+). (P.U. 1935) 
7. Find the nth differential co-efficients of 
. lix x sin a 
—j * ee _ __ 
(@) tan . fox (i) tan71 i-x cosa’ 
8. If y=tan-1 x, show that 
pee “==(n—1) !cos [ny +(n—1) I cos” y (P.U. 1953) 


9. If y=x(x+ 1) log (x4+ 1)3, prove that 
dny 3(—1)"-1 (n—3) ! (2x4+n) 


nn rr A 


provided that 123. 


—} 
10. If y=x log eye rove that 


n x—n X-+n 
w=(-) (n—2) bay raat 


5:4. The nth derivative of the product of the powers of sines ard 
cosines. In order to find out the nth derivative of such a product, 
we have to express it as the sum of the sines and cosines of multiples 
of the independent variable. Example 1 below, which has been 
solved, will illustrate the process. 


Ex. . Find the nth differential co-efficients of 


(¢) cos! x. (ii) e*” cos? x sin x, (DU, 1951) 
i) We know that 
cost X= 1+ cos 2x 
: 2 
2 
Fe cos* x= (Ee 2x ) 
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sk 2x cos? 2x 


=> 4+ 


“4 
=4+4 cos ae -L4(1 400s 4x) ~ 
=%-+-4 cos 2x-+4 cos 4x. 
d 
Hence oe ay. 2” cos ( ax4"o-) +4. 4” cos ( 4x+5~ ). 


(ti) cos*x sin x=4(1-+cos 2x) sin x 
=4 sin x+4}.2 sin X¥.cos 2x 
=4 sin x +} (sin 3x—sin x) 
=} sin x+}4 sin 3x. 
Hence 


" an . d” az as d" 8 gt 
dyn ( ©*” cos*x sin x)=} ayn (e* sin x) +4 7 (e™* sin 3x 


=} (a? +12" e*” sin (x +n tan“! = ) 


+-Hat-+9)e" e*” gin (3x-+n tan7! =), 


2. Find the nth differential co-efficients of 


(é) sin®x, (ii) cos x cos 2x cos 3x. 
(ii) sin?x cos? x. (iv) e” sin*x. 
(v) e?” cos x sin® 2x. 


5'5. Leibnitz’s Theorem. ° The nth derivative of the ‘product of 


two functions. If u, v be two functions possessing derivatives of the 
' ath order, then 


(uv), =u, V+"C,u,_,V, +°C,u,_ Vat o.ee. 
kee + U,V eee +"C,, uv, 
This theorem will be proved by Mathematical induction. 
Step I. By direct differentiation, we have 
(uv); =uy+uy,, 
and (uy), =u,v +u,V,+u,¥,+UY, 
| S=UgV-+2C, U,V, + 2Cauvg. 
Thus the theorem is true for n=I1, 2, 


Step II. We assume that the theorem is true for a particular 
value of n, say m, so that we have 


(UV) pp == UV CU yy Vy Cg gVEF eee 
+ CU m—r tire + "Cm, “P veseee + Cyl m: 
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Differentiating both sides, we get 
(UV) p= Une VU Vy Cy hey Vy Cy Ug Ye 
+ Os U ny Vo $C, Uin—pVg-b eee +-"C,_4 Um—7+2¥r-1 
+7C,_, Um—y+1 ve+™"C, Um—r+1 Ve +7C, Um-y Veta soeere + 


=Umiy VE(1L+7C,)u,, Vy +(7C, + 7C,) Ugg y Varteseeee + 
(Opp $C, inrta Vertes tC Want: 
But we know that 
"C,y+"0,="HC,, 
14°C, =1ltm="4C,, 
AC p= l="1C, 1... 
(UW) mt =Um ie VEOH, UV bt Uy, Vote cesses 
ATC tape Vee tC ae Wnty 


from which we see that if the theorem is true for any value m of n, 
then it is also true for the next higher value m+1 of x. 


Conclusion. In step I, we have seen that the theorem is true 
forn=2. Therefore it must be true for n=2-+1, f.e., 3 and so for 
n=3-+1, Le., 4, and so for every value of n. 

Examples 
1. Find the nth derivative of x? e” cos x. (P.U.) 


To find the nth derivative of x? e* cos x, we look upon e* cos X¥ 
as the first factor and x? as the second. 


(x? e” cos x),,=(e” cos x),x?+"C,(e” cos X)_-1.2X 
+"C,(e” COS X)y~2-2 
— 23.6 cos (x--n tan71).x? 


+i ve . cos (x-+n—1).tan-! 1)2x 
"10D 


a —4 e” cos (x-+n—2 tan-1).2 
= gi(n— 2) | 2x? cos (x +n *-) 


427 nx. cos ( x-+-n—I tT) +n(n—1) cos ( (x-+n—=2 r) |. 


2. If 
y=a cos (log x)+b sin (log x), 
show that 


x*y, tat (2n+ I)xYnt4 +(n? + 1)y,=9. 
(D.U, 1952) 


SUCCESSIVE DIFFERENTIATION 123 
Differentiating, we get 

_ 2 sin (log x) | 5 cos (log x) 

1, a aes x 

or xy,=—a sin (log x)+-5 cos (log x). 
Differentiating again, we get 

a cos (log x) 6 sin(log x 
XVo -t- f= ~— 7 £08 . B “) 2 sini *) 


or x(Xyg-+y,)=—[a cos (log x)-+5 sin (log x)J=—y 
or x*yo+-xy, +y=0. 
Differentiating n times by Leibnitz’s theorem, we obtain 
XV a pa tC 20. Vn ty tC. 2 Vn FIV agp OL Va FI n=O 


or XV yegt(2n+DxVn+ +P +l) y= 
Exercises 
1. Find the nth derivative of 
(i) x"e”. (ii) x8 cos x. 
(iii) e%*[a®x?—2nax+n(n+1)]. (iv) e” log x. 


(P.U. 1954, 56) 
2. If y=x? sin x, prove that 
d"y . 4 4 , nt nv 
rr == (x?—n?-+n) sin ( x45) —2nx cos ( x+ 9 ). 
3. If f(x)=tan x, prove that 
£"(0) —"Caf"-2(0) + °C f"-(0)...=8in 
[P.U. Supp. 1936) 
[Write f(x) cos x=sin x and apply Leibnitz theorem.] 


4. Differentiate the ene equation 
d*y 
—x?) 2 
(1—x*) dx x “ * +a v= 


n times with respect to x. (D.U. 1950) 
5. Find the ne derivative of the differential equation 


x Gate G Ha —myy=0. 


5-6. Determination of the value of the nth derivative of a func- 
tion for x=o. Sometimes it is possible to obtain the value of the nth 
derivative of a function for x =0 directly without finding the general 
expression for the mth derivative which cannot, in general, be 
obtained in a convenient form. Examples 1 and 2 below which have 
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been solved will make the procedure cl:ar. As will be seen in Ch. IX, 
the values of the derivatives for x=0 are required, to expand a 
function by Maclaurin’s theorem. 


Examples 
1. Find the value of the nth derivative of e!” 80 * for x=0, 
Let ye sin“x we (1) 
m sin™x m 
\z= é ° “/(1— x2) bee (2) 
or (1—x?)y,2==m?y?. 


Differentiating, we get 
(L—x?) 2y,yy—2xy2=2m*yy,. 
Dividing by 2y,, we obtaain 
(1—x")y,—xy,=m’y. (3) 
Differentiating n times by Leibnitz’s theorem, we get 
(1— x?) +9— 2MXY_ 4, —1(n— 1)y,- XVn+y—NY,= mM n 
(L-X?)Yntg— (22+1) XVp4y— (0? +") y,= 0. 
Putting x=0, we get 
Ynt2(O)= (n?-;-m?*)y,(0). ve (4) 
From (1), (2) and (3), we obtain 
Y(O)=1, y(0)=m, y(0)=m". 
Futting n=1, 2, 3, 4, etc. in (4), we get 
¥a(0)=(1? +m?) y,(0)=m(1? +m?) ; 
Y4(0) = (2¢-++m?) y,(0) =m?(2? +-m?) ; 
Y¥4(0)= (8? +m?) y3(0) =m (1? m?)(3? +m?) |; 
Y_(O) = (4? +m?) y,(0) =m?(2? +m?) (4? +m"), 
‘In general 
| m? (22+. m?)(42 4+ m?),,.[(n—2)?+-m], when 7 is even, 
Yn(0)= Spon (3?-+-m3) ...[(n—2)?+-m?], when n is odd.’ 


(P.U, 1955) 
2. If y==(sin-1 x)?, prove that 
d? d Co 
(1a?) Fx 250 we (1) 


Differentiate the above equation n times with respect to x. 

Also find the value of all the derivatives of y for x=0. 

: (P.U. 1955) 

Differentiating § y=:(sin-! x)?, we get 
_ 2s8in x 


— Te eC eer (2 
i vy (L—x*). | | | \ ) 
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“. (1—x?) y,?=(2 sin-! x)? =4y, 
Differentiating again, we get 


2(1— x?) Vyye— 2xy2=—4yy. (3) 
Dividing by 2y,, we get 
(1—x?) y»—xy,—2=0 » (4) 


which is (1). 
Differentiating this n times by Leibnitz’s theorem, we obtain 


(1-29) Yp ig FMV nt (—2x) EY ym — 2) — xy 41 —_ 10. 
or (1—x*) Vayo— (224-1) Xy,4.1—n?y, =0. »(5} 

Putting x =0, we obtain 

Ynre(0) =nty,(0). ° ..(6) 

From (2), y,(0) =0. 

From (4), y,(0)=2. (7} 

Putting n=1, 3, 5, 7 successively in (6), we see that 

O=Yy=Vg= Vg HVq eH eveeee 


Again, putting n=2, 4, 6......in (6), we see that 
¥4(0) = 2?y,(0) = 2.2? ; 
Ye(0) = 42y4(0) = 2.27.42 ; 
Yg(0) = 62y,(0) = 2-27. 4? .6?, 

In general, if 1 is even, we obtain 
y,(0) = 2.27-4?.6?.. (n—2)?, when n=42. 


Note. The result (5), obtained on dividing (4) by 2y,, is nota legitimate 
conclusion when y,=0, which is the case when x=0. Thus, it is not valid to. 
derive any conclusion from (5) and (6) for x=0. 


But these results may be obtained by proceeding to the limit as x—>0 in- 
stead of putting x=0. This may be shown as follows : 


We can easily convince ourselves that the derivative of every order of y 
as calculated from (2) will contain some power of (1—x?*) in its denominator 
and will therefore be always continuous except for x=+1, so that lim y,=y,(0) 
and lim yn=y,(0), as x0. 


Exercises 
1. Ifu=tan™ x, Prove that 
du 
xy +2x = =0 
and hence determine the values of the derivatives of u when x=0 (M.T. } 


2. If 
y=sin (m sin! x), show that 
(1—x")ynta=(2n t l)xyniit (8 —m')yn 
and find y», (0). (P.U. 1958) 
3. Find y, (0) when p=log [x+ w(1 4 x?)]. 
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A. Ify=(x+~(1+x*)]”, find y,(0). 


5. If 
. yael” cos 1x 

show that 
(1 —x*)ynte—(2n+1)x Yngi—(n?-+m)y,=0 
and find y,,(0). ° (D.U. Hons. 1953) 

6. Ify= =(sinh a) poe that 

dny 
(i—x*%) 4 oat J+ (2n+1) x xr oy $nt "=. 


Hence find at x=0 the value of dty/dx", (B.U.1952) 


Exercises 


1. Show that if 
x(1—x)y,—(4—12x)y,— 36y =0 
then 
Xx(1— X)¥n+_—[4—n—(12—2n) x] yn — (4—n)(9—n)yy= 
(B.U.) 
2. If y, denotes the ath differential co-efficient of e** sin bx and 
@=tan™! (b/a), prove that 
yn=(a sec 9)"e%* sin (bx-+n9). 
Also show that 
Ynta-~2aynt(a’+b?)yn-1=0, 
3. If y=(A+ Bx) cos Kx+(C+Dx) sin Kx, prove that 


dty d*y 
dx +2K* j + K4y=0. (M.T.) 
4, Find the third differential co-efficient of 
tan—1 ___* ____ 
tan ix)” (P.U.) 
5, Prove that 
a a) 12x'—3 
SNL +3 )= N(1 + x?)? ° (B.U.) 
6. Show that if u=sin nx-+cos nx, then 
up=n*[1+(—1)" sin 2nx]? 
when uy denotes th: rth differential co-efficient of u with respect to x. 
(Lucknow) 
7. Show that 
log x -)= nl 1 1 1 
“('% =(=1)" iri log oe a ee) 
(P.U.) 


af 8. Prove that 


on ( “2*) =|P sin ( x+ =) +Qy ( cos x+ +)| + xntl 


-where P and Q stand for 

x" —n(n--1)x"-$ + n(n—1)(n—2)(n —3)xn-4+ 000... 
and nxt —n(n—1)n—2)x9-9 
respectively. 
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9. Find the value of nth derivative of 


for x=0. 


10. Prove that if x=cot 6, (0<@ <7), then 
d9 _ 
yn =(—1)"—(n—1) ! sin nO sin"@ ; 

where n is any positive integer. 

11. If 


( Trinity College 


d® 
In= An (x” log x). 
Prove that 
I,=Mlny-1t(n—1) ! 
and hence show that 


=! (vr. xHtytt seeees +—- ). (D.U. Hons. 1949) 


dn~% n dn™ n-1 | n—1 
I,= [xen-t i (x™ og a ay (nx og x+x"-}) 


=n Oo (x*—? log xe (x"—1)=nJ,_,4+ (n—1) f] 


Rewriting this relation as 
In Ina, 1 
nt ~(n—1)1) on 
and replacing n by n,n—1,...., 3, 2, we get the required result.] 
12. If 7" (x? -1)", show that 
; Y= ayn (& ,S 


(x? =1)yntet+2xynga—nl(ast 1)y,=0. (P.U. 1957) 
Hence show that y satisfies the Tagentre's equation 


(1— x) 4 -2x 4 y+ n(n-+1)y=0. 


th 13. If U, denotes the nth derivative of (Lx+M)/(x*—2Bx+C)., prove 
at 
x 7 2Bx+Cyy 2(x — B) _ 
(n+1)(n4-2) Untat att —Untit Un=9. (M.U.) 
14. nae eX, men 
dn dry _ dy 
na. P.U., DU., 1955) 
15. If 
fy. _x>\" 
cos (2. )=108( x.) 
prove that 


x +(2n+1)x¥n4i.+2n*yn=0. 
nts Pots (D .U. Hons., and Pass, 1949 ; 
"PU. 1958 Sept. ) 
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16. If 
y==(tan— x), 
then 


(x? +10? a +2x(x?+1) oY 2 , 


Deduce that 


WG ait Y 4 (4n 4 2)x(8+ 1) % 4 ant3xt 1) 


ye n+1 


+2n(n— 1)2n—1)x 4 at a(n —1)(n— 2) = =0. 


(Birmingham) 
17. If 
x=: tan (log y), 
prove that 
(1 any + (nx i ¥ +nln~ 1)4 yes =0. (B.U.} 
1 a 2 
18. I y™ +y ™ =2x, prove that 
(x? lyn pet (20+ 1)xyns +1? —m')yn=0, 
where y,, denotes the nth derivative of y. (D.U. Hons., 1947 : P.U. 1959). 


19. If yaet™ cos x, show that 
Yan-+a(0) —4nyen(0) + (2n—1)2n yan—2(0) =0. 
20. If y=(14x20" sin (sm tan—1x), show that 
Yan(0)=0 and yan+3(0)=(— 1)" m(m—1)'m— 2)... .(m—2n). 
21. If y=sin (m cos7!yx) then 


lim Ynti_ 4n® = 
x30 Yn aa 


22. If x+y=1, prove that 


(B.U., D.U., 1955) 


in (xryn) =n ! Ly —(PC,)*yt—*x + (Cg )2yh 2x? + (1) Px] 
(D.U. Hons. 1950 ; M.U.) 


23./ By forming in two different ways the ath derivative of x, prove 
that 


m(n—1)*  W(n—1)(n—2)? 2n | 
lt-ay rH core Te ee “(nyt 
{Equate the nth derivative of x*" with the nth derivative of the product 
of x* and x" and put x=1]. (Lucknow) 
24. Prove that 


( sin’ 0 y’ sin?g¢=n!. sin (n+1)6 . sin+19. 
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25. If Yang, prove that 


xs 
y, (cient on (=H) 2eos [int tot fn) 
7 3a* “(x= q)nts 3a" ; Ottax tartar) 
where ¢ =tan oxta’ 
26. Ifuat et! ond tan 9= =? 
; x*+x+1 2x+1 
show that 
du 4 (—1)n sin [(n+1)6— $7] 
den N35 (tex phat Dy 


(D. U. Hons. 1946) 


CHAPTER VI 
GENERAL THEOREMS 


MEAN VALUE THEOREMS 


Introduction. By now, the student must have learnt to distinguish 
between theorems applicable to a class of functions and those concerning some 
particular functions like sin x, log x etc. The theorems applicable to a class of 
functions are known as general theorems. me 


_Some general theorems which will play a very important part in the 
following chapters will be obtained in this chapter. Of these Rolle’s theorem is 
the most fundamental. ’ 

»., O 2. Rolle’s Theorem. Jf a function f(x) is derivable in an 
interval [a, b], and also f(a)=f(b), then there exists at least. one value 
‘c’ of x lying within [a, b] such that f'(c)=0. 


_ The function f(x) being derivable in the interval [a, b] is con- 
tinuous, (§ 4°14, p. 76). By virtue of continuity, it has a greatest 
value M and a least value m in the interval, (§3°53, p. 55) so that 


there are two numbers c and d such that 2 
flc)=M, fid)=m, 
Now either M=m, ... (i) 
or Mem. »-. (il) 


When the greatest value coincides with the least value as in 
case (i), the function reduces to a constant so that the derivative 
f'(x) is equal to 0 for every value of x and therefore the theorem is 
true in this case. | 

When Mand m are unequal, as in case (ii), at least one of them 
must be different from the equal values f(a), f(b). Let M=f(c) be 
different from them. The numbez ‘c’ b2ing different from a and BD, 
lies within the interval [a, 5]. 


The function f(x) which is derivable in the interval (a, 5] is, in 
particular, derivable for x=c, so that 


when /i + 0 


exists and is the sam2 when / — 0 through positive or negative values." 
As f(c) is the greatest value of the function, we have 


fle+h<fle) 
whatever positive or negative value h has. 
Thus 
RetN fo) <0 for h>0, ...(1) 
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and 
Ke FHS 9 for h<0. (2) 
Let h — 0 through positive values. From (1), we get 
| f(e) <0. ' ---(3) 
Let h + 0 through negative values. From (2), .we get 
f'(c) >0. ...(4) 
The relations (3) and (4) will both be true if, and only if | 
f'(c)=0. 


The same conclusion would be similarly reached if it is the 
east value m which differs from f(a) and f(b). 


Hence the theorem is proved. 


Geometrical Statement of the theorem. 


If a curve has a tangent at every point thereof, and the ordinates 
of its extremities A, B are equal, then there exists at least one point P 
of the curve other than A, B, the tangent at which is parallel to x-axis. 


In this geometrical form the theorem is quite self-evident, as 
the student may himself realise by drawing some curves satisfying 
the conditions of the statement. | 


y P y. i Ps 
7, LAV T 
A ) B Al \e é' 
| | a ee 
ne ! an 
0| L M X 0 o uM 4 
| : | 
Fig. 43. Fig. 44. 


This intuitive consideration is also sometimes regarded to be ‘a 
proof of the theorem. 


Note 1. It will be seen that the point ‘c’ where the derivative has been 
shown to vanish lies strictly within the interval [a, 6], so that it coincides 
neither with a nor with b. In view of this fact, the theorem is gener‘illy stated 
as follows :— 

Ifa function f(x) is such that 

1. It is continuous in the closed interval [a, 5}, 

2. ° It is derivable in the open interval (a, b), 

3. f(a)=f(d). 


then, there exists at least one point ‘c’ of the open interval (a, b), such that f’(c)=0 
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_ Note 2. The conclusion of Rolle’s theorem may not hold good for a 
function which does not satisfy any of its conditions. 


To illustrate this remark, we consider 
y: the function y=f(x)= |x| im the interval 
- [—1, 1}. . 
It is continuous in[{—1, 1] and f(1), 
f(—1) are both equal to 1. _ 
Its derivative f’ (x) is 1 for O<2<1 and 


—1,for —1< x <.0, and does not exist for 
x=0,so that f’(x) nowhere vanishes. 
(Ex. 2. p. 73) 
O The failure is explained by the fact that 
| x | is not derivable in [—1, 1], in as muchas 
. the derivative does not exist for x=0, which is 
a point of the interval. 


Fig. 45. 
Ex. 1, Verify Rolle’s theorem jor 
(i) x? in[—1, 1]. (ii) x(x-+3)e 2*in [—3, 0]. 
(i) Let 


f(x)=x? so that f(1)=1=/(—1). 
Also, x* is derivable in [—1, 1). 
The conditions of the theorem being satisfied, the derivative 
f'(x) must vanish for at least one value of x lying within [—1, 1]. 


__ Also directly we see that the derivative 2x vanishes for x=0O 
which value lies within [1, —1]. Hence the verification. 


(ii) Let 
S(x)=x(x+3)e 2) 
We have 


and f(x) is derivable in the interval [—3, 0]. We have 


f'(x)=(2x4+3)e— 2 4.2(x-43)e7 P(—) 
_(—%*+x+6) ,— 4x 
2h , 


Putting f’(x)=0, we get 
—x®tx+ 6=0. 
This equation, is satisfied by x=—2, 3. Of these two values of 
x, for which f’(x) is zero, —2, belongs to the interval [—3, 0] under 
eonsideration. 
Hence the verification. 


Ex. 2. Verify Rolle’s theorem in the interval [a, 6] for the functions 
(i) log [(x*+ ab) /(a+ b)x]. 
(ii) (x—a)™(x—b)" ; m, n being positive integers. 
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Ex. 3. Verify Rolle’s:theorem for the functions 
(i) sin x/e” in [0, 7] ; (ii) e® (sin x—cos x) in [7/4, So/4)]. 


Ex. 4. By considering the function (x—2) log x, show that the equation 
x log x=2—x is satisfied by at least one value of x lying between | and 2. 


6:2. Lagrange’s mean value theorem. Jf a function f(x) is deri- 
vable in the interval [a, b], then there exists at least one value ‘c’ of x 
dying within [a, b] such that 
f(b) —f(a) - 
b—a 
To prove the theorem, we define a new function 9(x) involving 
f(x) and designed so as to satisfy the conditions of Rolle’s theorem. 
Let 


=f{’(c). 


9(x)=f(x) -+ Ax, 


where A is a constant to be determined such that 


~(a)=9(b)., 
Thus 
fla) Aa=f\b)+ Ab. 
saa 


Now, f(x) is derivable in [a, b]. Also x is derivable and, A, is a 

constant. Therefore, (x), is derivable in [a, 5] and its derivative is 
f(x) +4. 

Thus, 9(x) satisfies all the conditions of Rolle’s theorem. There 

18, therefore, at least one value ‘c’ of x, lying within [a,b] such that 
¢’(c)=0. 
0=9'(c)=f'(c)+-A, ie, A=—S'(c), 
f(b)—f(ay _,, ; 
boa =f'(c ...(i) 

Another form of the statement of Lagrange’s mean value theorem. 
If a function f(x) is derivable in an interval [a, a+h}, there exists at 
least one number ‘@’ lying between 0 and I such that 

f(a +h) = f(a) +-hf'(a-+ 6h). 

We write b—a=h so that h denotes the length of the interval 
{a, b] which may now be written as [a, a+-A]. 

The number, c, which lies between @ and a+h is greater than 
a by some fraction of Af, so that we may write , 

c=a-t 6h, 

‘where @ is some number between 0 and 1. Thus the equation (i) 
becomes 


or ee 


ee” 
e 


Keen —Ke) = f’(a+-6h), 


or  f(a-+h)=f(a) --hf/(a-+ oh). [0<0<1] 
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Geometrical statement of the theorem. Jf a curve has a tangent 
at each of its points, then there exists at least one point P on the 
curve such that the tangent at P is parallel to the chord AB joining its 
extremities. . 


Fig. 46. Fig. 47. 


We will now see the equivalence of the analytical and geometri- 
cal statements. 


If f(x) is derivable in [a, b], then the curve y=f(x) has a 
tangent at each point of the curve lying between the extremities 
A [a, f(a)] and B [b, f(b). 


The slope of the chord AB—/)-I(%), 


b—a 
Let P be the point (c, f(c)) on the curve ; c, being such that 
f(b)—fla) _,, +s 
ete =f"(c). (1) 


The slope of the tangent at P=f’(c). 


From (ii), we see that the slopesof the tangent at P and the 
chord AB are equal. 


Thus there exists a point P on the curve the tangent at which 
is parallel to the chord AB. 


Note 1. Now [f(b)—f(a)] is the change in the function f(x) as x changes. 
from a to b so that [f(b)—f(a)]/(a—b) is the average rate of change of the 
function f(x) over the interval [a,b]. Also f’(c) is the actual rate of change of 
the function for x=c. Thus the theorem states that the average rate of change of 
a function over an interval is also the actual rate of change of the function at 
some point of the interval. In particular, for instance, the average velocity 
over any interval of time is equal to the actual velocity at some instant belong- 
ing to the interval ; velocity being rate of change of distance w.r. to time. This 
interpretation of the theorem justifies the name ‘Mean Value’ for the theorem. 


_ Note 2. If we draw some curves satisfying the conditions of the theorem, 
we will realise that the theorem, as stated in the geometrical form, is almost 
self-evident, 
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Ex. 1: Jf 
I(x) =(x—1)(x—2)(x—3) ; a=0, b= 4, 
find the value of c. (D.U. Hons. 1954) 

We have 

f(b) =f(4)=3.2.1=6, 

fQ=f/(0)=—- 
Ab) fla) _ 12 3, 
b-a ~ 4 

Also 


f(x) = (X—2)(x—3) + (x—3)(x —1) +(x-1)(x—2) 
=3x?—12x+11. : 
Consider now the equation 


se, Ke) )_f'(c), 
L.e., joked oe. 
or 3c2— 12c4+-8=0 
_9tev3 6-2/3 
- 30° 30 


Taking 4/3 =1:732..., we may see that both these values of c 
belong to the interval [0, 4]. 
Ex. 2. Verify the mean value theorem for 
(i) log x in [1, e]. . (ii) x? in [a, 9]. 
(iii) Ix*-+mx-+n in [a, b). 
Ex. 3. Find ‘c’ of the mean value theorem, if 
fi x)=x(x— 1)(x—2) ; a=0, O= 3. 
(D.U. Hons. 1951) 
Ex. 4. Find ‘c’ so that f’(c)=[f(b)—f(a)]/(o—a) in the following 
cases :— 
(i) f(x)=x*-3x—-1 5 a=—44, b= 48, 
(ii) fix)=~v(x?9—-4) 5 a=2, b=3. 
(iii) f(x)=e"; a=0, b=1. 


Ex.5. Applying Lagrange’s mean value theorem, in turn to the func- 
tions log x and e”, determine the corresponding values of 9 in terms of @ and h. 


Deduce goat 
_ 
(i) 0<[log (1+x)}#—x—<1 ; (ii) 0 <4 log lt. 
Ex. 6. Explain the failure of the theorem in the interval [—1, 1} when 


f(x)=1/x, (X40) ; f(0)=0. 
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6-3. Some important deductions from the mean Value theorem. 
Meaning of the sign of Derivative. We consider a function f(x) 
derivable in an interval [a, b]. Let x,, x, be any two points belong- 
ing tothe interval such that x,>x, Applying the mean value 
theorem to the interval [x,, x,], we see that there exists a number § 


between x, and x, such that 
£(X_) ~f(x,) = (X,.—X,)f'(§). (H) 
6°31. Let f’(x)=0 throughout the interval (a, 6}. 
From (i) we get 
S(%s)=f(%); 
where x,, X, are any two values of x. Thus we see that every two 


values of the function are equal. Hence f(x) is a constant. We 
thus prove :— 


‘Uf the derivative of a function vanishes for all values of x in an 
interval, then the function must be a constant. 


This is the converse of the theorem, ‘‘“Derivative of a constant is 
zero,” 


Cor. Jf two functions f(x) and F(x) have the same derivative for 
every value of x in {a, 6] then they differ only by a constant, 


We write 
$(x)=f(4) — F(x). 

$' (x)=f"(x)—F'(x)=0. 

Hence, ¢(x), i.e., f(x) —F(x) is a constant. 

6:32. Let f’(x)>0 for every value of x in [a, 6). 

From (i), we get 

S(X.) —f(%,)>0 i.e., f(%_) >L(%A) 5 

for, X,— x, and f" (€) are both positive. 

Hence f(x) is an increasing function of x. We have thus 
proved :—~ . : | 


“A function whose derivative is positive for every value of x in an 
interval is a monotonically increasing function of x in that interval.” 

6:33. Let f’(x) <0 for every value of x in [a, }]. 

From (i), we get | 

S(%2)—f(%1) <0 i e., f(%2) < f(%1) 5 

fol, X2—%, is positive and f’(g) negative. 

Hence f(x) is a decreasing function of x. We have thus 
proved :— 


‘‘4 function whose derivative is negative for every value of x inan 
interval is a monotonically decreasing function of x in that interval.” 


._. Note. The above conclusions remain valid even if f’(x) vanishes at the 
end points a, 6 of the interval, for the ‘c’ of the mean value theorem never 
soincides 


* 


Hes witha,orb. 
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6-4. Cauchy’s mean value theorem. Jf two functions f(x) and 
F(x) are derivable in an interval [a, b] and F'(x)40 for any value of x 
in [a, b], then there exists at least one value ‘c’ of x lying within [a, bj, 
such that 
Kb)— flay F'(e), 
F(b)—F(a)~ F'(c) 
Firstly, we note that [F(b)—F(a)]=40 : for if it were 0, then 
f(x) would satisfy the conditions of the Rolle’s theorem and its deri- 
vative would therefore vanish for at least one value of x and the 
hypothesis that F’(x) is never 0 would be contradicted. 


Now, we define a new function 9(x) involving f(x) and F(x) 
and designed so as to satisfy the conditions of Rolle’s theorem. 
Let 
(x) =f(x) + AF(x), 
where A is a constant to be determined such that 
9(a)=9(5). 
Thus 
f(a)+ AF(a)=f(b) + AF(6). 
__ S(4)—f(a) 
F(b)— Fla) ’ 
Now, f(x) and F(x) are derivable in [a, b]. Also A is a constant. 
Therefore, 9(x) is derivable in [a, b] and its derivative is | 
f(x) + AF (3). 
Thus, ¢(x) satisfies the conditions of Rolle’s theorem. There is, 
therefore, at least one value, c, of x lying within [a, b] such that 


$'(c)=0. 
0=¢4'(c)=f'(c)+AF(c), 
or fi(c)=—AF(o), 
Dividing by F’(c) which=40, we get 
fc) _ f(b) —f(a) | 
F’(c) ~ F(b)— F(a) 
Hence the theorem. 
Another form of the statement of Cauchy’s mean value theorem. 
If two functions f(x) and F(x) are derivable in an interval [a, a+h] and 


F'"(x)0, then there exists at least one number @ between 0 and 1, 
such that 


for [F(b) — F(a)]40. 


f(a+h)—fla) _f'(a-+ 6h) 
pe TO ee 0<f<]1 
F(a+h)—F\a) ~ F’(a+ 6h) O<é<}) 
The equivalence of the two statements can be easily seen as in 
the case of Lagrange’s mean value theorem. 
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Note. Taking F(x)=x, we may easily see that Lagrange’s theorem is 
ooly a particular case of Cauchy’s. : 


Ex. 1. Verify the theorem for the functions x? and x* in the interval 
[a, b] ; a, b being positive. 


Ex. 2. If, in the Cauchy’s mean value theorem, we write for f(x), F(x) ; 
(%) x*, x ; (ii) sin x, cos x ; (iii) e, e-* ; show that in each case ‘c’ is the arith- 
metic mean between a and b. 


Ex. 3. If, in the Cauchy’s mean value theorem, we write for f(x), and 
F(x), vx and 1/ x respectively then, c, is the geometric mean between a and }, 
and if we write 1/2? and I|x then, c, is the harmonic mean between a and 5. 


6°5, Examples 
1. Show that 
x8— 3x?+2x+2 
1s monotonically increasing in every interval. 
Let 
J(x)=x8 —3x? 43x42. 
we f'(x)=3x?—6x+3=3(x—1)*. 
Thus f’(x)>0 for every value of x except 1 where it vanishes. 
Hence f(x) is monotonically increasing in every interval. 
2. Separate the intervals in which the polynomial 
2x3—15x?+4 36x +1 
is increasing or decreasing. 
Also draw a graph of the function. 
Let 
yof(x)=2x8— 15x? +36x+1. 
- f'(x)=6x?—30x+ 36= 6(x—2)(x—3), 
so that 
f'(x)>0 for x<2 ; 
f'(x)<0 for 2<x<3; 
S'(x)>0 for x>3 ; 
S'(x)=0 for x=2 and 3. 
Thus, f’(x) is positive in the interval (— o, 2) and (3, 0) and 
negative in the interval (2, 3). 
Hence f(x) is monotonically increasing in 


the intervals (— 0, 2] [3, 0) and monotoni- 
cally decreasing in the interval [2, 3]. 


To draw the graph of the function, we 
note the following additional points :— 


(iii) f(0)=2, 
(iv) f(x) >—0 as xX>—o. 


(v) f(x)>+00 a8 X>+0. 


Fig. 48, 
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3. Show that | 
x/(1+x) < log (l1+-x) < x for x > 0. 
We write 
flx)=log (1+-)— 14 
1 tL 
“ MO= x7 (Tax) 


Thus F(x) > 0 for x > 0 and =O for x=0. 

Hence f(x) is monotonically increasing in the interval [0, © ]. 

Also f(0)=0. 

oe I(x) > f(0)=0 for x > 0. 

Hence f(x) is positive for every positive value of x, so that 

log (1+) > xIA+x) for zx > 0. 
Again, we write | 
F(x)=x—log (1-+%), 

so that F'(x)=1—1/(14-x)=x/(14+ %) 

Thus, F(x) > 0 for x > 2 and is 0 for x=0. 

Therefore F(x) is monotonically increasing in the interval 
[0, ee) |. Also F(0)=0. 

F(x) > F(0)=0 for x > 0. 
Hence F(x) is positive for positive values of x, so that 
x > log (1+ %) for x > 0. 


Exercises 


1. Show that 
(i) x/sin x increases steadily from x=0 to x=7/2. (P.U.) 
(ii) x/tan x decreases monotonically from x=0 to x=7/2. 


(iii) the equation tan x—x=6 has one and only one root in (— 47, 4n). 
(B.U. 1952) 
; _ x; 4 7 
(iv) tan *> ia if0 < tan-?x< 2 
2. Show that x—sin x is an increasing function throughout any interval 
of values of x. Determine for what values of a, ax—sin x is a steadily increas- 
ing function. (M.U.) 
3. Determine the intervals in which the function 
(x4 + 6x3 + 17x? + 32x+ 32)e-* 
is increasing or decreasing. 
4. Separate the intervals in which the function 
(x®+x+1)/(x*~-x +1) 
is increasing or decreasing. 


5. Determine the intervals in which the function (4—x*)® is increasing: 
or decreasing. Also draw its graph. : 
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6. Find the greatest and least values of the function 

x89? 4.24% in [0, 6]. 
7. Show that x—" log (1+.x) decreases as x increases from 0 to 0. 
3. Show that if x > 0, 


(i) x < log (14+x) <x —a 
2 2(1+.x) 
. _ xt x3 x? x3 
(ii) x 7 Gees) —~ < log (l+x) <x- 543° (B.U. 1953) 
9. Show that 


x < —log (l—x) < x (1—-x)"' for0 < x < 1. 
10. Prove that e~* lies between 
1—x and 1—x +4". 
11. Show that sin x lies between 
x75 and x— 5 by99 
12. If0 < x < 1, show that 


2 
2x < log} 7% < 2x( 1+4. coe) 


. 1 
Hence taking X=on ay n > O¢-deduce that 
1 


e<(14 u yd <e. -lantn +1) 
n 
(D.U. Hons. 1951) 


13. Show that 
tanx x 


—- Wf O<x< 
x sin x 


14. Show that 
x—-1 > log x > (x—1)x7}, 
and x?—1 > 2x log x > 4(x—1)—2 log x 
for x>1. (M.T.) 
15. If f(x) is derivable in the interval [a—h, a+h], prove that 
(i) flath) —fla—h) =hif (at 9,4) +f (a— 6,4), 
where 0 < 6, < 1; 
(ii) flat h)—2f(a) + f(a—h) = AL f(a t Osh) —f'(a— Oah)) 
where 0 < @, < 1. 
* 46. The derivative of a function f(x) is positive for every value of x in an 


interval [c—A, c], and negative for every value of x in [c, cth] ; show that f(c) 
is the greatest value of the function in the interval [c—h, c+A]. 


6-6. Higher mean value theorem or Taylor’s development of 
function in a finite form, If a function f(x) possesses the derivatives 
Sx), £0 (x), £0 (2). f (2), up to a certain order n for every value of 
x in the interval, {a, a+h], then there exists at least one number 0, 
between O and I, such that 
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flat h)=f(a) +hf’ (a)-+5" ff (a)+5- ri (a)+...... 
a 1 > f*(a) $a f"(a-+ 6h). 


We define a new function (x) involving f(x) and its drivatives 


F(X), f''(X) ecco , /"(x) designed so as to satisfy the conditions for 
Rolle’s theorem. Lot 


(x)= fla) +(at-h—x) f'(x)-+ PRI pry 


where A is a constant to be determined such that 
°(a)=9(a+h). 
Thus we get A from the equation 
fla)+hf'(a) toy f(a) eect pea) 4 
2! (n—1)! n} 
=flath) —...(i) 


Now, it is given that f(x), f’(x), f"'(x),...... , £"-(x) are derivable 
in the interval [a, a+-A]. 


Also, a+-h—x, (a+h—x)?/2 !, ........., (a+h—x)"/n | are deriv- 
able in [a, a+-hA}. Therefore 9(z) is derivable in [@,a+h]. Also 


9'(x) =f" (x) —f'(z)+(a+h—x)f"(x)—(ath—z) f"(x) 
ste ay fx) (oyatey f""(a)+ 


+h— tet ath— n +-h—x)"-1 
_ (n— ie -f (x) 4 (n— I (x )—- (4 (n— or - 
(ar h— xy , 


ether terms cancelling in pairs. 


Thus ¢(x) satisfies all the conditions for Rolle’s theorem. There 
exists, therefore, at least one number @ between 0 and 1 such that 
| »'(a+ 0h) =0 
ie ALN (h—6hy"2 n 
O=¢'(a+ 6h) = “G11 [f"(a+ 6h)— A] 


= iat ah) 
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f"(a+6h)=A ; for (1—6)40. 
Substituting this value of A in (i), we get 


fla-+hy=fla) +f (a+, Sf" ()H weceee teeta 
| | - re f(a oh). (o<@<l) ii) 
The (n+-1)th term 
- a f"(a+6h) 


is called Lagrange’s form of remainder after 1 terms in the Taylor’s 
expansion of f(a+h) in ascending integral powers of H. 


Note. Taking n=1 we see that Lagrange’s mean value theorem is only 
a particular case of the Taylor’s development obtained here. 


Cor. Maclaurin’s development. . Instead of considering the in- 
terval [a, a+], we now consider the interval [0, 2] so that we change 
ato0andh toxin (ii). We get 


fy 0 x? "0 x"-i n—-1(()) x” fr 
f@)=fY)= 24" ae F"O) eee + aii ( yy (0x) 
ae .. (iii) 


in the interval [0, x]. | 
The formula (iii) is known as Maclaurin’s development of f(x) in 
{0, x] in the finite form with Lagrange’s form of remainder.. » 


6:7. Taylor’s developinent of a function with Cauchy’s form of 
remainder. Jf a function f(x) possesses the derivatives f’(x), f’"(x)...... ; 
f(x) up to a certain order n in the interval (a, a+h), then there exists 
at least one number @ between 0 and I such that 


flat W=flA+T (a+ yf" (A)+ sve 


hn 
+i)! (1—6)""? f "(a+ 6h), 


We define a new function ¢(x) as follows :— 


h—-a )t-2 
SE pay Hath—aA, 


where A is a constant to be determined such that 
y(a-+h)= (a). 
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Thus, we get A a the equation 


KAM RAYEM Cb Ia) Fever Gung POH AnD 


It is easy to see that 9(x) is derivable in [a, a+A]. 


Hence 9(x) satisfies the conditions for Rolle’s theorem so that 
there exists at least one number 6 between 0 and 1 such that 


~’(a-+ 6h)=0 
‘Now, 0D Sab Oh) A | 
other terms cancelling in pairs. 
(h—6h )*- 


O= 9+ ON = yy | ‘f"a+6h) —A 


1 — §y'-lfn 
jee Axo. 11 (= "f(a-+ 9h) 
Substituting this value of A in (¢), we get 


he jet 
Hat M=NAtHp (a+ oy f@+ ob (g_ yy FMA) 


fn 
+n 1) 1-8) f(a +0) ii) 
The (n-+1)th term | 
(n— "D ya 6)"-1f(a+t 6h) 


is called Cauchy’ s form of remainder after n terms in the expansion 
of f(a+-h) in ascending integral powers of A. 

Cor. Maclaurin’s development. Changing a to 0 and h to x in 
(ii), we get 


A)=MOY+S Oy HO) toet oy “yt” (0) 


+ 1) , (1—8)" fn(dx) 


which is known as Maclaurin’s development of f(x) in the interval 
[0. x] with Cauchy’s form of remainder after n terms. It holds when 


fix) possesses the derivatives f’(x), f’(Xx),......, f(x) in [0, x]. 
Ex. 1. Show that 
x? x3 xn-h xm Xx 
eFeltxtap tap tees: + (a= iy mo Tyit ye . 


Here f(x)=e*. Therefore f"(x)=e*. 
f(O)=f'(0)=...=f"-(0)=1, fr(gx)=eO* 
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Substituting these values in (iii) (§ 6°7, p. 142), we obtain the result, 
Ex. 2. Show that, for every value of x 


3 5 n— 
sin x=x— 35 “+ a7 ee eeeee +(—1 THT + 


x? x4 nt 
COS X= GG meee eee HIN)” Be + 


Ex. 3. Show that 


3 _ 
log (ltx)=x— pF. $(—1ya-8, 


_qynn 
(—1)” “ah-t Ox)" 


Ex. 4. Find, by Maclaurin’s theorem, the first four terms and the re- 


mainder after m terms of the expression Of e?% cos bx in terms of the ascending 
powers of x. 


APPENDIX 
Examples 


1. Show that the number 6 which occurs in the Taylor’s theorem 
with Lagrange’s form of remainder after n terms approaches the limit 
1](n+-1) ash approaches zero provided that f"*+\(x) is continuous and 
different from zero at x=a. (D.U. Hons, 1950) 


Applying Taylor’s Theorem with remainders after n terms and 
(n+-1) terms successively, we obtain 


f (a+ hy=fla) +hf'(a)+ we... Sy , feay+ m f"(a+Oh), 
kh" 
Ft A —flA)+h F(A) tence py LO) + Gee gh a+ e'h) 
These give 
PMG OW =F a)\t ny Fat oh) 
n! n! ney ! 
or fla $0) —FMah=," f(a + 0'R), 


Applying Lagrange’s Mean Value Theorem to the left-hand side, 
we have 


gh “3(a40"6h) = fmt (a-+6'h). 
_ 1 f™(a+6’h) 
oF onal " fmtt(qt ooh) 
Leth — 0. 
lim = ay 
2. Show that 
x?> (14x) [log (1+ x)]? for x>0. 
We put = f(x) = x? —(1+) [log (1+~)}*. 
f'(x)=2x—1. [log (1+x)?—(1+ ). 2 log (1+ ).{1/(1+ )] 
= 2x—([log (1+x)]?—2 log (1+). 


The form of f’(x) is such that we cannot immediately decide 
as to itssign. We, therefore, proceed to determine the second deri-- 
vative. 
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f''(x)==2—2 log (1+ x).1/(1+x)—2/(1+~%) 
=? *—"8 (1+ x) 


1+x 
which is >0 for x>0. (See Ex. 3, p. 139) 
+, f’(x) is monotonically increasing in the interval [0, © ). 
Also 
f'(0)=0. 
Therefore 


f'(x)>0 for x>0, 
| Hence f(x) is monotonically increasing in the interval [0, 0 ). 
Also 
f(0)=0 
Therefore 
FS (x)>0 for x>0. 
Hence 
x? >(1+)[log (1+-x)}? for x>0. 
3. If 9"(x)>0 for every value of x, then 
9[4 (1+ Xa) ]< $17 (%) + P(%2)], 
for every pair of values of x, and x.. 
Suppose that x,> x,. 


(x, per 
a ee 
x1 Ei § X¢ 
We write 
(1) + 9(%_)+29[3(%4+%2)] 
. = (9(X,)— 93 {(X, + %2)}] —[P4{%1 + X2)} — 9(%))]. (1) 


Applying Lagrange’s mean value theorem to the function ¢(x) 
for the intervals [x,, (x,-+*,)/2] and [(x,-+,)/2, x,] we see that there 


exist numbers £€,, €, belonging to the two intervals respectively, such 
that 


; P(%a)— PLE (%y + %a)] = [%2— 20% +9) ]? (Eo) = 3% — 1) (Ea) --(2) 
an 
[Phy 2) — P(%)) = (4%, +2) —¥ 1) (S1) = 3(%3 — 43) ?'(E1)_ --- (3) 
Thus from (1), (2), (3), we obtain 

#(X1) + P(%2)— 29[4(% +2) =F (%2—%3)[9'(E2)— 9'(Er]- (4) 
Applying the mean value theorem to the function »’ (x) ) for the . 
interval [Sa &,], we see that there exists a numer 7 such that 


~’ (€2)—9 (€1)=(a— §1)9''(7). ...(5) 
From (4) and (5), we obtain 


L(y) + (%2)]— pL §(% 4+ %)] = 4 (%a—%1) (Sa — $1) 9’"(7). 
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Since x,—x,, €,—§, and ¥’’(7) are all positive, we obtain the 
required result. 


Exercises 

1. Show that ‘9’ (which occurs in the Lagrange’s mean value theorem) 

approaches the limit 4s ‘hf’ approaches 0, provided that f’’ (a) is not zero. 
(P.U. 1949 ; D.U. Hons, 1949) 
{It should also be assumed that f’’(x) is not continuous.] 
2. Show that 
f(ath)=f(a)+hf'(a)+4h?f'(at 6h), 

where @ lies between 0 and 1 and prove that 


lim 6=4, 
h—0 
specifying the necessary conditions. (C.U. Hons. 1953) 
3. Assuming f © continuous in [a, bj, show that 
f()—fa) ==) =*=Ke—ane—wf", 
where ¢ and € both lie in [a, 5]. (P.U.) 


(Take 9(x)=f(x)+Ax-+ Bx? and determine A, B such that 
(a) =9(b)=9(c). 

Now apply Rolle’s Theorem to the intervals {a, c] and [c, 5].] 

4. Thesecond derivative f’’(x) of a function f(x) is continuous for 
acxe b and at each point x, the signs of f(x) and f’’(x) are the same. Prove that 
if Ax) vanishes at points c and d, where a¢c<d< 6b, then it vanishes everywhere 
between c and d. (B.U. 1952) 


5. f(x), p(x) and (x) are three functions derivable in an interval (a, 5) ; 
show that there exists a point € such that 


FE) ~'(&) $'(§) 
f (a) ® (a) w (a) |=0 (a< § <6b)- 
f (b) @(b) —— # (b) 


Deduce Lagrange’s and Cauchy’s mean value theorems. 


6. Prove that 
lim feet hymap x) +f(x—h) =f"), 
h—>0 
tf f’(x) exists. 
7. Discuss the applicability of Rolle’s Theorem when 
(i) f(x)=stan x and a=0, b=n, 
(ii) fiya2ela-tyi and a=0, b=2. 
(iit) flx)=(x—c)8—c8 when a=0 and b=2c 


1 1 
(iv) fix)= ppt yoy aad a=—I, b=1 


CHAPTER VII 
MAXIMA AND MINIMA 
GREATEST AND LEAST VALUES 


7:1. In this chapter we shall be concerned with the application 
of Calculus for determining the values of a function which are greatest 
or least in their immediate neighbourhood technically known as 
Maximum and Minimum values. A knowledge of these values of a 
function is of great help in drawing its graph and in determining its 
greatest and least values in any given finite interval. 


It will be assumed that f(x) possesses continuous derivatives of 
every order that come in question. 


* 


Maximum value of a function. Let, c, be any interior point 
of the interval of definition of a function f(x). Then we say that f(c) 
is @ maximum value of f(x), if it is the greatest of all its values for 
values of x lying in some neighbourhood of c. Tobe more definite 
and to avoid the vague words ‘Some neighbourhood’, we say that. 
fic) is a maximum value of the function, if there exists some interval 
(c—8, c+8) around c such that 


| fic)> fire) 
for all values of x, other than c, lying in this interval. 


Se This, again, is equivalent to saying that 
| | i fic) is amaximum value of f(x), if 


c—8 c ct8 fc) > f(c +h), ie, flc+h)—fic) < 0 


for values of h lying between — § and 4, i.e., for values of h sufficiently 
small in numerical value. 


Minimum value of a function. f(c) is said to be a minimum value 
of f(x), if it is the least of all its values for values of x lying in some 
neighbourhood of c. 


This is equivalent to saying that f(c) isa minimum value of f(x) 
if there exists a positive 8 such that 


fc) < fle +h), i.e., fle +h)-f(c) > 0 


for values of h lying between —8 and 4, i.e., for values of h sufficiently 
small in numerical value. 


Note 1, The term extreme value is used both for a maximum as well as 
for aminimum value, so that f(c) is an extreme value if f(c+h)—f(c) keeps an 
invariable sign for values of h sufficiently small numerically. 
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Note 2. While ascertaining whether any value f(c) is an extreme value or 
not, we compare f(c) with the values of the function for values of x in any 
immediate neighbourhood of c, so that the 
values of the function outside the neighbour- Ps 
hood do not come into question at all. 


Thus, a maximum value may not be the 
greatest and a minimum value may not be the 
least of all the values of the function in any 
finite interval. In fact a function can have 
several maximum and minimum values and a 
minimum value can even be greater than a 
maximum value. 


A glance at the adjoining graph of f(x) 
shows that the ordinates of points P,, P3, P; 
are the maximum and the ordinates of the points 
P,, Py are the minimum values of f(x) and that 


Fig. 49. a 
the ordinates of P, which is minimum is greater than the ordinate of P, which is 
a maximum. 

7:2. A necessary condition for extreme values. To prove that a 
necessary condition for f(c) to be an extreme value of f(x) is that 
r’(c)=90. 
Let f(c) be a maximum value of f(x). 
There exists an interval (c—5, c+65), around c, such that, if, 
c+h is any number, belonging to this interval, we have 


fe +h) <fie), 
Here, i may be positive or negative. Thus 
tf - 
fet N=") >0 if h<0. see (U1) 
If h tends to 0 through positive values, we obtain from (#), — 
f'(0)<0. (iii 
If h tends to 0 through negative values, we obtain from (ii), 
fi(c)>0. .++ (1) 


The relations (iii) and (iv) will simultaneously be true, if and 
only if 
f'(c)=0. 
It can similarly be shown that f’(c)=0, if f(c) is minimum 
value of f(x). 
Cor. Greatest and least values of a function in any interval. The 


greatest and least values of f(x) in any interval [a, b] are either f(a) 
and f(b), or are given by the values of x for which f'(x)=0. 


The greatest and least value of a function are also its extreme 
values in case they are attained at a point strictly within the interval 
so that the derivative must be zero at the corresponding point. 


The theorem now easily follows. 
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Note 1. Geometrically interpreted, the necessary condition 
for extreme values obtained above states: ‘‘Tangent toa curve at a 
point P where the ordinate is a maximum or minimum is parallel to 
x-axis.”’ 


When stated in this geometrical form, the theorem appears 
almost self-evident. [Refer Fig. 48; p. 149.] : 


Note 2. The vanishing of f (c) is only a necessary but not suffi- 
cient condition for f(x) to be an extreme value. To see this, we consider 
the function f(x)=x° for x=0. 


For value of x greater than 0, f(x) is positive and is, therefore, 
greater than f(0) which is 0 ; and for values of x less than 0, f(x) is 
negative and is, therefore, less than /(0). 

. Thus f(0) is not an extreme value even though f’(0)=0. 

Note 3. Stationary value. A function f(x) is said to be stationary. 
for x=cif the derivative f(x) vanishes for x=c, ie., if f’(c)=0; also 
then /(c) is said to be a stationary or a turning value of f(x). The 
term stationary arises from the fact that the rate of change f’(x) 
of the function f(x) with respect to x is zero for a value of x for which 
f(x) is stationary. 

It will be noted that a maximum or a minimum value is also a 
stationary value but a stationary value may neither be a maximum 
nor @ minimum value. 

Ex.1. Find the greatest and least values of 


3x4— 2x3—6x2+6x+1 
in the interval [0, 2}. 


Let 
S(x)=3x!— 2x3— 6x?+6x4-1. 
f(x) =12x3— 6x? — 12x+6 
; = 6(x—1)(x+1)(2x—1). 
Thus 


f'(x)=0 for x=1, —1, }. 
The value x=—1 does not belong to the interval [0, 2] and is 
not, therefore, to be considered. 
Now 


fl) =2, fq) =39/16. 


—. £O)=1, f2)=21. 
Thus the least value is 1 and the greatest value is 21. 
Ex. 2. Find the greatest and least values of 
x4— 4x3 —2x9+ 12x+-1 


Also 


in the interval [—2, 5]. 

Def Change of Sign. A function is said to change sign from 
positive to negative as x passes through a number c, if there exists 
some left-handed neighbourhood (c—h,c) of c for every point of 
which the function is positive, and also there exists some right- 


fhanded neighbourhood (c,c-+-A) ofc for every point of which the 
unction is negative. | 
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A similar meaning with obvious alterations can be assigned to 


the statement ‘‘A function changes sign from negative to positive, as 
x passes through c’’. 


It is clear that if a continuous function f(x) changes sign as Xx 
passes through c, then we must have f(c)=0. 


Ex. 1. Show that the function 
9 (x)= (4 + 2)(x—1)2(2x — 1)(x—-3) 


changes sign from positive to negative as x passes through 4 and from negative 


to positive as x passes through —2 or 3 ; also show that it does not change sign 
as x passes through 1. 


Ex.2. Show that the function 
P(x) = (2x+ 3)(x4-4)(x— 2)(x— 198 
changes sign from positive to negative as x passes through —4 and 1 and from 
negative to positive as x passes through —# and 2. 
7:2. Sufficient criteria for extreme values. To prove that fic) Is 
an extreme value of f(x) if and only if f'(x) changes sign as X passes 
through c, and to show that f(c) is a maximum yalue if the sign 


changes from positive to negative and a minimum value in the contrary 
case. 


Case I. Let f’(x) change sign from positive to negative as x 
passes through c. 


In some left-handed neighbourhood of c, f’(x) is positive and so 
f(x) is monotonically increasing in his neighbourhood. (§6°32, p. 186). 


Therefore f(c) is the greatest of all the values of f(x) in this left- 
handed neighbourbood. 


In some right-handed neighbourhood of c, f’(x) is negative and 
so f(x) is monotonically increasing in this neighbourhood (§ 6°33, 
p. 136). Therefore f(c) is the greatest of all the valucs of f(x) in this 
right-handed neighbourhood. 


Hence f(c) is the greatest of all the values of f(x) in a certain 
complete neighbourhood of ¢ and so, by def., f(c) isa maximum value 


of f(x). 


Case II. Let f(x) change sign from negative to positive as x 
passes through c. 


It can similarly be shown that in this case fic) is the least of all 
the values of f(x), in a certain complete neighbourhood of ¢ and 80, 
by def., f(c) is a minimum value of f(x). 


Case IIE. If f’(x) does not change sign, i.e., has the same sign 
in a certain complete neighbourhood of c, then f(x) is either mono- 
tonically increasing or monotonically decreasing throughout this 
neighbourhood so that j(c) is not an extreme value of f(x). 


Note. Geometrically interpreted, the theorem states that the tangent to 
a curve at every point ina certain left-handed neighbourhood of the point P 
whose ordinate is a maximum (minimum) makes an acute angle (obtuse angle) 
and the tangent at any point in acertain right-handed neighbourhood of P makes 
an obtuse angle (acute angle) with x-axis. Incase, the tangent on either side of P 


makes an acute angle (or obtuse angle), the ordinate of P is neither 4 maximum 
nor a mMiaimum. 
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Ex. 1. Examine the polynomial 
10x§— 24.x5 + 15x4— 40x3-+108 
for maximum and minimum yalues, 
Let 
S(%) = 10x6 —24x5 + 15x4—40x3 4-108. 
f' (x)= 60x5— 120x4-+60x3— 120x® 
= 60x?(x3 — 2x? + x—2) 
= 60x?(x?-+ 1)(x—2) 


Thus, f’(x)=0 for x=0 and x=2 so that we expect extreme 
values of f(x) for x=O0 and 2 only. 


Now, 
for x<0, fi(x)<0; 
for 0<x%<2 I (x)<0; 
for x>2, f'(x)>0. 


_ Here, f’(x) does not change sign as x passes through 0 so that 
f(0) is‘neither a maximum nor a minimum value. 


Also, since f’(x) changes sign from negative to positive as x 
passes through 2, therefore f(2) = —100 is a minimum value. 
Ex. 2. Find the extreme values of 
x4— 8x3 +-22x?—24x+1 
and distinguish between them. 


Let 


y=f(x)=xt—~8x3+429x2—24x+1, 
f' (x)= 4x8 — 24x84 44x—24 
— 4(x3—6x2-+11x—6) 
A(x 1)(e—2)("-3) 
so that f (x)=0 for x=1, 2, 3. 


Therefore, f(x) can have extreme values 
for x=:1, 2, 3 only. : 


Now, for x<l, S'(x) <9 ; 
forl<x<2, f'(x)>0; 
for2<x<3, f'(x)<90; 

1-8) 63,8 for x>3, f'(x)>0. 

Fig. 50 Since f’(x) changes sign from negative 


to positive as x passes through | and 3, 
therefore f(1)=—8 and f(3)=—8 are the two minimum values. 


Again since, f’(x) changes sign from positive to negative as x 
passes through 2, therefore, f(2)==—7 is a maximum value. 
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Ex. 3. Find the extreme values of 
5x®+ 18x5+ 15x*—10. 
Ex. 4. Show that the maximum and minimum values of 
(x+1)(x+4)/(x—1)(x—4) 
are —9 and —1/9 respectively. 
Ex. 5. Show that 
9x5 + 30x4+ 35x8+ 15x?+ 1 
is maximum when x= —2/3 and minimum when x=0. 
[2 o> find its greatest and least values in the intervals [—2/3, 0], and 
Ex. 6. Show that 
x'—5xt+ 5x3—1 
has a maximum value when x=1, a minimum value when x=3 and neither when 
x=0. (D.U. 1948) 
7:4. Use of derivatives of second and higher orders. The derivatives 
of the first order only have so far been employed for determining and 
distinguishing between the extreme values of a function. As shown 
in the present article, the same thing can sometimes be done more 
conveniently by employing derivatives of the second and _ higher 
orders. 


All along this discussion it will be assumed that f(x) possesses 
sontinuous derivatives of every order, that come in question, in the 
neighbourhood of the point c. 


7:41. Theorem 1. /(c) isa minimum value of f(x), if 
f'(c)=0 and f"(c)>0. 
Applying Taylor’s theorem with remainder after two terms, we 


get 
fe$h)=fle) +hf(e) ++ sf (C+ Oh) (0<ty<1) 


He+h)—fle)=-gy f(c-+ 0h). as f(e)=0 


As the value f’'(c) of f”(x) is positive for x==c, there exists an 
interval around, c, for every point of which the second derivative is 
positive. (§ 3°51, p. 54) 


Let c-+h be any point of this interval. Then, c+,h, is also a 
point of this interval and accordingly f’(c +6,/) is positive. Also 
h3/2 ! is positive. 

‘Thus we see that there exists an interval around c for every 
point _c-+A, of which, f(¢c +) —f(c) is positive, i.e., Ke) <f(e +A). 

Hence f(c) is a minimum value of f(x). 
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7:42, Theorem 2. f(c) is a maximum value of f(x), if 
f'(c)=0 and f''(c)<0. 
As in theorem 1, we have by Taylor’s theorem, 


fle+h) =fle) +hf (0) +p S"(e+ 80h 


ie., fe-+h)— fley= -y-f'"(C+ nh). 


As f"(c) is negative, there exists an interval around c for every 
point of which the second derivative is negative. Thus as in the 
preceding case, there exists an interval around c for every point, 
C+h of which f(c+h)—f(c), is negative, i.e., f(c)>f(c+h) ; 

Hence f(c) is a maximum value of f(x). 

7:43. General Criteria. Let 

f()=f"()=--=f"-(c) =0, but fr(c)#0, 

Then f(c) is 

(i) aminimum value of f(x), if f"(c)>0 and n is even ; 

(ii) a maximum value of (x), if f” (c)<0 and n is even ; 

(iii) neitheramaximum nor a minimum value if n is odd. 


Applying Taylor’s theorem with rémainder after nm terms, we 


Ke+W=KO+M C+ FSO t gy LO 


hn 
+ 5p fC+O,h) 5 0<O,<) | 
so that because of the given conditions, 


fe+h—f(y=— 


n! 


f(c+6,h). 


As fe (c)#0, there exists an interval around c for every point 

x of which the nth derivative {"(x) has the same sign, viz., that of 
Frc). | 

Thus for every point, c-+h, of this interval, f"(c-+6,h) has the 
sign of f” (c). 

Also when n is even, h*/n! ; is positive, whether, h, be positive 
or negative and when nis odd, h"/n !, changes sign with the change 
in the sign of h. 


Hence, as in the preceding cases we have the criteria as stated. 


Note. The result proved in § 7°41 and § 7°42 is only a particular case of 
the general criteria established in.,, 7°43 above. 
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Examples 


1, Find the maximum and minimum values of the polynomial 
8x° — 15x4+ 10x?, 
Let I(x) == 8x5 —15x4-4 10x?. 
’ F(x) = 40x14 —-60x3 +-20x 
= 20x(2x? —3x?-+1) 
= 20x(x —1)?(2x+1). 
Hence f'(x)=0 for x=0, 1, —}. 
Again f(x) ==160x3 — 180x?-+-20 
= 20(8x3— 9x?-+-1). 


Now, f"(—-4)=—45 which is negative so that f(—})=i} is 4 
maximum value. 


' Again, f’(0)=20 which is positive so that f(0)=0 is a minimum 
value, 


As f"(1)=0, we have to examine f’’(1). 
Now f''"(x)=480x? — 360x, 
f'"(1)=120 which is not zero. 


Hence f(1) is neither a maximum nor a minimum value. 


2. Investigate for-‘maximum and minimum yalues the function 
sin X +cos 2X. 
Let 
y=sin x+cos 2x. we (7) 
dy/dx=cos x —2 sin 2x 
=COS x—4 sin X cos X. 
Putting dy/dx=0, we get 
cos X=0 or sin x=}. 


We consider valués of x between 0 and 27 only, for the given 
function is periodic with period 27. 


1 oT 
Now cos X=OQ gives x=-,. and : 
and sin X=} gives x=sin™! |} and m—sin"“ }, 
sin-! 4 lying between 0 and 7/2. 
Now d®y/dx? = — sin x—4 cos 2x, 


For x=7/2, d*y/dx?=3 which is positive ; 
For x=31/2, d*y/dx?=5 which is positive ;, 
For x=sin™! } and w—sin~ }, 
d*y/dx®— —sin x—4 (1—2 sin? x)= —15/4 
which is negative. 
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Therefore y is a maximum for x=sin7! }, m—sin— } and is 6 
minimum for x=7/2, 37/2. 


Putting these values of x in (i), we see that §, § are the two 
maximum values and 0, —2 are the two minimum values. 
Exercises 
1. Investigate the maximum and minimum values of 
(i) 2x8—15x?+36x+10. (P.U. 1945) 
(ii) 3x*—4x3+ 5, 


2. Find the values of x for which x*—6ax>+9a’x!+a® has minimum 
values. (a>0). 


3. Determine the values of x for which the function 
12x5— 45x4-+-40x3 +6 
attains (1) a maximum value, (2) a minimum value. (P.U. 1941) 
4. Find the maximum value of (x—1)(x—2)(x—3). (P,U. 1939) 


5. Find the maxima and minima as wellas the greatest and the least 
values of the function y=x°— 12x?+ 45x in the interval [0, 7]. 
“ (P.U. 1942) 


_. 6. Find for what values of x the following expression is a maximum or 
minimum : 
2x? —21x?+ 36x—20. 


7. Find the extreme values of x3/(x*+1). 


; o* Show that (x +1)*/(x+3)? has a maximum value 2/27 and a minimum 
value 0. 


9. Show that x® is minimum for x=e7}. 
10. Show that the maximum value of (1/x)” is e?/*. 


11. Find the maximum value of (log x)/xin <x<oo. (P.U. 1955) 
12. Find the extreme value of a7 ‘ah —x. (a>1). 


13. Find the maximum and minimum values of x+sin 2x in 0 Sx SS 22. 


_ 14. Find the values of x for which sin x—x cos x is a maximum or a 
minimum. 


15. Find the maximum and minimum values of 
x—sin 2x+4 sin 3x, 
in (—" SS xSS7)- 


16. Show that sin x (1+cos x) is a maximum when x=47. 
17. Discuss the maxima and minima in the interval [0, 7] of the sums 
(i) sin x+4 sin 2x+4 sin 3x. 
(ii) cos x+-4 cos 2x +4 cos 3x. 

Also, obtain their greatest and the least values in the given interval. 
18. Find the minimum and maximum values of 

(i} sin x cos 2x. (it) asec x+b cosec x, (0<a<b). 
(iii) sin x cos?x, (iv) e® cos (x—a). 


6 19. Show that (3—x)e”—4xe7—x has no maximum or minimum value 
or x=0. 
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20. Find the maxima and minima of the radii vectors of the curve 


c4 a? b? 
r "sin? @ T cos? @ (Delhi, Aligarh) 
21. Find the maximum and minimum values of x*+y? where 
ax?+2hxy+by*=1. 


[Taking x=rcos 6, y=rsin 6, the question reduces to finding the ex- 
treme value of r?, where 


=a cos*9+2h cos 6 sin 6 +b sin? 6] 


7°35. In the following, we shall apply the theory of maxima 
and minima to solve problems involving the use of the same. It will 
be seen that, in general, we shall not need to find the second deriva- 
tive and complete decision would be made at the stage ofthe first 
derivative only when we have obtained the stationary values. In this 
connection, it will be found useful to determine the limits between 
when the independent variable lies. Suppose that these limits are 
a, 


If y is 0 for x=a and x=b and positive otherwise and has only 
one stationary value, then the stationary value is necessarily the 
maximum and the greatest. 


If y - © as X >a and as x — band has only one stationary 
value, then the stationary value is necessarily the minimum and the 
least. 


In connection with the problems concerning spheres, cones and 
cylinders the following results would be often needed : 


1. Sphere of Radius r. 


Volume= zr’. Surface=4ar’. 
2. Cylinder of height, h, and radius of circular base, r. 
Volume=a7rr7h. Curved surface=2-arh, | 


The area of each plane face=ar’. 
3. Cone of height, h, and radius of circular base, r. 
Semi-vertical angle=tan“ (r/h), 
Slant height =4/(r?+h?), 
Volume=tar7h, 
Curved surface =ary/(r?-+-h?). | 
Here cones and cylinders are always supposed to be right 
circular. 
7-6. Application to Problems. 
Examples 
1. Show that the height of an open cylinder of given surface and 
greatest volume is equal to the radius of its base. | 


Let r be the radius of the circular base ; h, the height; S, the 
surface and V, the volume of the open cylinder. Therefore, 


S==qr'?+2arh, »»(i) 
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=nrth, (ii) 

Here, as given, S is a constant and V isa variable. Also, h, r 

are variables. Substituting the value of h, as obtained from (i), in 
(ii), we get 


—arr? —orr8 
V =nr* (= or ns (ili) 
which gives V in terms of one variable r, _ 
: dV S—3ar* 
dr ~~ 20 


80 unav ur jur==v Only when r =4+/(S/37) : negative value of r being 
inadmissible. Thus V has only one stationary value. 


As V must be positive, we have 
Sr—ars > 0,ie., Sr > ar? or r > 4/ (S/n). 
Thus r varies in the interval (0, +/ (S/7)). 


Now V=0 for the points r=0 and 4/(S/z), and is positive 
for every other admissible value of x. Hence V is greatest for 
r=4/ (S/37). 

Substituting this value of r in (i), we get 


S 
Sar 7%, 


nr Ss - 
20 / 37 

2S 1 / s 

=3 an AL SHA] ba 


Hence h=r for a cylinder of greatest volume and given surface. 


2. Show that the radius of the right circular cylinder of greatest 
curved surface which can be inscribed ina given cone is half that of the 
cone, « 


h= 


Let r be the radius OA of the base and h, the height OV of the 
given cone, 


We inscribe in it a cylinder, the radius 
of whose base is OP=x, as shown in the 
figure. We note that x may take up any value 
between 0 and r. 

To determine the height PL, of this 


cylinder, we have 
PEL PA. PL r—x 


ee 


OV OL R= + 
py=“—*) 
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If S be the curved surface of the cylinder, we have 
— 2h 
S=—2r. OP.PL = ere) _ — (rx—x?), 


dS 2h 
de (r—2x) =0 for x=r/2. 
Thus S has only one stationary value. 
Now Sis0 for x=0 and x=r and is positive for values of x 
lying between 0 and r. 
Therefore 9 is greatest for x==r/2. 
3. Find the surface of the right circular cylinder of greatest 
surface which can be inscribed in a sphere of radius r, 
We construct a cylinder as shown in the figure. OA is the 
radius of the base and CB is the height of this cylinder. 


Let / AOB=6, 80 that @ cB 


lies between 0 and 7/2. 
OA 


7 O! =cos 6. 


“aes wwe 
«ee “te, 


.. OA=OB cos @=r cos 86. 


east @eu 
- J 
oP 

« 


A - . 

°° Op =n 6 IN re ee eee 
- AB=OB sin @=r sin @. 
If S be the surface, we have 

S=27. OA?+27.0A.BC., 


== 2ar?(cos?@-+-sin 26)...(1) 


Fig. 52. 


, ® —onr'(—2 cos @ sin +2 cos 24) 

= 27r*(2 cos 26—sin 26). 
*, dS/d9=0 gives 

2 cos 28—sin 26=0, i.e., tan 20=2. +oe(2) 

Let, 6,, be a root of tan 29=2. 
As tan 20,=2, “, sin 29,=2/4/5 and cos 20,=1/+/5. 
From (1) ,we see that 
when @=0, S=2zr? ; when 6=7/2, S=0, 


> 
when 6=0,, S=2zr? (SESSA sin 20,) 


nr?(54-54/5) 
— rs ne 
which is greater than 3ar?. 


2 
Hence wet is the required greatest surface. (Cor. p. 149), 
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4, Prove that the least perimeter of an isosceles triangle in which 
a circle of radius r can be inscribed is 6r4/3. (P. U. 1934) 


We take one vertex A of the triangle at a distance x from the 
centre O. Let AO meet the circle at P. The two tangents from A 
and the tangent at P determine an isosceles 
triangle ABC circumscribing the given circle. 
We have OL=r. 

AL=./(OA?—OL?) = 4/(x*—r?), 
Also BP=AP tan / BAP 


=AP tan / LAO 
OL r 
5 SAP AT HOF) Tay e 
Fig. 53. If, p, denote the perimeter of the triangle, 
we have 
p=AB+AC+ BC 
=2AB+2BP 
=2(A0L+DB)+2BP 
—2AL+4BP, (for, BL= BP) 
A4(r-+x)r (x --r)? 
= 24/(x?— 7?) + PN ayer . eos 1) 
dp _ Ax+n).V(P—P)— ax tre) 4 
"* dx | x2 7? 
9 2(X+r)(P— 1?) — x(x +r) 
(t_rya 
(x +-r)?(x—2r) 
= Qe 
(x2—r?)8 


so that dp/dx=0 for x=2r,; negative value, —r, of x being in- 
admissible. 
Now, x may take up any value >r only, co that it varies in 
the interval (r, 0 ). 
From (i), we see that p > «© asx Tr. 
Again, dividing the numerator and denominator by x?, we get 
_ 2x(1tr/x)? 
= (rst) 
so that p > also a8 X¥>a, 


Hence p is least for x=2r. Putting this value of x in (i), we 
see that the least value of p is 6r4/3. 
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3. A-cone is circumscribed toa sphere of radius r ; show that 
when the volume of the cone isa minimum, its altitude is 4r and its 
semi-vertical angle sin} 4. (Madras 1953 ; P.U. 1930) 

We take the vertex A of the cone ata distance x from the 
centre O of he sphere. -(See Fig. 53. p. 160). 


By drawing tangent lines from A, as shown in the figure, we 
construct the cone circumscribing the sphere. 


Let the semi-vertical angle BAP of the cone be @. 
Now, if v be the volume of the cone, we have 
v=in . BP*. AP, 
which will be now expressed in terms of x. We have 
AP=AO+OP=r-x. 


- . _OL_r _ or 
Since sin @ =O47 x O°" tan 9 12 rty’ 
oo. BP 
Again, since Apo ten 0, 
P 
BP=AP tan 6=(r-+x). xP 
Thus pag tyr x _mr(x-+ry? 


3(x2—r2) ATI = “Bop 
dy mr?(x-+-r)(x—3r) 
‘dx = 3(x—r)? 
Thus dv/dx is 0 for x=3r. 
Here x can take up any value>r and v > o when xX -> r and 
when xX -» ©. Thus v is minimum and least for x=3r. 
Hence, for minimum volume, the altitude of the cone 
=A P=r+3r=—4r, 
and the semi-vertical angle 6 
=sin-!-_=sin-1~-=sin-? 3. 
. x 3r 8 
6. Normal is drawn at a variable point P of an ellipse 
Play |= ; 
find the maximum distance of the normal from the centre of the ellipse. 
(P.U. 1935) 


We take any point P(acos 6, b sin 6) on the ellipse ; 6 being 
the eccentric angle of the point. 


cos 6 sin 6 
$7 pS = 


The equation of the tangent at P is * 5 l. 
Therefore, slope of the tangent at P= _? 008 8 
asin @ 
a sin 6 


Hence, slope of the normal at P= os b 
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Thercfore equation of the norma) at P is 


asin 6 
pe —b sin 0=-—-—— (x—a cos 
re y b cos 9 ( 6); 
Or --"" ‘ax-sin @—by cos 6=(a?—b?) sin 6 cos 6. 


_,. -If, p, be its perpendicular distance from the centre (0, 0), we 
obtain ~~ : 


__ (a®?—5?) sin 6 cos @ 


— ——  e s—p ooo i 

P / (a? sin? 9 +5? cos* @) () 
. dp 4 yo, 5* cost 6—a? sin* 9 
oe dé ==(a?— 2) 


(a? sin? @+4-b® cos? 9)? 
Putting dp/d6=0, we get 


b2 b 
49... 7? — - 
tan4§ = ae i.e., tan v= ta/( 7 ) 


Because of the symmetry of the ellipse about the two co-ordi- 
nate axes, it is enough to consider only those values of 6 which lie 
between 0 and 7/2 so that we reject the negative value of tan @. 


Now, p=0 when @=0 or 7/2 and pis positive when @ lies 
between 0 and 7/2. Therefore p is maximum when tan @=4/(b/a). 


Substituting this value in (i), we see that the maximum value of 
pis a—b. 


7, Assuming that the petrol burnt (per hour) in driving a motor 
boat varies as the cube of its velocity, show that the most economical 


speed when going against a current ofc miles per hour is 8 c miles per 
hour. 


Let v miles per hour be the velocity of the boat so that (v—c) 


miles per hour is its velocity relative to water when going against 
the current. 


Therefore the time required to cover a distance of d miles 
= A hours. 
v—c 


The petrol burnt per hour=ky®, where k is a constant. Thus 
the total amount, y, of petrol burnt is given by 


8 3 

vU—C v—C 
dy, ,308(v—c)—1.¥° 
dp = *4 (vc)? 


Putting dy/dv=0, we get v=0 and 8c; Of these v=0 is in- 
admissible, : 


Also y —» « when v -» c and when v -» o. 
Thus v={c gives the least value of y. 
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Exercises 


_1. Dividea number 15 into two parts such that the square of one 
multiplied with the cube of the other is a maximum. 


_ 2. Show that of all rectangles of given area, the square has the smallest 
perimeter. . 


_ _ 3. Find the rectangle of greatest perimeter which can be inscribed in 4 
Circle of radius a. 


4. If 40 square feet of sheet metal are to be used in the construction of 


an open tank with a square base, find the dimensions so that the capacity is 
greatest possible. (P.U.) 


_ 5. A figure consists of a semi-circle with a rectangle on its diameter. 
Given that perimeter of the figure ,is 20 feet, find its dimensions in order that 
its area may be a maximum. (Patna, Allahabad) 


__6. A, Bare fixed points with co-ordinates (0, a) and (0, b) and Pisa 
variable point (x, 0) referred to rectangular axes ; prove that x*=ab when the 
angle APB is a maximum. (P.U. 1935) 


7. A given quantity of metal is to be cast into a half-cylinder, i.e., with 
a rectangular base and semi-circular ends. Show that in order the total surface 
area may be minimum the ratio of the length of the cylinder to the diameter 
of its circular ends is 7/(™+2). (Aligarh 1949) 


8. The sum of the surfaces of acube anda sphere is given ; show that 
when the sum of their volumes is least, the diameter of the sphere is equal to 
the edge of the cube. 


9. The strength of a beam varies asthe product of its breadth and the 
square of its depth. Find the dimensions of the strongest beam that can be 
cut from a circular log of wood of radius a units. (D.U, 1953) 


10. The amount of fuel consumed per hour by a certain steamer varies as 
the cube of its speed. When the speed is 15 miles per hour, the fuel consumed 
is 44 tons of coal per hour at Rs. 4 per ton. The other expenses total Rs. 100 
per hour. Find the most economical speed and the cost of a voyage of 1980 


miles. (P.U. 1949) 
11. Show that the semi-vertical angle ofthe cone of maximum volume 
and of given slant height is tan-?2. (D.U. 1952) 


12. Show that the right circular cylinder of the given surface and maxi- 
mum volume is such that its height is equal to the diameter of its base. 


13. Show that the height of a closed cylinder of given volume and least 
surface is equal to its diameter. , 


14. Given the total surface of the right circular cone, show that when the 
volume of the cone is maximum, then the semi-vertical angle will be sin~? 4, 


15. Show that the right cone of least curved surface and given volume 
has an altitude equal to ¥2 times the radius of its base. 


16. Show that the curved surface ofa right circular cylinder of great- 
est curved surface which can be inscribed in a sphere is one-half of that of the 
sphere. 


| 17. Acone is inscribed in a sphere of radius r; prove thatits volume as 
well as its curved surface is greatest when its altitude is 4r/3. 


18. Find the vclume of the greatest cylinder that can be inscribed ina 
cone of height A and semi-vertical angle a. (D.U. 1955) 


19. A thin closed rectangular box is to have one edge n times the length 
of another edge and the vojume of the box is given to bev. Prove that the 


least surface s is given by 
wg* em 54( 1+ 1)", (P.U.) 
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2. Prove that the area of the triangle formed by the tangent at any 
point of the ellipse x?/a*+ y?/b®=1 and its aves is aminimuu for the point 


(a/N2, b/N2). 


21. Find the area of the greatest isosceles triangle that can be inscribed 
in a given ellipse, the triangle having its vertex coincident with one extremity 
ef the major axis. (Allahabad 1939) 


_ 22. A perpendicular is let fall from the centre to a tangent to an ellipse. 
Find the greatest value of the intercept between the point of contact and the 
foot of the perpendicular. 


23. A tangent toan ellipse meets the axes in P andQ; show that the 
least value of PQ is equal to the sum of the semi-axes of the ellipse and also 
that PQ is divided at the point of contact in the ratio of its semi-axes. 


24. N is the foot of the perpendicular drawn from the centre O on to the 
tangent ata variable point P on the ellipse x?/a?+y?/b?=1 (a>b). Prove that 
the maximum area of the triangle OPN is (a®’~5’)/4. ” 


25. One corner of the rectangular sheet of the paper, width one foot, is 
folded over so as to just reach the opposite edge of the sheet ; find the mini- 
mum length of the crease. 


26. If f'(x) exists throughout an interval aX xb, prove that the great- 
est and least value of f(x) in the interval are either f(a) and f(b) or are given by 
the values of x for which f’(x)=0. 


A grocer requires cylindrical vessels of thin metal with lids, each to con- 
tain exactly a given volume V. Show that if he wishes to be as economical as 
possible in metal, the radius 7 of the base is given by 27/5=V. 


If, for other reasons, it is impracticable to use vessels in which the dia- 
meter exceeds three-fourths of the height, what should be the radius of the base 
of each vessel ? (P.U.) 


27. A tree trunk, /, feet long is in the shape ofa frustum of a cone the 
radii of its ends being a and b feet (a>b). Itis required to cut fromita beam 
of uniform square section. Prove that the beam of the greatest volume that 
can be cut is al/3(a—b) feet long. (Agra ; P.U.) 


28. Find the volume of the greatest right circular cone that can be des- 
cribed by the revolution about aside ofa right-angled triangle of hypotenuse 
1 foot. (P.U. 1940) 


29. Arectangular sheet of metal has four equal square portions re- 
moved at the corners, and the sides are then turned up So as to form an open 
rectangular box. Show that when volume contained in the box is a maximum, 
the depth will be ; 


4 {(a-+b)—(a*—ab+ byt}, 
where a, 6 are the sides of the original rectangle. (Banaras 1953) 
30. The parcel post regulations restrict parcels to be such that the length 
plus the girth must not exceed 6 feet and the length must not exceed 34 feet 
Determine the parcels of greatest volume that can besent up by post if the 


from of the parcel be a right circular cylinder. Will the result be affected if the 
greatest length permitted were only 12 feet. (Patna) 


31. Show that the maximum rectangle inscribable in a circle is a square. 
(P.U. Suppl. 1944) 


CHAPTER VIII 
EVALUATION OF LIMITTS 
INDETERMINATE FORMS 
8-1. We know that x — a, 
a f(x) lim lim f(x) 
lim Fix) lim F(x) if lim F(x) 0, 


so that this theorem on limits fails to give any information regarding 
the limit of a fraction whose denominator tends to zero as its limit. 


Now, suppose, that the denominator F(x) > 0 as x > a. 
The numerator f(x) may or may not tend to zero. If it does 


not tend to zero, then f(x)/F(x) cannot tend to any finite limit. For, 
if possible, let-it tend to finite limit, say /. We write 


S(x) 
I) = 5 F(x) F(x), 
so that, in this case, we Ye) 
lim f(x) =lim Ee F(x) | =tim ne lim F(x) =1.0=0. 


Thus -we have a soak liction. 


Three types of behaviour are possible in this case. The fraction 
may tend to + o, or — #, or its limit may not exist. For example, 
when x -> 0, (so that the limit of the denominator in each of the 
following cases is 0), we see that 


(i) lim (1/x?)= + 0 ; (ii) lim (1/—x?) = —2 ; 
(dit) lim (1/x) does not exist. | 


The case where the limits of the numerator of a fraction is alse 
zero iS more important and interesting. A general method of deter- 
mining the limit of such a fraction wil be given in this chapter. For 
the sake of brevity, we say that a fraction whose numerator and 
denominator both tend to zero as x tends toa, assumes the indetermi- 
nate form 0/0 for x=a. 


It may be of interest to notice that the determination of the 
differential co efficient dy/dx is itself equivalent to finding the limit 
of a fraction 6)/5x which assumes an indeterminate form 0/0. 


Other cases of limits which are reducible to this form will also 
be considered in this chapter. 
In what follows it will always be assumed that f(x), Fix) and 


¢(X) possess continuous derivatives of every order that come in 
question in a certain interval enclosing X==4. 


165 
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8:2. The Indeterminate form > . Io determine 


lim [S(x)/F() 
x—->a@ 
when ; 
lim f(x)=O== lim F(x), 
x*->@ x*—~>a 


As f(x), F(x) are assumed to be continuous for x=a, we have 
f(a)= lim f(x)=0; F(a)= lim F(x) =0. 
x? @ x->@ 


By Taylor’s theorem, with remainder after one term, we have 
S(a+h)=f(a) +hf'(a+-6,h) =hf'(a+ 6,h), 
F(a-+-h)=F(a)-+-hF (a+6',h)=hF'(a-+6'sh). 
Hence ; . | 
mo 2 im Math) 
J") — lim ~ oD 
Pa F(x) h-> 0 #(a-+h) 


== lim f'(a+ 6,/) f(a) 


h>o P(a+6'h) F(a)’ 
This argument fails if F’(a2)=0. The case when F’(a)=0 but 
f'(a) 340 has already been discussed in § 8-1. 
Now, let f’(a)=F'(a)=0. 


Again, by Taylor’s theorem with remainder after two terms, 
we get 


if F’(a)0. 


flath)=fla)+hf'(a) + 5, f"a+6d)= 0 £"(at Ooh) 


: 2 2 
F(a+h)=F(a) +hF'(a) +o F"(a + 6’h) = F''(a+@’,h). 
Hence 
f(x) - 4. fla--h) 
tim 2) = lim © ter) 
x a F(x) « h—->a F(a+h) 
= lim S44) _ £"@ se pao 
= h-> 0 F'"(a+6'sh) F(a) ’ if (2) ys ° 


The case of failure which arises when F’’(a)=0 can be examined 
as before- In general, let 


f@)= f(A) = fA) 010. = f(a) = 0 © 
F(a) =F" (a)=F""(a)=......= F(a) =0 ; 


and 
F"(a) «0. 
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By Taylor’s theorem, with ee after n terms, we get 


fat MRA) + WA) bent Ger Fay Fola+ Oh 


7 S"(4+ 4,h). 


Fath) = F(a) +AF (a) nb ogy Ma) + Gr PMO O'gh) 


hin 
= ni! Fr(a+ 6g’ ht) 


Hence 
Sa) S(ath) 
hi 
1M F(x) Fahy 


x-—>@ 
— jim S(a+6,h) fra) n 
h—+>0 F\a+o',h) F(a) » for En(a) 20 
Ex. 1. Determine lim ~ Oe MORNE HN) | where x 0. 
f(x) =e*— e~*—2 log (1+ x), oe F(0)=0, 
F(x)=x sin x ; wee F(0)=0. 
2 ; 
1 Lomere ~— i+x’ ove f'(0)=0, 
F'(x)=X cos X-+8in x, oe F'(0)= 
2 
"(x)= e*®—e” je kg oe 0 =2, 
Again 1! *) ot (1+-x)? f"O) 
F''(x)= —x sin X-+2 cos x, a. FO) =2. 


e "er —2 log (1+x) 2 
=" = 1. 
x ->0 
The process may be conveniently exhibited as follows :— 
lim ev" —e =? log d+~) 
x->0 x sin x 
_ e* +-e-* —2/(1+x) 
~~ yy Q * Cos X+8in Xx 
ef —eF42/(L+x)? a _] 


== lim ‘ : = 
x—>0 —* sin X+2 cos Xx 2 


Ex. 2. Find the values of a and b in order that 
- Tim x(1+a cos x)--b sin x 
x—>0O x . 
‘DU. 1944, 19§9) 


ay be equal to 1. 
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The function is of the form (0/0) for all values of aand b. 


lim *1-E4.008 x)—B sin x 


“3 
x—0O0 x 
— lim 1-+-a cos X—ax sin X— b cos x 
anes 7 ~ 2 a . e 
x—->0 3x 


The denominator being 0 for x=0, the fraction will tend to a 
finite limit if and only if the numerator is also zero for x=0. This 
requires 


1+a—b=0. (1) 
Again supposing this relation satisfied, we have 


l+-a cos x—ax sin x—b cos x 


lim 
x70 3X? 
. —2asin x—ax cos x +6 sin x 
= lim .- --- , 
xa 6x 
ome in Xx X 
— lim —3a cos X+ax sin +b cos 
x ->0 6 
b—3a 
= 6 e 
. b—3 ; 
As given, é 4 =1, ie., b—3a=8. »..(2) 
From (1) and (2), we have 
5 3 
d= — 4» Bem S 
Ex. 3. Determine the limits of the following 
.. 1+log x-—x . cos?nx 
(i) ioxe (x -> 1). (ii) eiF Fox ° (x —> 4). (P.U ) 
. sinh x—x ... xe™—log (x+1) 
it) sin x—x cos x ’ (x > 0). () cosh x—cos x » (x > 0). 
log (1--x?) gat eae 
©) jogcosx’ > 9) ) og(rpaxy (9). 


(D.U. Hons. 1952) 
Ex. 4. Evaluate the following : 


( . 
(i) tim *~F08 +2) (py 7952) Gai) tim * S08 * HOB E>), 
x->0 x x >0 x 
(D. U. Hons. 1951, P.U. 1957) 


e* sin — 1 | 
Git) tim ) FPxlop ea) (D.U. 1953) (iv) Jim ye log (14x), 
(D.U. 1955) 
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Ex. 5. If the limit of 
sin 2x-+a@ sin x 
xs 
as x tends to zero, be finite, find the value of a and the limit. (P.U.) 
8:3. Preliminary transformation. Sometimes a preliminary 
transformation involving the use of known results on limits, such as 
lim 1, lim 82 * 21 
x—>0o * x—>0 
simplifies the process a good deal. These limits may also be used to 
shorten the process at an intermediate stage. 


Ex. 1. Find lim Lt8in x= 00s Xtlog U—*) (x, 9), 
x tan’x 


The inconvenience of continuously differentiating the denomi- 
nator, which involves tan®x as a factor, may be partially avoided as 
follows. We write 


1-4-sin x—cos x-+-log (1—x) 


xX tan®x 

_ I-+sin x—cos x-+log (l1— x) (*. y 

~ | a re " \tan x 

; 1+-sin x—cos x+ log (lI— x) 
‘ lim gg. 
x—>0 xX tan*x 
-gin X — _ - \2 

lim 1 +-sin x cos xr log (1 x) lim ( | ) 
x—>0 x xo \ban x 

=— lim L-rsin x—cos X-+log (1—x) l 
x--»0 xs 

= jim LtSsin X—0o0s x+log (L--x). 
x—>0 xs 


To evaluate the limit on the R.H.S., we notice that the numera- 
tor and denominator both become 0 for x=0. 


lim l+-sin x—cos x-+log (1 —~) 


x~0 xs 
os ] 
cos X +-Sin X-- lx 0 
—= lim . . ’ —_— 
x-+0 3x? 0 
] 
--gin X-+cos X-- (I x) 0 
= lim ge 6 
x >0 x 
, 2 
—Cos Xx—sIn X—- ~=——-- 
= lim —~---—— _ _ UarxP_ 38 
6 ~— 6 2 
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Ex. 2. Evaluate the following :— 
cosh X—cos X_ 


lim : 
x->0 xX sin x 
We have 
cosh X—cos X cosh X—cos x x 
Xsinx xi * gin x 
cosh x~—cos X . cosh X—cos xX 
. lim ———-—--—- = lim <5 . 
x>0 *~snx x—>0 x x—>0 Sin x 
— lim cosh x—cos x 
—_—— , a e 
x—>0 x 


Since the numerator and denominator are both zero for x=0, 
therefore 


. cosh X—cos x sinh x--sin x 
lim SOSH #008 ¥ __ jiyy Sin X-tsin x 
x—>0 x x—>0 x 

cosh x cos x 
= lim C88 X +008 
x—90 2 


Ex. 3. Determine the limits of the following functions :— 
x?+2 cos x—2_ 
(j) TREO ANA, (x > 0), 

(jz) Sin X—log (e cos x) 
xsin x 
x—log (1 +x) 

(iii) ~1—cosx | 
sin 2x +2 sin?’x—2 sin x 


» (x — 0). 


(x — 0). (iv) log (L—x) cot mx, (x — 0). 


(¥) “Cos x—cos*x » .(¢ -> 0). 
tan X—X | .. tan? x— x? 
(vi Sitan x” , (x > 0). (vii)  tan® x » (x > 0). 


8:4. The Indetermine form — To determine 
lim [f(x)/F(x)), 
x—>a 


when 
lim f(x)= 0 = lim F(X). 
x—>a x—>a 
*Let f'(x)/F’'(x) > 1 asx—-a. It will be shown that f(x)/F(x) 
also ~> 
Suppose, x>a. As f'(x)/F'(x) > 1, when x > a, we make it 
arbitrarily near / by taking x sufficiently near a, say between a, and 
a+6. 


(*Another proof is given in the following sub-section.] 


ee OR tO nee AA NREE aatn even me 
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We now take any two numbers cand x which lie between a 


and a+6 and apply Cauchy’s mean value theorem f(x) and F (x) for 
the interval (c, x). We thus have 


J(x) S(O) FS) (i) 
F(x)—F(c) (8) ° -_ 
where € lies between c and x and, therefore, between a and a+. 
We re-write (/) as 
fa) fois) _, £8) Trevi 
F(x) L1—F(c)/F(x) (8) a x c 


a+-6 
f(x) 1—F(e)/F(x) f'(§) 


eens yee ae 


or 


Fe)™ I-ROlAe) FO 

Keeping c fixed, we make x a. Then/(c) and F(c) are fixed 
and, by our hypothesis, f(x) and F(x) tend to infinity. 
1 — F(c)/F(x) 


made arbitrarily near / by taking x sufficiently near aso that it +/ 
as X — a through values greater than a. 


Similarly, it may be shown that f(x)/F(x) + 1 as x + a through 
values less than a. 


Hence 


Therefore, 


_ f(x) F(X) 
lim “Gy = lim ran 
xa L(%) 2 xq F'(*) 
when 
lim f(x)= co = lim F(x). 
x—>a x—>a 
Note. The above investigation rests on the hypothesis that f’(x)/F’(x) 
tends to a limit as x >a. This part of the hypothesis necessarily implies that 
f'(x)/F(x) has a meaning for values of x near aso that f’(x), F’(x) both exist 


and F’(x)#0 for such values. This justifies the use of Cauchy’s mean value 
theorem in the above Investigation. 


8:41. A proof of the above result is also often given as follows :— 
lim f(x)= o and lim F(x)= a, 


. 1 ; ] 
o's lim fo =° and lim Fx) m=: (), 
l 
f(x) 4. F(x) 0 
Now lim F(x) TT (+-) 
(x) 
F"(x) 
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f(x) PF’ 7) = fay F"(x) 
slim (| J ri ce Fay | tim lim 7 (1) 
Let 
lim [ f(x)/F(x)]=1! where /0 and lax. 
‘*, from (1), we get 
[=]? lim f(x) P's) ) 
mF yin, SIX) 
or P(x) =/—lim F(x)’ ...(2) 
Supposing now |=0. 
_y S(X) I(x) +8 (x) 
1+-] =lim F(x) +-l=lim RU 
Applying the above result, 
4 SOFE)  f(OEF OO) 
[+-l=lim ~- “Fa = lim *-—— Fly 
tim J (*) 
=lin F(x) +1, 
or [=lim J \. .. (3) 
Finally let l= go that 
B(x) 
lim Fix)" ° 
By the preceding result, 
ye P(X). F(X) 
Q—lim fico = lim fx) 
lim ay = 2. (4) 
Hence we see that always 
. x . 
lim Mm = lim ee »..(5) 
when lim f(x)=2 =lim F(x). 


Note 1. The above second proof is incomplete in the sense that it 
assumes that lim [f(x)/F(x)] exists. The first proof did not assume this 
existence. 


Note 2. While evaluating 
L(x) 
lim Fix) y 


we must try to change over to the form 0/0 as soon as it may be conveniently 
possible, for, otherwise we may go on indefinitely without ever arriving at the 
end of the process. 


- when it is of the form —— 
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log (x—a) 


‘log (e*—e*)’ 
Here, the numerator and the denominator both tend to o as x 
tends to a. 


Ex.1. Determine lim — as Xda. 


ee | 
a _ x—a 
im lim oe ) lim = 
og (e7—€7) gg 
e” —e* 
= lim e*—e* (5 ) 
xg (Xa) 0 
1 e* e® 
=— m ~ ee = 
xa e”(x—a)+e* e° 
Ex. 2. Determine the limits of the following functions : 
log sin x tan x _ *) 
(7) - cot x > (x->0). (if) tan 3x ac i 
. log tan x .., log tan 2x, 
(it) — log x » (x > 0). (i) log tan x (X90). 
(v) lo8tan x tan 2x, (x —> 0). 
| Hint. log tan 9x=108 tan 2x . | 
tan x log tan x 


(vi) log (1~—x) cot (x7/2), (x —> 1). 
8-6. The indeterminate form 0:0 . To determine 
lim [ f(x). F(x)), 
x—>a 
when 
lim f(x)=0, lim F(x)==. 
Ud 0 x—>a 
To determine this limit, we write 
_ f(x) _ FOR) 
I(x). F(x) = 
OI PCT=T TRG) T/f09) 
so that these new forms are of the type 0/0 and o /o respectively 
and the limit can, therefore, be obtained by § 8:2 or by § 8-4. 
In this case, we say that f(x).F(x) assumes the indeterminate 
form Oo at x=a. 
Ex. 1. Determine lim (x log x), as x->0. 


We write 
log x 
x log x= Ve 
; ie or) 
] x log x)= * dim ‘ 
1 


: x . 
== Jim === lim (—x)=0. 
x20! x-—>0 
x3 
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The reader may see that writing 


x log x= —* 
(1 flog x) 


which is of the form (0/0) and employing the corresponding result of 
§ 8-2 would not be of any avail.” 


have Note. We know that i/x does not tend toa limit as x -» 0. In fact we 
lim = 2 =e, lim to 
x>(0+0) ® x—(0—0) * 


. Again, log x is defined for positive values of x only so that there is no 
question of making x —> 0 through negative values while determining 


lim (x log x). 
x—>0 
Thus, here x --> 0 really means x > (0+0)so that 1/x does tend to a limit. 
Ex. 2. Determine the limits of the following functions : 


(i) x log tan x, (x + 0). (ii) x tan (7/2—x), (x —> 0). 
(iii) (a—x) tan (nx/2a), (2 > 0). 


8:6. The Indeterminate for « —o«o. To determine 


lim [ f(x) —F(x)], 
x—->@Q 
when 
lim f(x)=a = lim F(x) 
x > @ x~—~>@ 
We write 


1 1 1 
x)— F(x)=| ——-— ——— |-— ~~ » 
Ax) —F@) Fe f(x) j f(x) F(x) 
so that the numerator and denominator both tend to 0 as x tends to 
a. The limit may now be determined with the help of § 8-2. 


In this case, we say that [f(x)—F(x)] assumes the indetermi- 
nate form © —o for x=a. 


Note. In order to evaluate the limit of a function which assumes the 


form, co —oo, it is necessary to express the same as a function which assumes 
the form 0/0 or 0 /oo. 


Ex. 1. Determine 


; I ] 
lim = Ec aS X-> 3, 
We write 
] l _ log (x—1)—(x—2) 
‘x—27~ log(x—1) (x—2) log (x—I)’ 
and see that the new form is of the type 0/0 when x -» 2. 

. ] I , log (x—1)—(x—2 
goa La8 cole gin &—2) log GT) 


—> 
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_ The numerator and the denominator are both 0 for x=2. On 
using the method of § 8-2, we may show that the required limit is 


— 2» 
a? 
Ex. 2. Determine the limits of the following functions : 


(i) Cy sg)» & > 0). 


(ii) ( * —cot *). (x —> 0). | write cot = = a 
(iii) (5 —cot? x), (x — 0). (iv) 7 ae +e a “aye (x —> 0). 


8:7. The Indeterminate forms, 0” 1” , @ 0. To determine 


lim [ fee) as X > 4, 
when — 
(i) lim f(x)=0; lim F(x)=0. 


(ii) lim f(x)=0; lim F(x)=oa. 
(iii) lim f(x)=o ; lim F(x)=0. 


We write 
i x 
y=i fay”) 
so that 
log y= F(x). log f(x). 
In each of the three cases, we see that the right hand side 
assumes the indeterminate form Q. and its limit may, therefore, be 
determined by the method given in § 8:5. 


Let lim [F(x).log f(x)J=l. 
x—>a 

oA lim log y=!, 

or log lim y=/ or lim y=e' 

Hence lim [ fay) |e’ 


or brevity, we say that I fey] assumes the indetermi- 


nate forms 0° , 17 & ° respectively for x=a. 
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Ex. 1. Determine 


lim (x—a)*-* as x -> a. (0° form). 
Let y==(x—a)*a, 
log (x—a oe 
we log y=(x—a) log(x—a)= sear (=) 
. . log (x—a) 
lim log y= lim —.°--——-- 
x—-a BY x—->a 1/(x—a) 
i 
= lim ~—o lim —(x—a)=0. — 
x—->a —l _ xX —->a 
(x—a)? 


Hence log lim y=0, i.e., lim yee°=1 
Thus lim (x—a)*-?=1 when x—>a. 


Note. Here it is understood that x tends to a through values greater 


than a, for otherwise the base (x—a) would be negative and (x—a)*-¢ would 
have no meaning. 


Ex. 2. Determine 


2 
lim (cos yi as x —> 0. 


2 
Let y=(cos xl . 
log cos x (2 
log y= x2 “¢ (4 ) 
lim log y= lim 108 os = 
x0 x—->0 * 
. —tan x 1 
= |i ay — 9 
x->0 “* 
—1 
log (lim y)=—gor lim y=e ® 
x30 x-—>0 
2 —2 
Hence lim (cos x) =e". 
x—>0 


Ex. 3. Determine the limits of the following functions :-— 


(i) x, (x —> 0). (ity xb" (xe 1). (PLU. 1923) 


ii) (cot xin ax , (x 0). (iv): (sin x)tan * (x —> 1/2). 
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(v) Gx x (4-30). (vi) (1+sin x)?! *, (x-+0). 


(vii) “ " (¢->0).  (D.U. 1949) 


(viii) = ~~"  (e-¥1). (P.U. 1951) 
Exercises 
Determine the | limits of the following functions : 
et—e% log x 
1” a Gn , (x 0). 2. & , (x —> 0). 
3. 1+x cos x—cosh x—log (1+ x) (x > 0). 
‘tan x—x 
1 1 log (1—x)—] 1—x? 
4. og ( +x) & xt x) og ( x ) (x —> 0). 
5. e& 2x? 9 2x sinh inh x) (x —> 0). 
1—x+log x 
6. 1—v(2x— x)? »(x > 1). 
q7. (2x tan x—7 sec x), (x —> 77/2). 
1 ? 
log x j x? 
8. (cot x) BN (x 0). 9. (227) ue 0). 
st $ 
10. (x Axis oe (x —> 4) 
1—(8x2) 
] { 2 
11. og ti tx sin x) (x + 0). 12. (sin x)ran * (x —> 1/2). 
2 
13. (cos ax)?!* (x — 0). 


14. (1—x2) Plow >), 4), 
15. 2 (cosh nad nae (x —> 0). 
x 


tan (3 ) 
16. (2- ) 


»(x—> a). (BU. 1953) 


ri 
sec? ———. 
4 «Oo 2—bx 
17. ( sin —) » (x — 0). 
sin x 
Qa x®—x 
18. og sin —. (x —> 1/2). 19. x—1—log x (x —> 1). 


20. (sec x)°O'* , (x —> 1/2). 21. (2—xt8 ™X/2 (x > 4), 
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1—4 sin? (7x/6) q°— 5s 
2, Se >). 3, TF, b) 


1, (ata ms Ta “e (x +0), 


(1+x)'*_, ( x9 0) 
x , 


06. (i+x) Ia oy HH, x0), 


(D.U. Hons. 1959) 
[For solutions of Ex. 25 and Ex. 26 by Infinite series refer § 9°, p. 185 ] 


l 
Bac 42°08 x 


cos os $x’ (x ~> Q). 


LOB see x 


28, x I( 14 ine |e 00), 
29, x ( 1-2 7) *-( Ht) | > 0). 


f(x) ] 
30. (i) flax +, (x >a). 


31. Evaluate 
. sin x sinm!x—x? 
lim inca x 
x->0 x 


32, If 


flame |, x20 
f(0)=0, 
show that the derivative of every order of f(x) vanishes for x=:0, i.e., 
f™0)=0, for all n, 
33, Discuss the continuity of f(x) at the origin when 


f(x)=x loz sin x for x#0 and f(0) =0 
(D.U. Hons. 1955) 


CHAPTER IX 
TAYLOR’S INFINITE SERIES 
; EXPANSIONS OF FUNCTIONS 


9:1. Infinite Series. Its convergence and sum. 
Let 


be an infinite set of numbers given according to some law. Then a 


U,+ Uy +Ug-+-...... TUy te ceccceses 
is called an infinite series. Here each term is followed by another so 
that there is no last term. 

If we add the first two terms of this infinite series, and then 
add the sum so obtained to the third, and thus go on adding each 
term to the sum of ths previous term, we see that, as there is no 
iast term of the series, we will never arrive at the end of this process. 
In the case of a finite series, however, this process of addition will be 
completed at some stage, howsoever large a number of terms the series 
may consist of. | 


Thus, in the ordinary sense, the expression ‘Sum of an infinite 
series’, has no meaning. A meaning is assigned to this expression by 
employing the notion of limit in the manner we now describe. 

Let S, denote the sum of the first nm terms of the series so that 
S, is a function of the positive integral variable nm. If S, tends to a 
finite limit S, as n tends to infinity, then the series is said to be conyer- 
gent and S is said to be its sum, 


In case, S, does not tend to a finite limit, we say that the series 
does not converge. 


The question of the sum of a non-convergent series does not 
arise. 
We mi,y find an approximate value of the sum of a convergent 
infinite series by adding a sufficiently large number of its terms. 
Illustrations. Consider the infinite geometric series 
nod ike oY oe SS of aie 
We know that 


Sy= 4 , when rel ; 
S,zn when r=1. 
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We have now to examine lim S, when n — o. 
[Refer § 3°61, p. 57]. 


For r==1, S,=n which tends to . 
For _r| <1, lim r”=0, so that lim S,=1/(1—r). 
For =‘r> 1, lim r”’=o and, therefore, lim S,=o. 


For r< 1, lim r” and, therefore, lim S, does not exist. 


Hence, we see that the infinite geometric series converges if and 
only if | r | < 1, and the sum of the infinite series then, is 1/(1—r). 


92. Taylor’s infinite series. We suppose that a given function 
f(x) possesses derivatives of every order in an interval [a, a+A]. 


Then, however large a positive integer n may be, there exists a 
number 9, lying between 0 and 1, such that 


AA+W=Rla+Mfla+ L'a) pete qf ler 


where R= f"(a+6h). 
(Taylor’s development with Lagrange’s form of remainder.) 
We write 
he jyn-l 
Sr=fth"a@a+., | f"(@) +..06.. tay f(a) 
so that 


S(a+h)=Sy+ Ry. 
Suppose that R, >0,asn— oo. It is then clear that 
lim S,=f(a+h), 


Nn-> oo 
so that we see that the series 


h2 , n~1 
f(a) +hf'(a) + 21 F(A) + vcoaee Tia}! SP-'(A) + sseee 


converges and that its sum is equal to f(a+h). 
Thus we have proved that 


(i) if f(x) possesses derivatives of every order in the interval. 
[a,a+h] and 


(ii) the remainder 
hn 
art "(a+6h), 


tends to 0 as n tends to infinity, then 


flath)=fla)-+hf'(a)-+ 2 "(d) toot SQ) Asses (1) 
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This is known as Taylor’s theorem for the development of 


f(a+-h) in an infinite series of ascending integral powers of h, i.e., 
power seriesinh, 


The series (1) is known as Taylor’s series. 


9:3. Maclaurin’s infinite series. Putting 0 for a and x for A in 
the Taylor’s infinite series, we see that if 


(?) f(x) possesses derivatives of every order in the interval [0, x] 


(li) the remainder 


x" 


n 1 f"(8x) 
tends to 0 as n tends to infinity, then 


x 


Ae) =f 0)-+4f'0) +2 FO) + eveveet 2 f"(0)-+e (2) 


This is known as Maclaurin’s theorem for the development or 


expansion of f,x) in an infinite series of ascending integral powers of 
x, 1.€., power series in xX. 


The series (2) is known as Maclaurin’s series. 


_ Note. It may be seen that instead of considering Lagrange’s form of 
remainder, we may as well consider Cauchy's form. 

9:4. Formal expansion of functions. We have seen that in order 
to find out if any given function can be expanded as an infinite 
Taylor and Maclaurin series it is necessary to examine the behaviour 
of R, as n tends to infinity. To put down R,, we require to obtain 
the general expression for the nth derivative of the function, so that 
we fail to apply Taylor’s or Maclaurin’s theorem to expand in a 
power series a function for which a general expression for the nth 
derivative cannot be determined. Other more powerful methods 
have, accordingly, been discovered to obtain such expansions when- 


ever they are possible. But to deal with these methods is not within 
the scope of this book. 


Formal expansion of a function as a power series may, however, 
be obtained by assuming that it can be so expanded, 1.e., R, does 
tend to 0 as n tends to infinity. Thus we have the result : 


If f(x) can be expanded as an infinite Maclaurin’s series, then 


fix) =f) +P O)+ 5) L'O-p eee (1) 


Such an investigation will not give any information as to the 
range of values of x for which the expansion is valid. 


To obtain the expansion of a function, on the assumption that 
it is possible, we have only to caloulate the values of its derivatives 
for x=0 and substitute them in (1). 
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In the Appendix, we shall obtain the expansions of 
e”, sin xX, cos x, log (1+). (1+x)” 


without assuming the possibility of expansion by actually examining 
the behaviour of R,, for the functions. 


In the following, however, we obtain these and other expansions 
by assuming the possibility of expansion. 


9-41, Expansion of e”. 


Let 
f (x)= e*. 
a I"(x)=e*. 
Thus 
f"(0)=e°=1. 
' Substituting in the Maclaurin’s series, we obtain 
x2 x8 x" 
PLEX SF tay teeth py be . (1) 


which is known as Exponential Series. 
Cor. 1. Changing x into x log a in (1), we get 


aX log a 


o - 
q* = =1+(x log a)+ 7 (log a)? +-...... 


This result may also be obtained directly by employing Maclau- 
rin’s series. 
Cor 2. Putting, 1 for x, we obtain 
] ] J ] 
cy itertgi bart 
from which we may obtain the values of, e, upto any number of 


decimal places. 


9-42. Expansion of sin x. 
Let 


f(x)=sin x. 
f*(x)=sin (x4 ="): 
Thus 
fa(0)=sin | 
f'(0)=1, f"(0)=0, f'"(0)=—1, f"""(0)=9, ete., 


so that we see that the values of f"(0) for different values of n form 
a successively appearing periodic cycle of four values 


1,0, —1, 0. 
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Making these substitutions in the Maclaurin’s series, we obtain 
the sine series, 


a www aaceee 
3-43. We may similarly obtain the cosine series : 


, xs x5 , xen 
sin X=X—sG + (—1) (ane yr 


x2 xi , x2n 
cOs x=1—s7 a a (2n) ! + ocecce 


9°44, Expansion of log (1--x). 


Let 
f(x) =log (14). 
nxy— (7 1) (nl)! 
P°C)= " pxy" 
Thus 


f"(0)=(—1) 4-1)! 
f'O)=1,f"(0)=—1,f'"(O)=2 1, f'"(0)=—8 | and s0 on. 
Making substitutions in the Maclaurin’s series, we obtain the 

Logarithmic Series : 


i n 
log (14x) =x — — + sevens +(—1)" 7 ae “Feseeee 
9-45. Expansion of (1-+-x)”. 

Let 

S(x)=(L4+x)”. | 
- f™(x)=m(m—1)......(m—n+1) (14 x). 
Thus 


f™0)=m(m—1),.....(m—n+]). 
f'(O)=m, f''(0)=m(m—1), f'’’(0)= m(m~— 1)(m— 2), ete. 
Making substitutions, we obtain the Binomial Series : 


- ~ _n4+l 
(Lp xymadpinxp MOD yap gp ON Ne mtn. 


In cage m is a positive integer, we obtain a finite series on the 


right. 

Note 1. If we examine the behaviour of R,, as is done in the Appendix, 
we can show that (i) the Exponential, sine and cosine series are valid for every 
value x, (ii) the Logarithmic Series is valid for —1<x<1, and (iii) the Binomial 
Series is valid for —1<x<l. 

Note 2. In the following we shall consider some more cases of expan- 
sions of functions, in each case assuming the possibility of expansion. It will 
be seen that in some cases we may also obtain the expansion by vsing any of 
the series obtained above. 
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Examples 


1. Assuming the possibility of expansion, expand, tan x, as far 
as the term in x5, 


Let 
J(x)=tan x. 
Ff '(x) =sec*x = 1-+tan?x. 
Sf ''(x)=2 tan x sec?x 
=2 tan x(1+tan?x) 
=2 tan x+2 tan? x. 
S'''(x)=2 sec?x +6 tan?x sec?x 
==2 (1+tan’x)+6 tan?x (1+tan?*x) 
==-2+8 tan?x-+-6 tan‘x. 
f(x) =16 tan x sec?x-+24 tan3x sec?x 
=16 tan x (1+tan*x) +24 tan3x(1-+tan*x) 
 =16 tan x +40 tan’x-+ 24 tan?x. 
f(x)=16 sec? x +120 tan®x sec?x +120 tan‘x sec2x. 
Thus 
F(0) =0, f (0)=1, f(0) =0, £0) =2, £'*(0)=0, (0) = 16. 
Substituting these values in the Maclaurin’s series § 9:4, we 
obtain 
tan x=x piiys + 2 ys. wae 
3 15 


2. Assuming the possibility of expansion, expand f (x) =e" sin-1x 
in ascending integral powers of x. 


In Ex. 1, § 5:6, p. 124 we proved that 


FaC0)— {mC +me\(A-+m)......[(n—2)-+mt] ; m oven 
7 Un (18+ m2)(32- m2)... .[(2—2)®-+ m2] 5 n odd. 
Substituting these values in the Maclaurin’ s series, we get 
*n--1 2 _m2 2(92 2 
ef" sin “dpm xe m x 3 ty. v 


3. Use of known series. By Maclaurin’s theorem or otherwise 
find the expansion of 
sin (e*—1), 
upto and including the term in x‘. 


First four derivatives are needed to expand the given function 
by Maclaurin’s theorem upto the term required. 


The required expansion can also be obtained by employing the 
Exponential and the sine series and thus avoiding the process of cal- 
culating the derivatives which is often very inconvenient, 
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e ahs +> +3 te. 


o's e*—]= x+5 oe “+ + cece. 
—=2Z, Say. 
Now, sin (e”—1)=sin z 

238 

Slee 

“(start wt “+ veuees ) 
a rot a \B4 
~ 34 a1 oee ) we ee 

x2 x3 x4 ] 3 

axtgtgy tpt ge (ttatt ) 
x2 5x4 

= NX 9 OE eevee eeee 


9:5. Use of infinite series for evaluating the limits of indeter- 
minate form3. The following examples will illustrate the procedure. 


Examples 
ey — xX — x2 
1, Find lim © SD *T*TK (D.U. 1953) 
x—>0 x?-+x log (l1—x) 
Using the infinite series for e”, sin x and log (l—~x), we obtain 
Tim e* sin X—X—X? 
59 X?+ log — 


2 3 x8 ee 
(xed wi +, x wees \Oxsaqte )-*-3 


= Tim x2 x8 \ 
x0 Max(xt ty bee] 
_ $xX8—O.x!, 
=lim — 1x3 prt 
jim 2b Or LF 
=li —j}—tx sorveee 3 
2. Find 
(i) bm (Eth e 
x—0 x 
1 /e 1 . 
(ii) tim EX eT ae, (D.U. Hons, 1954) 


(Cf. Ex. 25, Ex, 26, p. 178) 
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Let y=(1-+x)!/* 


1 
log y= log (1+) 


=~( x4 Lewes ) 


or y=e 


11x? 
—e| 1— ~*~ att 
e[ 9 + °y a | 


x +h 
] X 1— —L ~~ -3e0 —e 
tim +x) Pe) ( )-e 


x-—>0 x x->0 


(i) 


x L1x? 
ef l— — +--2-...0. —e-+lex 
. l 1/¥__ 1 ( ) y 
(71) lim! 1) x2 e+ ae tim - 
ile 
24 ° 
Exercises 
(In the following, the possibility of expansion may also be assumed) 
1. Prove that 


8 2 
e “cos bx=1+-ax+ oP x? + aah) x Ft 


24 p2yeht 
4 (a +8 ) x” COS ¢ tan—! 2. +, ° 
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2. Prove that 


2), B3 
e%% sin bx=bx-tabxty 277 x8+ i... 
(a?-+b?)2" b 
+" ni x” sin (n tan7! 2) 
3. Obtain the nth term in the expansion of tan™! x in ascending powers 
of x. (P.U. 1951) 
4. Show that cos? x=1—x?+4$x4— x"... 


5. Prove that e* sin? x=x?+x3?+ 1x4... 


If y=log [x+ v¥(1+.x*)], prove that 
d*y dy 
2 + —(), 
(I+2') dx? TX dy 0 
_ Differentiate this times and deduce the expansion of y in ascending 
powers of x in the form 
-y— I x 1 3 x® 1 3 5 xT 
a rk ar ae Oe a Se a Sy nes 
(P.U. 1937) 
7. If y=sin log (x?+2x+1), prove that 
(x4+-1)?¥ntet (2n+ 1) +1 )yntit (0? + 4)yn=0. 
Hence or otherwise expand y in ascending powers of x as far as x°. 


8. Prove that 
x? | 2:2? | 2°2?-4° 


(sin74x)?==2, a1 4y xf 6 i x8+ i... 
2:27:4?. (2n—2) 2, 
-- ~ (2n) ' x*nt+t ... 
9. Show that 
—1 2 2 ya a 
am tan X tax lh yt m(m? — 2) a4 m°(m* —8) te... 


2! 3! 4! 
10. Obtain the following expressions : — 
(i) log tan (42 +x)=2x-4+ 4x4 3x? +. Lae 


‘i x x8 x4 
(ii) log (I+sin x)=x— "4 +0 pao tee 
x e+] ,, 1 x? L x4 1 x6 
i cs a ee On er eV a 2 
tanx <x? 7 4 
(iv) log x =74 + gy xtt 


(vii) log sec x= > tt x*+ 4s x*+.... (D.U. 1953) 
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2 
(viii) log sin (x+h)=log sin x+h cot xy cosec® x 


3 
+35 . 2 cot x cosec*x—.... 


' i . in 2 
(ix) tan7?(x+A)=tan—x+h sin z ane —(h sin z)* a, * 


+(h sin zy Sto 52 weer 


when z=cot~}x, 


11, Obtain the expansion of sin x in powers of x as far as x‘. 
P ° P (D.U. 1949) 


12. Obtain the first three terms of the expansion of log (1+tan x) in 
powers of x, (P.U. 1955) 


13. Apply Maclaurin’s theorem to find the expansion of e*/(e*+1) as far 
as the term in x? (D.U. 1955) 


14. Expand log sin x in powers of (x—3). 


[Write log sin x=log sin (3+x—3) and replace x by 3 and hby x—3 in 
the expansion of log sin (x+A) in powers of h.] 


15. Expand 3x3—2x?+x—4 in powers of x—2. 
16. Show that 


x—-sinx 1 ex esin * 
i lim OO ee . if 7 . =|, 
) x>9o * 6 Wi) im) x—sin x 
(iii) lim (ts) #~ethexthtex® Te 
x—>0 x «16 
17. Obtain by Maclaurin’s theorem, the first four terms of the expan: 
sion of e* “°°* in ascending powers of x. Hence or otherwise show that 
x COS X 
, e- 
lim ---——-;-- = 
x90 X-—-SiIn Xx 
Appendix 


We shall now obtain the expansions of 
e*, sin x, cos x, log (1+), (l+x)” 
without making any assumption as to the possibility of expansion. 
Expansion of e”. 


Let f(x)=e”. Therefore, f"(x)=e", so that f(x) possesses deri- 
vatives of every order for every value of x. 


Taking Lagrange’s form of remainder, we have 


7 n 
R= S™(0x)= = TO e”. 
We know that when n -> ow, 
x"/in!—> 0 (See § 3:62, p. 58) 
whatever value x may have. 
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oe Ry, 0Oasn-o. 
Conditions for Maclaurin’s a expansion are thus satisfied. 
Also f"(0)=e°= 


Making substitutions in the Maclaurin’s series, we get 


xe x8 x 
e*=1-4+x+ D1 + 3) S +o +e... 
which is valid for every value of x. 


Expansion of sin x. 
Let f(x)==sin x. we f™(x)=sin (x+4n7), 
so that f(x) possesses derivatives of every order for every value of x. 
We have : 
xn 


Rn= aI 


f(@x)= a! sin ( 9x+ 5 ): 


xn ! nr ie x” 
nt: sin ( Ox + —>— C | nv P 


we see that R,, > 0 asm -—» o for every value of x. 


Since 


! ——w 
n| =| 


Thus the conditions for Maclaurin’s infinite expansion are 
satisfied, Now 


f"(O)=sin "7 . 
2 
Making these substitutions in the Maclaurin’s series, we get 
x8 x5 x’ 


SINX=X-— ,, + 51-91 +, 


which is valid for every value of x. 


Expansion of cosx. As above, it may easily be shown that 


x8 


x? x 
Cos x=1—, ' +44- 61 5 


for every value of x. 

Expansion of log (1-++-x). 

Let 

f(x)=log (1+). 

We know that log (1-++-x) possesses derivatives of every order for 
(1+x)>0, ie., for x>—l1. 

Moreover 

— )r- lin— 1) ! 


Ir(x)= (~ vay x (x>—1). 
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If R,,, denotes Lagrange’s form of remainder, we have 
xn n 
R= f"(0x)=(—". (FF 9g): 


(i) Let O0< x <1, so that x/(1+6x) and, therefore, also, 
(x/(1+@x)}" is positive and <1, whatever value m may have. 
Since, also, 1/n > 0, asn-> o, we see that R, > 0. 


Thus 
| R, > 0 asn—>o whenO<x<l. 
(i) Let —l<x<0. 


In this case x/(1+6x) may not be numerically less than unity 
jf frat we fail to draw any definite conclusion from Lagrange’s form 
0 nme 

Taking Cauchy’s form of remainder, we have 


Rasa p C—O apr(en) 


Met, l 1—6 \n-1 
OS COHME  oy Tox) 
Here (1—@)/(1+-4%).is positive and less than 1, and 
7 1 

a as 
Also 

x" > QOasn—> oo. (§ 3°61, p. 57) 
os R,7>O0asn—> oo. 


Hence, the conditions for Maclaurin’s theorem are satisfied for 
—l<x<l. 

Also 

f™0)=(—1y4(n—1) 1. 
Making these substitutions in the Maclaurin’s series, we get 
x? x3 x4 
log (1+-x)=x— gba pt ae 

for —l<x<l. 

Expansion of (1-+-x)” ; (m is any real number). 
Let 
” f(x)=(1-+x)”. 

When mm is any real number, (1+ x)” possesses continuous deri- 
vatives of every order only when 1+x>0, i.e., when x>—1. 


Now, 
f*(x)=m(m—1)(m—2)......(m—-n-E L(L+x)". 
We notice that if m is any positive integer, then the derivatives 
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of f(x) of order higher than mth vanish identically and thus, for 
n> m, R, identically vanishes, so that (1-+-x)” is expanded in a 
finite series consisting of (m-+1) terms. 

If m be not a positive integer, then no derivative vanishes 
identically so that we have to examine this case still further. 

If R, denotes vanehy’s form of remainder, we get 

-l fn 
Rn= Gg “1 (1-4)? £"(8%) 
x 
= (n—ly! , (L—8)"-* m(m—I).. (m-——n +1)(1 + 9x)" 


m(m--1)(m—n+1)/ 1—6 


a ait (Lox (L+6x)"— 
Let 
—l<x<lie, |x] <1. 
Also 
O<6< 1. 
0<1—6<1+4+6x, 
1—@ 
or °< are) St <* 
° 0< Grae -oo(f) 
Let (m—1) be positive. 
Now 
0< 1+0x < 1+4+1=2, 
< (1+6x)"- < 277) »oo(él) 
Let, now, m—] be negative. 
Now, since 
ox>— [x], 
1+6x>1— |x], 
or 


(1+9x)"-1<¢(1— | x |)" 
* Also we know that 


m(m—1)...(m—n +1) 


x" -»> OQ when [|x] <1. 


Thus, R, > 0 asm —- cowhen |x| <1. 
The conditions for Maclaurin’s expansion are, therefore, satis- 
fied. Now 
f(0)=m(m—)).... (m—n+1), _ 


a aetenintealinenmmnasaaamametaemaans 


*2efer to the foot note on the next page. 
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Making substitutions, we ° get 


when —1 < x¥< l. 
Ex. i. Justify the Maclaurin’s expansions of 
e2® sin bx, e% cos bx, tan7! x. ; 
Ex. 2. Show that log x and cot x cannot be expanded as Maclaurin’s 
series. 
Ex. 3. Show that the Maclaurin’s infinite expansion is not valid for 
f(x) where 


1/2 
fixyse!/* when x#0 and f(0)=0. 
[Refer Ex. 32. p. 178.] 


ee a eee 


*To prove that when ;xi< 1, 
_ m(m—1)....(m—n+1) 
n= ty x" —> 0 as 11 —> 00, 
Changing ” to +1, we get 


m(m— 1). (MM) nts 


Unt,  m—i ( m ) 
— eee en een x= — 1 — __ x, 
Un n n 
{ ' ’ j ' 
u ' Mm 
or a l= -1l- n || |x | —> |x | as 1-0, 
" H 1 


As |x| < 1, we can find a positive number & < 1, and a positive integer 


Pp such that ais | <k, for" 2p. Thus 
nr 
Lusi |<k [up | 
| upte | <k | upti | 
Ww @eteenceeeseeeoeeeoeevnseeceoeepoeseeeseengeane 

lun | < k| up|. 

Multiplying we get 

| ty |< AF | ey | RM | uy | RP, 
Now | us | /k? is a constant and k" —> 0 as 1 —» oo, 


| un | and so also un > 0 as 2 —> ©. 


CHAPTER X 
FUNCTIONS OF TWO VARIABLES 
PARTIAL DIFFERENTIATION 


10:1. The notions of continuity, limit and differentiation in 
relation to functions of two variables, will be briefly explained in 
this chapter. A fewtheorems of elementary character will also be 
proved. 

The subject of functions of two variables is capable of exten- 
sion to functions of 7 variables, but the treatment of the subject in 
this generalised form is not within the scope of this book. Only a 
few examples dealing with functions of three or more variables may 
be given. 

10:2. Functions of two variables. As in the case of functions 
of a single variable, we introduce the notion of functions of two 
variables by considering some examples. 

(i) The relation 

Z==4/(1—x?—y’*), ..(1) 
between x, y, Zz, determines a value of z corresponding to every pair 
of numbers x, y, which are such that x*+y’< 1. 

Denoting a pair of numbers x, y, geometrically by a point on 
a plane as explained in § 1:7, p. 14, we sec that the points (x, y) for 
which x?-+y?<1 lie on or within the circle whose centre is at the 
origin and radius is 1. | 

The region determined by the point (x, y) is called the domain 
of the point (x, y). 

Now, we say that the relation (1) determines 2 as a function of 
two variables, x, y defined for the domain bounded by the unit circle 
xityr=], 

(i) Consider the relation 

Z==4/[(a—X)(x—b)] +-V/[(e—y)(¥—-A], (2) 
where a<b 3 c<d. 

Now (a—x)(x—b) is non-negative if acx<b and (c—y)(y—d) 
is non-negative if cc y<d. 

The points (x, y) for which acx<cb, cc y<d determine a 
rectangular domain bounded by the lines 

x=a, x=b; y=c, y=d. 

The relation (2) determines a value of z corresponding to every 
point (x, y) of this rectangular domain. Thus z is a function of x 
and y defined for the domain. 
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(iii) The relation 
— x2 2 
Z=€ a 
determines z as a function of x, y defined for the whole plane. 


In general, we say that z is a function of two variables defined 


for a certain domain, if it has a value corresponding to every point (x, y) 
of the domain. 


The relation of functionality is expressed by the symbols f, ¢ 
etc., as in the case of functions of a sinyle variable, so that we may 
write Z==/(x, y), A(x, y), ete. 

Ex. Determine the domains of definition of 
(i) z=1/{log x+log y]. (ii) z=x¥ + y*, 

10:3. Neighbourhood of a point (a, b). 

number. The points (x, y) such that 
a—ds<x¢gat+s, b—S<y<b+8 
determine a square bounded by the lines 


X=a—6, X=a+6 ; y=b—8, y=b-+8. 
Its centre is at the point (a, b). This squareis called a neighbour- 
hood of the point (a, b). For every value of, 5, we will get a neigh- 
bourhood. 

10:4. Continuity of a function of two variables. 

Let (a, b) be any point of the domain of definition of 

z=f(x, y). 

As in the case of functions of one variable, we say that f(x, y) 
is continuous at (a,b), if for points (x, y) near (a, b), the value 
F(x, y) of the function is near f(a, b) i.e, f(x, y) can be made as 
near f(a, b) as we like by taking the points (x, y) sufficiently near 


(a, b). 


Formally, we say that f(x, y) is continuous at (a, b), if, corres- 
ponding to any pre-assigned positive number «, there exists a positive 
number § such that : 


| f(x, y)—f(a, b) | <ée 
for all points (x, y) inthe square 
a—d<x<gat+8, b—8<y<b. 
Thus for continuity at (a, b), there 
exists a square bounded by the lines 
x=a—6,x=a+8; y=b—6, y=b+8 
such that, for any point (x, y) of this 
square, f(x, y) lies between 
fla, b)—e, and f(a, b)+e 
Fig. 54 where eis any positive number, however 
; small. 


Let 6 be any positive 


y=h+6 
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1041. Continuity in a domain. A function f(x, y) is said to be 
continugus in a domain if it is continuous at every point of the same. 


10-42. Special Case. Let f(x, y) be continuous at (a, b) and 
let ¢ be any positive number, however small. Then there exists a 
square bounded by the lines 
x=a—5,X=a+5;y=b—58, y=b+5 


such that for points (x, y) of the square, the numerical value of the 
difference between f(x, y) and f(a, 5) is less than «. 

In particular, if we consider points of this square lying on the 
line y=), we see that for values of x lying between a—d and a-+6, 
the numerical value of the difference between f(x, b) and f(a, b) is less 
than c. Also, such a choice of 6 is possible for every positive number 
e«. This is equivalent to saying that f(x, b)is a continuous function 
of a single variable x for x=a. 


It may be similarly shown that f(a, y) is a continuous function 
of y for y=b. 

Thus we have shown that a continuous function of two variables 
is also a continuous function of each variable separately. 

10:5, Limit of a function of two variables. 

lim f(x, y)= I, as (x, y) > (a, 5). 

A function f(x, y) is said to tend to the limit 1, as x tends to a 
and y tends to b, i.e , as (x, y) tends to (a, b), if, corresponding to any 
pre-assigned positive number <, there exists a positive number § such 
that 


| fyb] <e 
for all points (x, y), other than (a, 6), lying within the square, 
a—5<xga4-6 ;b—S<y<cb+6. 
This means that corresponding to every positive number ez, 


there exists a neighbourhood such that for every point (x, y) of this 
neighbourhood , other than f(a, 5), f(x, y) lies between /—e and I+. 


10:51. Limit of a continuous function. Comparing the defini-. 
tions of limit and continuity as given in § 10:4, and § 10:5, we see 
that f(x, y) is continuous at (a, b), if and only if 


lim f(x, y)=f(a, 5) as (x, y) > (4, 5), 
ié., . 
the limit of the function=actual value of the function. 


The same thing may also be expressed by saying that for conti- 
nuity at (a, 5), we have 
lim f(a+h, b+ k)=f(a, 5) 
as (h, k) — (0, 9). 
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10-6. Partial derivatives, 


Let 
z=f(x, y). 
Then 
lim faxh.0) —fia, by as h— 0, 
if it exists, is said to be the partial derivatives of f(x,y) w.r.t. x at 


(a, b) and is denoted by 


ee ea b) f,(a, b). 


It will be seen that to find the partial derivative of f(x, y) w.r.t. 
x at (a,b), we put y equal to b and consider the change in the 
function as x changes from a to a+/so that 


OZ 
x) (a, b) 
is the ordinary derivative of f(x, b) w.r. to x for x=a. 
Again, 


jim LA PFN MG gs k > 0 


if it exists, is called the partial derivative of f(x, y) w.r. to y at (a, b), 
and is denoted by 


( Ma, b) or f, (a, b) 


so that (S Na b) 


is the ordinary derivative of f(a, y) w.r. to y for y=b. 

If f(x, y) possesses a partial derivative w.r. to x at every point 
of its domain of definition, then the values of these partial derivatives 
themselves define a function of two variables for the same domain. 


This function is called the partial derivative of the function w.r. to x 
and is denoted by 9z/@x or f,(x, y) or simply f,. 


Thus 
- SAX, Y)= 


where y is kept constant in the process of taking the limit. We can 
similarly define the partial derivative of f, w.r. to y which is denoted 
by oz/ay, fy(x, y) or fye 


10-61. Partial derivatives of higher orders. We can form partial 
derivatives of 9z/ax and @z/@y just as we formed those of z. 


rate TA: Me —S(*, y) 


ash > 
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Thus we have 
<e i oO i 
ax \Qx OY \9X 


which are called the second order partial derivatives of z and are 
«lenoted by 
oz =z 2 
ax?’ 3y9X or f,’, fy, 
respectively. 
Similarly the second order partial derivatives 


(2): Q (*) 
ox \ay oY \oy 
are respectively denoted by 
o°zZ = O*Z 
axoy_ ay? or Fays f,?. 
Thus, there are four second order partial derivatives of z at 
any point (a, b), 


The partial dszivatives 92z/ay ox and 92z/ax ay are distinguished 
by the ord2r in which zis successively differentiated w.r. to x and 
y. But. it will be seen that, in general, they are equal. The proof 
is given in the Appendix. 


10:7. Geometrical representation of function of two variables. 
We take a pair of porpendicnlar lines OX and OY. Through the 
point O, we draw a line Z’'OZ perpendicular to the XY plane and 
eall it Z-axis. 


Any one of the two sides of Z-axis may be assigned a positive 
sense. Lengths, z, will be measured parallel to this axis. 


The three co-ordinate axes, taken in pairs z 
determine three planes, viz, XY, YZ and ZX 
which are taken as the co-ordinate planes. 

Let z-=f(x, y) be a function defined in any 
domain lying in the XY plane. 

To each point (x, y) of this domain, there 
corresponds a value of z. Through this point, 
we draw the line perpendicular to XY plane 
equal in length to z, so that we arrive at another 


P(x,y,2) 


(x, 4,0) 


point P denoted as (x, y, z), lying on one or the y 
other side of the plane according as Zz in positive 
or negative. Fig. 55 


Thus to each point of the domain in the XY plane there corres- 
pondsa point P. The aggrezate of the points P determines a surface 
which is said to represent the function geometrically. 
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10:71. Geometrical interpretation of partial derivatives of the 
first order. 


Let 
z=f(x, y). ..-(i} 
We have seen that the functional equation (i) represents a surface 
geometrically. We now seek the geometrical interpretation of the 


partial derivatives 
E j and ka 
Ox ar b oy ay b 


The point P[a, 5, f(a, b)) on the surface 
corresponds to the values a, b of the indepen- 
dent variables x, y. 


If a variable point, starting from P, 
changes its position on the surface such that y 
remains constantly equal to b, then it is clear 
that the locus of the point is the curve of inter- 
section of the surface and the plane y=b, 


Fig. 56 
On this curve x and z vary according to the relation 


Z=f(x, b). 
Also, (<2 ) is the ordinary derivative of f(x, b) w.r. to x for 
(a> b) 


X=aQ, 


Hence, we see that @ ) is the tangent of the angle which 
(a> b) 
the tangent to the curve, in which the plane y=b parallel to the ZX 


plane cuts the surface at P{a, b, f(a, b)], makes with X-axis. 


Similarly, it may be seen that ( ) is the tangent oj ie 
(a> b) 


angle which the tangent to the curve of intersection of the surface and 
the plane x=a makes with Y-axis. 


10:8. Homogeneous Functions. Ordinarily, f(x, y) is said to be 
a homogeneous function of order n, if the degree of each of its terms. 
inx and yisequalton. Thus 
» AX" + a, x™ly+a xr *y?t oe... + An_yXy"-1+a,y" oo. (Z)) 
is a homogeneous function of order n. 


This definition of homogeneity applies to polynomial functions 
only. To enlarge the concept of homogeneity so as to bring even 
transcendental functions within its scope, we say that z is a homoge- 
neous function of order or degree n, if it is expressible as 


x"f(y/x). 
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The polynomial function (i) which can be written as 


ef artay ta (Q) tetas) | 


is a homogeneous function of order according to the new definition 
also. The functions 


x sin (y/X), (VY +4/x)/(Y+) 


are homogeneous according to the second definition only. Here the 
degree of x” sin (y/x) isn. Also 


V/y y. 
voeves VEU Ve] a Ws 
YX xf 14%. | i+? 


so that it is of degree — }. 


10 81. Euler’s theorem on Homogeneous Functions. 


If z be a homogeneous function of.x, y of order n, then 


OZ OZ 
—nz, 
ax TY ay 
We have 
~_yntf ¥ 
z= x"f( x ) 
02 nearly nf { ¥ _ J 
7 nx if( \-arp( ) x 3 


oz nf! ye _ — yn-lf / y 
and sy ). yp '(s ) 
Thus 
oz, 02 ng( ¥\ _ 
xy +y ay =nx"f( x ) nz 
Cor. Jf z is a homogeneous mun of x, y of degree n, then. 
Q2z 
x22 * 1 oxy 9% ) * —n(n—1)z. 
a TO Seay 1" 7 nn Ni 
Differentiating 
x oF ay 02 =NZ, ooe(1) 


ax ay 
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partially with respect to x and y separately, we obtain 
02 0°2Z 072 OZ 


— =n —— ¥0(2 
ax Text TY axay ~" ox’ ) 
07z OZ 
= ——~ <= (3 
eae rh ye ay ) 
Multiplying (2), (3) by x, y respectively and adding, we obtain 
2 ON 2X 2 "2 <= n(n—1] 
“pet FP » Say? aye Ne, 


where we have employed (1) and assumed the equality of 9?z/axay 
and 97z/oyox. 


Examples 
1. If 
u= x? tan —y* tan“ 5 ; 
prove that 
Oru xe—y? | 
‘gxay = Eye (DU. 1953; P.U.) 
We have 
ou — x? J 7 1 oy tan-! x +y? . =" * 
oy 14. x y - xy 
T x? y 
x3 xy? ~ 
pyr x? -+-y? —2y tan™* —— 
=XxX—2y tan7! — 
Ou 0 f_ou -) 
axay ax ay 
1 
=]—2 —— 
Tyo 
. y 
2 g__ 12 
—]— YX, 
Yr x?+y9 
2. If 


] 
= rte 
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show that 
2 2 2 
a 4. oe 4 a0. (D.U. 1952 ; P.U. 1949) 

We have 

gu 21 y2_1 72 —4 — 24 yB4z2) 3 

ax TRE TY +28) F Bx — xO +ye422) F, 

a2u —_£ — 5 

ye = OPV +2?) +82AP ty? +27) 7. 

Similarly or by symmetry 

Oru — 3 —; 

aya xt ty +24) Fb 32x bya) *, 

07u 


o ap = (+? +2?) 3 ++ 32°(x?-+ y?-+2?) —F 


Adding, we obtain the result as given. 


3. If 
3.113 
u—tan—> ry 9 
x—y 
prove that 
ou, tu 
xan ty ay =siIn 2u 
Here u is not a homogeneous function. We, however, write 
3 
c=tan y= _y2 +0) . 
xy 1-(0/x) 
s0 that z is a homogeneous function of x, y of order 2. 
OZ QZ 
x -— -—== 27, (1 
axe ty ay (1) 
But 
QZ »,, OU OZ >, ou 
—— == 8e0°u —— +; —— ==sec*n ——-. (2 
ax OX OY "I 


Substituting in (1), we obtain 
= oe -+-y - a = 2Z7=2 tan 4u, 


ou 2sinu ., _. 
or ty ay = cost -cos*u=sin 2u. »+(3) 
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Exercises 


1. Find the first order partial derivatives of 
(i) tan-1(x+ y). (ii) €%* sin by. 
(iii) log (x*+y’). 
2. Find the second order partial derivatives of 
— 7] 
(i) e~ , (ii) e*. 
(iii) tan (tan~1x-+ tan71y). 
3. Verify that 


ou _ au s 
axdy  dayax 
when uw 1s 
; oy Xx - xy 
(7) sin™t - (tb xt4 yy ° 


(iii) log (ysin x+ x sin y). 


4. Find the valuc of 
1 @2z 1 @2 
a “aye TBF ay? ? 
when 
(ax? + by? —c7z?=0, 
5. Verify Euler’s theorem for 
(i) z=ax?+2hxy+ by’. (ii) z=(x?+xy+y?). 
(iii) z=sin7! yt tan *. . (iv) z=x" log - 
_ xtayt 
(vy) z= ae 
x? + ys 


6. Ifu=f(y/x), show that 
Quy Ou 


x+y —(). (D.U. 1950 ; P.U. 1954) 
gx dy 
7. If z=xy f(x/y), show that 
02 4, Oz (P.U.) 
x ait +y ay 22. 


$ 

8. if z=tan (y+ax)+(y—ax)? , find the value of 
az Oe 
ax“ oy? 

9. Ifz=tan—(y/x), verify that 


ee : PU. 
axt t aya ~° | eu) 


(P.U. 1945) 


12. 


13. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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If zix+y)=x? + y’, show that 
oz = gz ) ( Oz ez ) 
ee =4( 1— “-— “= }. (Allal.atad) 
ox dy gx dy 
3 
If z=3xy—y?+(y?—2x)2 , verify that 
Oz _ #2 ang 2 o =( 2 zy" (M.T.) 
axay  ayax d ox? axay/ ° 
2. 
If u=log x, prove that x Me ty aol 
(a) If u= -sin-1 +e , show that x My gu =tan u. (P.U. 1954} 
x- gx dy 
(>) If w-=sin~} vx— 4 Show that 
NX> oy 
gu ou 
aia Oe a= P.U. 1955 
x axe +y ay 0. ( > 
If z=f(x- ay)+9(x—ay), prove that 
0°z a 0°z 
ay? ax?” 


If z=(x+y)+(x+y)e(y/x), prove that 


«(je ~ Spa) md yen war) 


If he ety v=P(ax?-+ ote prove that 


M4 we gx ae =) “Ty 


Ai find the value of ” which will make 


If g=r" e 
Ai @O 2 d0_ _ 00 M.T. 
= op (+ or Jat * ( ) 


If u=f(r) where r= v(x?+ y?), prove that 
aru ou — Fi ! 1 tA 
ay? =f (r)+— fr). 


gx” 
If u=log (x?+ y?-+z?), prove that 
eu Ogu Oru 


-—— = 


* ayaz Ozax 7 axay’ 
If V=r™ where r?°=x?-+ y? 427, show that 


av av av 


ot =m(m-+1)r4—*, 


ax? Tay? Tact 
If u=tan- oS ~ , find 
x— 
2 
cae ‘ “pao +y? os (D.U. Hons. 1953) 


{Refer Ex. 3, p. 201] 
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Differentiating (2), w.r. to x and y, we get 


02 = 3 gu y 2 dru 
ax? =2 sec" u tan u( ax +sec*u ax? ’ 
Oz iy oct Qu du » Ou 
ayax sec’ u tan u ay ax + secu ayax ’ 
2 2 2 
a =2 sec*u tanu (m) + sec?u oa 


As z is a homogeneous function of x, y of order 2, we have, by Cor. § 10°81 
P. 199. 


0z 072 
~, =2(2—1)z=2z. 
axay ay’ (2—Tz=22 
Making substitutious, we obtain 


oO lt O7u O7u 
2 24 vo 2 _ 
sec ul Woxt tT YGxay TY a | 


2 3 
+2 secu tan u | (46) +2xy ne o +y3 () |=2« 


Using (3) p. 201, we obtain 


2 2 2 
sec*yu | Os +2xy Ao +y oe | =2 tan u—2 sec*u tan u. sin? 2u. 
3 2 2 
ee +2xy oe +y? i =(1—4 sin’u) sin 2u. 
22. If 

$ 1,3 \t 

u=sin™ je = " 
L x? +y? J 


show that 


Oru Ou au tanu ° 1949 
Wat +2 a oy + y? at 144 ( 13 + tan*u ). (D.U. Hons. 1949) 
10:82. Choice of independent variables. A new Notation. To 


introduce the new notation, we consider a particular case. Suppose 
that 


x=rcos 6, y=rsin 0; . . (1) 
and we are required to find 0x/ar. 


Before beginning partial differentiation, we have to ask our- 
selves a question. ‘What are the independent variables?” Hitherto 
the notation has always been such as to suggest readily what the 
independent variables are and no ambiguity was possible. 


In the present case we have four variables x, y, r, 6 connected 
by two relations so that any one of them may be expressed in terms 
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of two of the remaining three. Thus, X may be expressed in terms of 
(a) r, 9; or (b) r, y ; or (c) 8, y. 


In case (c), @x/¢r has no meaning. In cases (a) and (b), where 
ox/ar has a meaning there is no reason to suppose that the two values 
of (@x/or) asdetermined from them, where we regard @ and y con- 
stants respectively, are equal. Some modification of the notation is 
therefore necessary to distinguish between these two values. 


For the sake of distinction, these two values are respectively 


denoted as 
ar 0, Lar 
or J0, Lor _ly. 


x or 
Thus Ea means the partial derivative of x w.r. tor when 


r, 8 are the independent variables. 


From x=r cos @, we have 
Cx | 
Ea g= 008 0. 
r ox . 
T'o find |= |. we have to express X in terms of r and y. 


From (i), we obtain 


r?=x?+)" so that X= 4/(r?—y?). 


ox r ro 
a | Vey eo 
r Cx ex | 
Th =| cx | 
or le “Lar 


Ex. 1. If x=rcos 6, y=r sin 6, find the values of 


Lo6 |, KK |e Rae KH \ ar and Ee \- 
(P.U. 1938) 


Ex. 2. vis the volume, s thecurved surface, h, the height andr the 
radius of the circular base of a right circular cylinder, show that 


o(Sh (l= (8-28) 


Ex. 3. Explain the meanings of the partial differential co-efficients ax/gr 
and gr/@x where x, y are the rectangular cartesian co-ordinates ofa point and 
r, 9 are its polar co-ordinates. Prove that 


at ee =1{(£)4 (+ |. (P.U. 1936) 
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Ex. 4. Prove that 
a0 a\logr) _—s @*(log r) ] - 
axay~  axt yt E808 29, 
where 
xX=rc0O3 6, y=rsin 9. 


10:9. For the following «developments, it will be assumed that 
JS(X, y) possesses continuous partial derivative w. r. to x and yin the 
domain of definition of the function. 


10:91. Theorem on Total Differentials. We consider a func- 

tion 
Z=f(x, y). ..(i) 
Let (x, y), (x+6x, y+é6y) be any two points so that 6x, dy are 


the changes in the independent vnriables x andy. Lot 6z be the 
consequent change in Z. 


We have 
Z+6zZ=f(x | 8x, y-+ dy). .. (il) 
From (i) and (i/), we get 
6z=f(x +éx, y+8y) f(x, y) 
=[ f(x béx, y+édy)—f(x +éx, y)] 
+HIA(% FOX, y)—f(X y)] (ili) 
so that we have subtracted and added 


Here the change 6z has bcen expressel as the sum of two 
differences, to each of which we shall apply Lagcange’s mean vilue 
theorem. 


We regard f(x+6x, y) asa function of y only ; x -éx being 
supposed constant, so that by the mean valuz theore.n, 


S(x+6x, y-+-dy)—f(x +Ex, y) =eyf, x +Ex, +O, FY). 
We write 
f(x +6x, y+6,6y) —fi(X, Yj = Ly ooo (IV) 


so that <, depends on 6x, d6y, aid b2cause of the assumed continuity 
of f,(x, y) tends to zero as éx and $y both ten‘1 to 0. 


Again we regard f(x, y) asa function of x only, y being sup- 
*posed constant, so that by the mean value theorem, we have 


f(x +8x, y)—f(X, y) =8xf,(% +,EX, y). 
We write 
F(X +6,8x, y)—f(%, y) =e) oo (V) 


so that «, depends upon éx and, because of the assumed continuity 
of f,(x, y), tends to 0 as 6x tends to 0. 
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From (iii), (iv), (v), we get 
6z= dxf,(X, Y) tony (X, Y)-+€,5% +e,y 


_@ Bx byte dx+e,6y. 
ax 
LL yaa LL —~--— 


Thus the change 8z in = consists of two points as marked. Of 


these the first is called the differential of z and is denoted by dz. 
Thus 


i= 6x + -—dy. ...(V1) 
Let 


so that 
dx=dz=1 . 8x==8x. 


Similarly, by taking z=y, we show that 
éy:=dy. 


Thus (vi) takes the form 
az 
dz = — dx 
Ax +¢ 


It should be carefully "ted that the differentials dx and dy of 
the independent variables x and y are the actual changes 5x and 8y, but 
the differential dz of the dependent variable z is not the same as the 
change §z ; it being the principal part of the increment 8z. 


Cor. Approximate Calculations. From above we sce that the 
approximate change dz in z corresponding to the small changes 5x and 
dy in x,y is 


92 az 
AX dx -- ay dy ; 


which has been denoted by dz. 
Examples 


1. Find the percentage error in the area of an ellipse when an 
error of + J per cent, is made in measuring the major and minor axes. 


If a, b, A denote semi-major axis, semi-minor axis and area of 
an ellipse respectively, we have the relation 


A=nab. 
0A AA _ 
Here aa = 7), = =a 


dA=anbda-+mnadb. 
Since we are given that 


a b 
da= Thy = i650" 
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74) mab 2A 
~ 100 “100 100 * 


Therefore the percentage of error in A=2. 


dA 


2, The sides of an acute-angled triangle are measured. Prove 
that the increment in A due to small increments in a, b, c is given by the 
equation 


bc .sin A . 8A=—a(cos Cdb+cos Bdc—Sa). 


Supposing that the limits of error in the length of any side are 
-+u per cent, where pis small, prove that the limits of error in A are 
approximately 


+1°15(a?/be sin A) degrees. (M.T.) 
From elementary Trigonometry, we know that 
2 2__ 772 
2 cos Ante @ 
be 


Here A is a function of three variables, a, b, c. 


sin A. ddmre’ Te ) ab 
eM ate) o— da, 
or —2sin A. dA= Ct db pt de da. 
| _ 2a) cos C db? £4 £08 Bye 2a da 


bc sin A . dA==—a(cos C . db+cos B. de—da). 
Tho limits of the errors db, dc, da are 
+byu/100.  -eu/100, Lap /100. 


As the triangle is acute-angled, therefore cos B, cos C are 
positive, Therefore the limits of the error dA are 


—a(bcosC-+ccosBta) 4 —a(—bcos C—c cos B—a) p 


a cee et -- a 


bc sin A "100° besin A =—<“‘i—~“C:«C«iOD 
; 2a? u dj 
ey thesin A * io9 T0l4ns 
or 2a" # | «180 degrees 
thesin A’ 100 ‘a °° 
or +-(1:15 ) ve degrees approximately 
: be sin A PP 
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Exercises 


1. Find the percentage error in calculating the area of a rectangle when 
‘an error of 2 per cent is made in measuring its sides. 


2. Show that the error in calculating the time period of a pendulum at 


any place is zero if an error of + per cent be made in measuring its length 
and gravity at the place. 


3. Ina triangle ABC, measurements are taken of the side c¢ and angles 
A,B and lengtha is calculated from these measurements. If Ac, AA, AB 
aare the small errors in these measurements, show that the error Aa in a is 
given by 
_ _csinB AA+ sin A t (ALB)AB . 
Aa = sin? (A+B) sin (A+ By 4°74 © JAB. 


. ABC, is an acute-angled triangle with fixed base BC. If 8b, dc, 6A 
and 6B are small increments in 5, c, A and B respectively, the vertex A is given 
a small displacement 6x parallel to BC, prove that 


(i) c6b+bd8c+be cot AdA=0. = (ii) cOB+ sin BSx=0. (M.T.) 


5. The area of a triangle whose sides are a, b,c is A. Prove that the 
error corresponding to errors 6a, 66, dc in the sides is approximately given by 


2ASA=s°Sp —s5q—abess, 
where W=atbte, 2p=a?tb+c’, 3g=a? +5? +03. (M.T.) 


6. The work that must be done to propel a ship of displacement D for a 
distance sin time ¢ is proportional to 


s°D 312, 


Find approximately the percentage increase of work necessary when the dis- 
placement is increased by 1%, the time diminished by 1%, and the distance 
diminished by 3%. 


7. The height / and the semi-vertical angle « of a cone are measured, and 
from them 4, the total area of the cone including the base, is calculated. Ifh 
and « are in error by small quantities §/ and dx respectively, find the corres- 
ponding error in the area. Show further thai if a=7/6, an error of +1 per cent 
sn A will be approximately compensated by an error of —0°33 degree in a, 


(M.T.) 
10-92. Composite functions. 
Let 
r=f(Xx, y) ; .(i) 
‘and let 
x= (t) .«(Hi) 
y= y(t), (iti) 


go that x, y are themselves functions of a third variable f. 


The functional equations, (i), (i/), (1) are said to define z as a 
composite function of t. : 

Again, let x=A(U, v,), ...(10) 

y=u(y, v) ; mn (2D) 

so that x, y are functions of the variables u,v. Here the functional 


equations (i), (iv), (v) define zas a function of u,v, which is called 
a composite function of u and v. 
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10:93. Differentiation of composite functions. 
Let 
z= f(x, y); 
possess continuous partial derivatives and 
let x=9/(t), 
y= Ht), 
possess continuous derivatives. 
Then 
dz gz ax dy 
dt ~ ox ° dt "oy ‘dt™ 
‘Let t, t+6t be any two values. Let 6x, dy, 6z be the changes 
in Xx, y, Z consequent to the change é6¢in t. We have 
x-+8x=9(t+50), y-+dy=p(t+ 82) 
Z-+8z=f(x+6x, y+dy) 
6z=f(x+éx, y+dy)—f(x, Y) 
=[f(x +6x, y+dy)—f(x, y+ Sy)] 
+[ f(xy Pay) —Ms y)} 
As in § 10°91, p. 207, we apply Lagrange’s mean value theorem 
to the two differences on the right, and obtain 


§Z== Exf,(X+6,Ex, y+Sy)+ dyfu(x, y+46,5y), 
0<0,, 0, <1). 


82 PE (x4 ,8%, ¥+8Y) + Hy, VAY). «(0 


Let 5t-—>0 so that ¢x and d6y->0. 
Because of the continuity of partial derivatives, we have 


lim SAX+9, bx, y+dy)=f,(x, y= 


( dx, Sy)->(0, 0) ay 
lim = fu(x, V+6,6y)=fo(x, y)= ~ 
Sy—>0 y 


Hence, in the limit, (i) becomes 
dz oz dx a dy 


dt = ox (at Vy ° at a. (Ul) 
Corl. Let 
z=f(Xx, y), 
possess continuous first order partial derivatives w.r. to x, y. 
Let 
X= 9(U, v,), 
y= b(U, v), 


possess continuous first order partial derivatives. 
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To obtain 9z/9u, we regard v as a constant so that x and y may 
be supposed to be functions of u only, Then, by the above theorem, 
we have 

02 0Z Ox _ QZ ay 
qu gx gu ' ay Qu 
It may similarly be shown that 
0% _0% OX oh ey 
ov OX" OV OY av’ 
Examples 
1. Find dz/dt when 
Z=xy*+x*?y, x=al?, y=2at. 
Verify by direct substitution. 


Now 
az, a2 
i 2xy, —-=2x x?, 
dx dy 
ap et p24: 


Substituting these values in (ii), § 10°93, p. 210, we get 
a =(y*+2xy) Zat+(2xy+x?)2a 
= (4a7t? +-4a7t3) 2at+ (4023 +-a?t#)2a 
—a3(16t3 +1023). 
Again 
z= x*y +xy?=2a5t + 4a5t4, 
©. 10a%t*+ 16a =a"( 1629 +1Ct'). 
Hence the verification. | 
2. zisa function of x andy. Prove that if 
x=e" +e-?, y=e-*—e”, 
then 
OF Oz OF _y (D.U.1955; LU.) 
ou av ox oy 
We look upon z as a composite function of 4, v. 
OZ OZ %QOx , GZ ay 


re cat Sonia enmity eS 
e 


au ax "au Ty ° eu 


a) 
.€ 3 


QZ 02 = 0X | OZ OY. 


+ meres REED 
ed 


av ax * av ay’ ev 
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Subtracting, we get 


OZ 02 02 pin, gv 9% pou __ ot 
au av ax e"-+ e-”) ay eo e”) 


QZ OE 
~* ax” ay 
3. If H=f\y—z, z—x, x—y) ; prove that, 
oH oH 3H _ 
ax oy” ez 
Let 
U=y—Z, V=Z—X, W=X—Y, 
so that 


H=f(u, v, w). 
We have expressed H as a composite function of x, y, z 


oH oH ou 0H av 0H ow 
ox ou’ ax T gy * ax 


gw * Ox. 
aH oH oH 
~~ oll Or ov (a ; 
H H ; 
_— —* < a wo(L) 
Similarly 
oH oH oH 
‘ay aw Tau 
oH _ 08 4 oH 
gz Qu av” 


Adding, we get the result. 


4. His a homogeneous function of x, y, z of ordern ; prove 
that | 


ety oe anaes <= NZ. 


[This is Euler’s theorem fos & “homogeneous function of three 
independent variables.] We have | 


. H=x"f E 1x ele xf(u, v) where y/x=u, z'x=¥. 


oH nel nfOf. ou. of av 
ax ==Nx"-f(u, +x @ar ax tay ax 
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But 
qu _y ov Zz 
ax xP axe 
Hence 
AH . of of 
eet yyn-l _. Xn-2 
oe nx"-If(u, v)—-x" ( » Vou 2 ay 
Again 
2H. (af Ou Of =.) 
ay ou ody ov oy 
— x7-] af , for ou _ | . ov =(, 
QU oy x” ay 
Sunilarly 
OH nt of . 
OZ ov 


2 OM 4 58 or 42 acs nxnf (u, V)==nz. 


10:94. Implicit functions Let f(x, y) be any function of 
two variables. Ordinarily, we say that, since on solving the equation 


. I(x, y)=0 -+-(Z) 
we can obtain y asa function of x, the equation (/) defines y as 
an implicit function of x. 


& 


There arises a theoretical difficulty here. Without investigation 
we cannot say that corresponding to each value of x, the equation (1) 
must determine one and only one value of y so that the cquation (7) 
always determines, y, as a function of x and in fact, this is not the 
case, in general. The investigation ofthe conditions under which 
the equation (i) does define yasa function of xis not, however, 
within the scope of this book. 


Assuming that the conditions under which the equation (1) de- 
fines y as a derivable function of x are satisfied, we shall now obtain 
the values of dy/dx and d*y/dx? in terms of the partial derivatives 9 f/ox, 
a Slay, o* flax*, a* floxey, o*flay® of ‘f’ w.r. to x and y. 


Now, f(x, y) is a function of two variables x, y and y is again 
a function of x so that we may regard f(x, y) as a composite function 
of x. Its derivative with respect to x is 


of dx of dy Le. OF, af dy 
ax ° dx 'dy * dx” 9x ‘ax ° dx ~ 
Also f (x, y) considered as a function of x alone, is identically 
equal to 0. Therefore its derivative w.r. to x is 0. 


Hence of <i dy ==Q), 
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dy oflox ss Sx sg ¢ 4. 
i.e., ax aflay = F if L\+ 


Differentiating again w.r. tox, regarding 9f/ax and af/ay as 
composite ny of x, we ee 


Ari eyes of( of of * 
dty (Get OYOX aX OY OX \OX0Y __ ay? _ ax, 


dxt 
x (LY 


bay) —? of of af 4 (2) 


ox? 


_ oyex” dy ay___—aay” SOx. 
of 
(sy) 
Hence 
dy _ fe ii) 
dx *£, 9 rr | ) 
and 
d’y _ f,?(f,)?—21,,f, fy +f, (f, x) 


cole i aan (ii 


Without making use of § 10°93, we may obtain dy|dx also as 
follows : 


Now S(x, y)=0. 


Let 5x be the increment in x and dy the consequent increment 
in y, so that 


f(x+8x, y-+8y)= 


S(x+6x, yy) —f(x, y)= 


.Or 
I(x+8x, y-+dy)—f(%, V+OY)+L(%, Y+8y)—S(%, Y)=9. 
Sxf,(%-+ 0, 8x, y-+8y)+dyfy(x, V+9, Sy) =0, 
or 
éy _ _ SAX +6,8x, y+8y) 
ox Sy(X, V+ 4y) 
Let 5x —> 0 
d f 
= ~{f 9 if f,=40 
a Example 
Prove that if y>—3ax*?+x3=0, then 
d?y 2Qatx® 


axa t ys = 
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Let 
I(x, yy=yi—8ax*+x =0. 
Se= — Gax+3x?, fy=3y? ; 

f= —-6a-+- 6x, tiv =0, f,? =6y. 
Substituting these values in (iii), on p. 214, we get 

dy 6(x— —a)9yt+ +(3x*—6ax)?6y 

dx? BT y6 
9 9 (X —a) (Bax? — x) + (x?— 2ax)? 

y® 


— 


a?x2 
2 ys . 
d?y 2Qarx? 


Or, directly, differentiating the given relation w.r. to x, 
sy? = Gax—32", 


dy __2ax—x? 
dx y® 
dy _(2a—2x)y*—2y(2ax—x*) dy|dx 
dx? — y3 
(2a—2x)y?— 2y(2ax — x?)(2ax —x?)/y? 
— ys es 
_ 2(a—x)y3 —2(2ax—x?)*_— Qa*x? 
yp 
as before. 
Exercises 
If u=x—y’, x=2r—3s+4, y=—r+8s—S, find gu/ar. 
If z=(cos y)/x and x=u?—v, y=e”. find 9z/av, 
sina , = OS ¥ v= cos * , find gz/@x. 
COS Vv sin.x sin y 
If u=(x+y)/(1—xy) ; x=tan (2r—s*), y=eot(r’s), find gu/ds. 
Find dy/dx in the following cases :— 


hm wy N = 
| a | 
=, 
WN 
; 


(i) x sin (x—y)—(x+y)=0. (ii) ye =sin x. 
(iii) (cos x)¥ —(sin y)?=0. (iv) x¥==y*, 
(v) (tan x)¥ +e T= aq, (P.U. 1955) 
6. If F(x, y, z)=0 find 9z/9x, az/ay. (P.U. 1938) 
J. If z=xyf(v/x) and z is a constant, show that 
S(y|x) _ xy +x(dy/dx)} 


folx) yly—x(dy/dx)y (P.U. 1934). 
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8. If f(x, y)=0, 9(y, z)=0, show that 
af ay dz of Oy P.U. 
dy (@z dx 9x ay © : ey 
9. If xv—y’)+ yv(1—x2)=a, show that 


q ae (P.U. 1935) 
(1—x*)3 
10. Ifuand v are functions of x and y defined by 
x=ut+e" sin u, y=vt+e4 cos u, 
prove that 
ou _dv 
dy gx” 
il. If A, B, Care the angles of a triangle such that 


sin? 4+sin? B+sin? C=constant, 


(P.U. 1936): 


prove that 
dA __ tan C—tan B 
dB tan A—tan C° 
12. If ax*?+ 2hxy + by? +29x4-2fy +c=0, prove that 
Ay abe '2fgh~af? —bg? — ch° 
dx? (hx-- by +f)? 


(P.U. 1937¥ 


13. Show that at the point of the surface 
x*yV 2% =¢ 
where x=y=z, 


14. Find d’y/dx’ in the following cases :— 
(i) x8+ y3=3axy. (P.U.) (ii) x'-| yt=4a*xy. 
(iii) x°+y5=5a3xy. (iv) x>-| y5= 5a3x?, 
15. Uf f(x, y)=0 and f,+0, prove that 
dx __ fy d’x __ fal fu —2fryfefu ful fey. 
dy fe ’ dy’ . (fz) “ 
16. Given that 
I(x, yyH.xP+ y3—3axy=0, show that 
d'y dix _  4ae 
od dx** dy? — xy(xy—2a*)3 
17. If u is a homogeneous function of the mth degree in (x, y, z) and if 
. u= f(X, Y, Z);- 
where X, Y, Zare the first differential co-efficients of, u, with respect to x, y, z 
respectively, prove that 
Ff iyAf az OF 8. 
Xx aX +Y oy +Z aZ n—i * 
(Delhi Hons. 1950) 
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APPENDIX 


EQUALITY OF REPEATED DERIVATIVES 


A. 1. Equality of f,,, and f,,. It has been seen that the two 
repeated second order partial derivatives are generally equal. They 
are not, however, always equal as is shown below by considering two 
examples. It is easy to see a priori also why f,, (a, 6) may be diffe- 
rent from fy (a, b). 


We have 
f(a, 6) = lim folate i 0) Ha. b) 
h—->0 l 
Also f,(a-|-h, b)=lim fia--h, p+) —f(a+-h, b) 
kA ->0 
and f(a, b)= lim I(4, Prk) fa?) 
k-—>0 
.fry(@, b)=lim Jim Navn OK Hath. b)— fla, b+k)-+f(a, 6) 
° h-->0 k +0 1k 
(ht. k) 


= lim lim 


, say. 
h-0OA--0O hk 


It may similarly be shown that 


f, Aa, b)= Jim lim d(h, K) 
k—->Oh->0 hk 


Thus we see that f.,(a, b) and fy,(a, b) are repeated limits of the 
same expression taken in different orders. Also the two repeated 
limits may not be equal, as, for example 


, h—k h 
lim lim ;-—, = lim =], 
h>O0k—>0"tk p59 ht 
and lim lim h—k = lim TK oy, 


k—-OnsOAt+K  Z_y9 & 


Examples 
1. Prove that fi, fy, at the origin for the function 


fx, y)= Xy(x? — y*) 


xt ye” 
when x, y are not simultaneously zero and f(0, 0)=0.(D.U. Hons. 1954) 
We have f,,(0, 0)= lim Mork.) —fu(0, 0) (1) 


h—+0O 
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k—->0O 


= lim 


and Sy (h, 0) 


k—-0O 


= lim 
k—>0O 


=: lim 
h—>0O 


k 
iC k)—f(0, 9) = lim 
k k—>0 
Sth, Ok) —fil, 0) 
k 


hk(h®—k?) 


“k(hep key 


Thus from (1), (2) and (3) 


where 


FSry(9, 9) 


Again f,,(0, 0) 


and F,(0, k)= 1 


= lim 
h— 


= lim 
k—0O 


= lim 
h-—->O 


From (4), (5) and (6), 
Syx(0, 0)= Jim 


Thus f,,(0, dates 1p 0), 


2. Show that 


_ —+>0O 


h—0O 
a=], 


F0, OF) —Fa(0, 0) 
k 


h h—0O 


m LO+h, kK)—fO, k) 
h 
h—>o0O 


hk(h®@—k?) _ 
“h(h? +k?) 


—k—0 
. k= ——l, 


Fey, NFfy2(9; 9), 


y 


f(x, y)=x* tan“? © —y* tan" s 


if xy=40 and is zero elsewhere. 


a 


We have | 
Fry (9, 0) = aa 
SA, 0)= lim 
k—->0 
x= lim 


k—->0 


f,(h, 0)- ful (0, 0) 


th Bf 
k 


1 (he 1 ps ~} 
aC tan i k? tan 


{ 


.+(2) 


..(3) 


(4) 


. (5) 


...(8) 


(B.U. 1953) 


ee nayeatanapting, 


k 


E) 
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, tan—1k/h h ] 
= —k tan-! -— 
dim [ (Fai) on 
=h.1—0=hA, for [tan-11/t] > last — 0. 
f,(0, 0)= tim HNO.) 


k—>0 
< Sy, 0) = lim “8 =. 
h—>0 
We may similarly show that 
Fy x(0, 0) = 


Hence the result. 


A. 2. Equality of f,, and f,,. Theorem. /f z=/(x, y) possesses 
continuous second order partial derivatives a2z/axoy and 92z/ayox, then 


O°Z he 
axay  ayax 
Consider the expression 
p(h, k) -f(x+h, y+k)—f(x-+h, y) )— fix, y+k)+f(x, y). 
For the sake of brevity, we write 
p(x) =f(x, y+k)—f(x, y), --(1) 
so that 
o(h, k) =p(x +h) (x). ...(2) 
By Lagrange’s mean value theorem, 
W(x +h) — p(x) =hyp’ (x +0,h). 0<6,<1. ...(3) 
Also 
Y'(x) =f,(%, Y+k)—f,(*, Y). -+(4) 


o(h, k)=h[ f,(x+0,h, y+k)—f(x+6,4, y))- ...(5) 


Again applying the mean value theorem to the right side of (5), 
we obtain 


o(h, k)=hk fy(X +6, h, y+-6,k). 0<6,<1. 
Thus 


ot, * ko of ( X+6,h, y + Ook). .».(6) 


Again considering Fiy)=f(x+h, y)—f(x, y) instead of %(x) and 
proceeding as before, we may prove that 


Oo fal 8+ Oh, y+ Oh). ...(7) 
Say(*+ 4, A, Y+ Oak) fay (x+ 43h, y+ 04k). 
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Let h - 0 and k - 0. Then, because of the assumed continuity 
of the Partial Derivatives, we obtain 


Surl*, y= ay(*s y). 
A. 3. Taylor’s theorem for a function of two variables. 


If f(x, y) possesses continuous partial derivatives of the nth 
order in any neighbourhood of a point (a, b) and if (a+h, b+k) be 
any point of this neighbourhood, then there exists a positive number 0 
which is less than ], such that 


fla+h, b+ k)=fla, b+(h +k) .) fla, b) 


I ra o\? 
tar( h +k sy) fla, D) Livccececcueee 
l o oO n—1 
+k, +qu—7 h ax -+-k ay ) f(a, b) 


] o O\” 
7 oO 4 . . Ly. 
tind h ax +k py ) Slat oh, b+6k). (0<d<1} 
Lemma. 
We write 


| r=f(x, y) ; 
and 
x=-a--ht, y=b-+Kkt, 
so that Zz is a function of ¢. 
Now, we have, by § 10°93, p. 210, . 
dz @0z dx @6z dy 
dt = 6x ° “att oy * dt 


OZ OZ 


Now, we agree to write 
OZ Oz 0 0 
hay th oy =( h gy tk oy ) 7 
in the form of the operator 


OZ Oz 


sd Ox +k oy 
operating on the operand z. 


dz 0 0 
an" ax tk a) ? 
This equality shows that the operators 
d 1 Oo Q 
“Ot and h Ox +k oy 
are equivalent. 
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tmploying the equivalence of these two operators, we obtain 
az d (2 
dt®~ dt iu) 
d 7) 0 
=a at oy 


O Oo 3) oO 
=(haotk oy A ax tk yy) # 
If, now, we agree to write 


Ca +k )(# og +4 » =U atk oy) 


d?z re) o \ 
a(t gy th wy )t 


Continuing in this manner, we see that 


dz O oN" 
roe. ay tk —--} Z, 


we have 


where the operator 


7) Qo \" 
(4 ax +* yy) 
implies the repeated application of the operator 
0 0 
(Ch ae tk sy ) 
ntimes. Thus we have arrived at the following result : 
If z=f(x, y) and x =a+ht, y=b+kt, where a, b, h, k, are cons- 
tants, then ” , 5 \n 
dt” =(4 ae tf ay ) a 
Proof of Taylor’s Theorem. 
We write 
f(x, y)=flat+ ht, b-+kt)=g(t), 
and apply Maclaurin’s theorem to the function g(t) of the single 
variable f. 
There exists a positive number 6 between 0 and 1 such that 


[2 
9(t)=9(0)-+t9'(0)+ 9 y-G'O) Fore eeere eee ee eee ees 
{tr 1 _ {” n 
+ oe cee + (n—1)! g” 1(0)-+ n ! g (6t). 
For t=1, this becomes (O<@<1) ..(f) 


(1)=9(0) +9") + 5) 9" O)Fe eee 


I 
eee. rears 9-0) +57 9"(4)- 
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Now 
g(1)=f(a+h, b+k). 
—9(0)=f(a, 5). 


Also since 


g()=(h Stk =) fx, »); 
9(0)=( h Lok 57) fa, b), 


oO 2 
g"(0)=(h +k ) fla, b), 


F) n-1 
g*-1(0)=( h ay tk =) f(a, b), 
g"(0)=(h = +k =) flatoh, b+6k), 


Substituting these values in (i), we have the Taylor’s theorem’s 
as stated. 
Exercises 


1. Show that 


Oo Cn Pe Cae _0*z Or 
(i) (2 ax +k S-)z h ax + 2hk aay 4k? a 


jf OL OL ; —}3 o8z 2 o°z 
(ii) (ih ax +k oy ) z=h xi +3h k gxtgy 
+3hk? Oe, +k oa 
2. By mathematical indication or otherwise, show that 
8 yy OV pn dtz —p O72 
(2 aX +k S) Z=haxnt Beh" "he pny t beans 
nz 
-+- +%c,h" rk ax Mra yr +......4 
n 
Picecececceveas +kn o 


3. Show that 


(i) sin x sin y=xy— $1 (x8 +3xy’) cos 9x sin Oy 
+(y? +-3x’y) sin 9x cos Oy);0< 6 <1. 


(ii) e sin by=by+abxy 
+4. e¥[(a®x® —3ab*xy’) sin v+ (3a°bx*y —b*y*) cos v], 
where u==a9x, v=D6y. 
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MAXIMA AND MINIMA 
A. 4. Maxima and Minima of a function of two variables. 


Def. Maximum value. f(a, b) is a maximum value of the function 
I(x, y), if there exists some neighbourhood of the point (a, b) such that 
for every point (a+h, b--k) of this neighbourhood, 
f(a, b)>f(a+h, b+k). 


Minimum value. f(a, b) is minimum value of the function f(x, y), 
if there exists some neighbourhood of the point (a, b) such that for 
every point (a-++h, b+-k) of this neighbourhood 

f(a, b)<f(a-+-h, b+k). 
_ Extreme value) f(a, b) is said to be an extreme value of f(x, y), 
if it is a maximum ora minimum value. 


A. 41. The necessary conditions for f(a, b) to be an extreme 
value of f¢x, y) are that 
f(a, b)=0, f,(a, b)=0. 


If f(a,.b) is an extreme value of the function f(x, y) of two 
variables x and y then, clearly, it is also an extreme value of the 
function f(x, b) of one variable x for x=a and as such its derivative 
f(a, b) for x==a must necessarily be zero. Similarly we may show 
that 

f(a, 6)=9. 


Note 1. As in the case of single variable, the conditions obtained above 
are necessary and not sufficient. For example, if f(x, y)=0 when x=0 or y=0 
and f(x, y)=1 elsewhere, then 


f.(0, 0)=-0, fy(0, 0)=0, 
but f(0, 0) is not an extreme value. 


Note 2. Stationary value. A function f(x, y) is said to be stationary for 
x=a, y=b or f(a, b) is said to bea stationary value of f(x, y) if 


f(a, b)=0, fy(a, b)=0. 


Thus every extreme value is a stationary value but the converse may not 
be true. 


A. 42. Sufficient conditions. To show that 
f,(4, b)=0, f,(4, b)=0, 
and 
f(a, b)= A, Siy(4, b) =B f,7(4, b)=C 
then 
(i) f(a, b) is a max. value if AC—B*>0 and A<0, 
(ii) f(a, b) is amin. value if AC—B*>0 and A>0, 
(iti) f(a, b) is not an extreme value if 
AC— B*<0, 
(iv) the case is doubtful and needs further consideration, if 
AC — B?= 0, 
It may be noticed that A0 if 
AC— B?>0, 
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' By Taylor’s Theorem with remainder after three terms, we 
obtain 


Aath, bk) =f(a, b+ (h = +k 5) fa, b) 


l Fy 0.2 
+5 (4 Ox +k 5) fla } 


1 | r) Qo \3 
T3 (CA ax tk =) f(a+ 6h, b+6k), 


or fiat+h, b+k)—f(a, b)=hf, (a, b)+Kf, (a, b) 
+4[*f2(a, b)-+2hkfiy(a, b)+ kfc? (a, b)} 
LMHS PU, 0) + BHA fay %(u, 0) + SARL .2(u, v) +Kf%(u, v)] 
where u=a-+6h, o=b- 6k. 
Now | 
f,(a, b)=0, f,(a, 6) =0. 
Also, we have written 
f,7(4, b)=A, Sy (a, b) = B, fy*(a, b)=C 
flath, b-+k)—fla, b)=}Ah®-+ 2Bhk-+ Ck?) +2, 
where Pe is of the third degree in / and k. 
We assume that for sufficiently small values of h, k, the 
sign of 
4(Ah? +2 Bhk-+ Ck?) +-p 
is the same as that of 
Ah? +-2Bhk + Ck?. 
Case 1. 


Let AC—B*?>0. In this case neither A nor C can be zero. We 
write 


Alit4-2Bhk 4-Ck?=~7- [(Ah+ Bk)?-4-(AC— BK?) 


Since AC — B? is positive, we see that 
(Ah-+- Bk)? +-(AC — B®)k? 
‘is always positive except when 
Ah-+-Bk=0, k=0. 
i.e., when h=0, k=0, when it is zero. 
Thus we see that Ah?+-2Bhk+-Ck? always retains the same sign 
which is that of A. Ss a 


Thus f(a, b) is an extreme value in this,.case and will be a 
maximum or minimum according as A is negative or positive. 
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Case II. 
Let AC—B* <0, 
Firstly, we suppose that A440. We write 
Ah? +-2Bhk 4+-Ck? =[(Ah+ Bk)?+ (AC — B*)k*]/A. 

Since AC — B? is negative, we sce that this expression takes up 
values with different signs when kK=0 and when A/l-+ Bk=°; 

Thus in this case f(a, b) is not an extreme value. 

The proof is similar when C340, 

In case A=0 as well as C=0, we have 

Ah? +.2Bhk +. Ck? =2Bhk, 


so that the expression does assume values with different signs and 
accordingly f(a, 5) is not an extreme value. 


Case III. 
Let AC—B*=0. 
Suppose that 440. We have 
Ah? +. 2Bhk-+- Ck? =[(Ah+ Bk)?+(AC—B?)k?]/A 
= (Ah-4+-Bk)?/A. 
Here the expression becomes zero, when 
Ah+ Bk=0, 
so that the nature of the sign of 
fia+h, b+k)—fia, b) 


depends upon the consideration of p. The case is, therefore, doubtful. 


If, now, A4=0 then, because of the condition AC= B2, we: must 


have B=0. 
Ah?+ 2Bhk-+ Ck?=Ck?, 


so that the expression is zero when k=0 whatever h niay be. The 


case is again doubtful. 
Examples 


1. Find the extreme values of 
xy(a—X—y). 
We write 
f(x, y) =xy(A—X~y) =axy— xy — xy?, 
F(X, Y= ay—2xy—y’, 
fuolxX, y)=ax—x®—2xy. 
A= (Xx, y)=—2y, 
B=f,y(X, y)=a—2x—2y 
C=f,?(x, y)=—2x. 
We now solve the equations f,=0 and fy=0. 
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Thus we have 
ay—2xy—y?=0, 
ora Bayo} 
These are equivalent to 
y(a—2x—y)=0, x(a—x—2y)=0, 
so that we have to consider the four pairs of equations, viz., 
y=), x=Q; 
a—2x—y=0, x=0; 
y=0, a—x—2y=0 ; 
a—2x—y=0, a—x—2y=0. 
Solving these, we obtain the following pairs of values of x and 
y which make the function stationary : 


(0, 0), (0, a), (4, 0), (44, 34). 
for (0, 0), 
A=0, B=a, C=0 so that AC— B? is negative. 
Thus f(0, 0) is not an extreme value of f(x, y). 
For (0, a), 
=—2a, B=—a, C=0 so that AC —B? is negative. 
Thus f(0, a) is also not an extreme value of f(x, y). 
We may similarly show that f(a, 0) is also not an extreme 
value of the function. 
For (44, 44), 
A= — 3a, B=— fa, C= — 4a so that AC—B? is positive. 
Thus /(4@, 4a) is an extreme value and will be a maximum or 


@ minimum according as, A, is negative or positive, i.e., according as, 
a, is positive or negative. 


The extreme value f(4a, 4a) =-1,a3. 
2. Find the extreme value of 
2(x— y)?—xt— y4, (D.U. Hons.) 
We write I(x, y)=2(x—y)?— x4—y4, 
ae FAX, Y) =4(x —y) — 4x3. 
fulx, y= ey) 4" 
fix, y)=4—12x?. 
Firyl%; y) =—A4. 
Sy?(x, y)=4—12y%. 
We now solve the equations f,=0, fy=0, which are 
4(x—y)—4x3 =0, oe (1) 
sey) —4y*=0.4 »».(2) 
Adding these, we obtain 
—4(x3-+ y3) =0 
or (x+y)(x2—xy+y")=0, 
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which shows that 


either x+y=0 
or "  x*—xy+y2=0, 
We have, thus, to consider the two pairs of equations, viz., 
x—y—x=0 
x+y =o ..-(3) 
x—y—x3=0 
and x? —xy pptaot ++(4) 


The equations (3) give the following pairs of solutions : 
0), (V2, —V/2), (—V2, 1/2). 
The equations (4) give only (0, 0) as the real solution. 
For (0, 0), 
A=4, B=—4, C=4 s0 that AC— B*=-0 

and accordingly this case needs further examination. 

For (4/2, —4/2) 

A=—20, B=—4, C=—20 so that AC— B? is positive. 

*. f(V2, —+/2) is an extreme value and is, in fact, a maximum 
value as, A, is negative. 

We may similarly see that f(—4/2, \/2) is also a maximum 
value. 


Note. The case which arises when x=0, as well as y=0 can be disposed 
of by an elementary consideration as follows: 


Now /f(0, 0)=0. 
For points, (x, 0) along x-axis, where y=0, the value of the function 
a= 2x7? — x4= x?(2 — x?) 
which is positive for points in the neighbourhood of the origin. 


Again for points along the line, y=x the value of the function=—2x! 
which is negative. 


Thus in every neighbourhood of the point (0,0) there are points where 
function assumes positive values i.e., >f(9, 0) and there are points where the 
function assumes negative values i.e., <f(0, 0). 


Hence f(0, 0) is not an extreme value. 
3. Find the minimum value of 
xi yt +23 
when 
ax-+by+tcz=p. 
We write 
u=x*+-y?-+23, 
so that we have to find the minimum value of a function of three 
variables x, y, z which are connected by a single relation, viz., 
ax+by+cz=p. 
We re-write this relation in the form 
z=(p—ax—by)/c, 
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so that z has been expressel as a function of x and y. We now 
obtain 


yaxr ye (PTO PNY, 


where, u, has been expressed as a function of two independent vari- 
ables x and y. 


We have 
a 
g(x, Y) =2x— ; (p—ax —by), 


Uy(X, y)= oy—" 2 ” (p—ax—by). 
Equating to zero these two first order partial derivatives, we 
obtain 
x =ap/(a?-+ b?+ c?), 
y =bp/(a?+b?+c?). 
Again, we have 


2a" 
A-=-U,'(X, y)=2+~)» 
2ab 
B=u,,(X, y)= c2 ? 
3 a | 20? 
C=u, (Xx, y= >? -+- ce ° 
a2 b 4ab2 
— B2— c \ _ 
AC—B 4(1+ - Qt 2) , 


aq® ~~ 
=4 (1+ c2 tua) 
Since AC— B? is positive and, A, is also positive, therefore, u, is 
minimum for the values of x and yin question. The minimum value 
of, u, therefore, is 


p?|(a? + b? +-c?). 
Exercises 

1. Examine the following functions for extreme values: — 

(i) y?+4xy+3x?+ x3, (if) y?-E x®y+axt, 
» (iii) x?-+-xy+y?+ax + by. (iv) x8y?(12—3x—4y). 
v) x*y(x-+2y—4). (vi) (xt-ty2JeO%F 2%" 
(vii) 3x*—y?+x?3. (viii) 2x*p-+x?.— y?4-Qy. 

(ix) 2 sin (x-+2y)+3 cos (2x—y). (x) x8y"(1—x—y). 

(B.U. 1952) 


2. Find all the stationary points of the function 
x31. 3xy?— 15x?—15y?-+ 72x, 
examining whether they are maxima or minima. (D.U. Hons. 1952) 
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3. Find the shortest distance between the lines 
(x—x,) /,=(y—y1)/mi=(z—-21)/" 
(x —Xq)/lg=(¥ —g)/Mg=(Z—Za)/Ng. 


A.5. Stationary values under subsidiary conditions. To find the 
stationary values of 


u=f(X,y, Z, Ww). | o(1) 


where the four variables x, y,z, w are subjected to the two subsidiary 
conditions 


(x,y, Z, W)==0 »o(2) 

U(x, Y, Z, W)=0 ...(3) 

Now, we can look upon the equations (2) and (3) as determin- 

ing any two of the four variables x, y, z, w in terms of the remaining 

two. We may suppose, for the sake of definiteness, that (2) and (3) 

determine z and was functions of x, y. Thus wis a function of x, 

y, Z, w where z and w are functions of xX and y so that wu is essentially 

a function of two independent variables x and y. Therefore for 

stationary values of, u, the two partial derivatives of, u, with respect 

to x and y, obtained after z and w have been replaced by their values 
in terms of x and y, are respectively zero. 


Equating to zero the partial derivatives of, u, with respect to 
x and y, we obtain 


Satse os + fu 5 ae =0 ) ee (4) 
futte = + fo : =0. (5) 


Again, differentiating (2) and (3) partially with respect to . and 
y, we obtain 


Pot Ps : + Fe w= 0 --.(6) 
aw 
yt? y Tee ay =0. ++ (7) 
betUsS: 2 ys 2 =0. (8) 
ow a 
Fy | (9 
ty te sy a ah ay =0 (9) 


If, now, 92/ax. aw/dx, 0z/dy, ow/oy be eliminated out of the six 
equations (4)—(9), we shall obtain two eliminants, say, 
F(x, y, Z, w)=0, | »-(10) 
F(x, y, z, w)=0. (11) 
Then the four equations (2), (3), (10) and (11) determine the 
values of the unknowns x, y, z and w for which u is stationary. 
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Note. This method for determining stationary “values of a function 
under subsidiary conditions outlined above is unsymmetrical in character in 
regard to its treatment of the variables involved. This defect has been remedied 
by Lagrange who has given a symmetrical method based on the introduction of 
certain undetermined multipliers. This method is explained in the following 
section. | 


A. 51. Lagrange’s method of undetermined multipliers. We 
multiply the equations (6) and (8) of the preceding section by A, and 
A2 respectively and add to (4), so that we obtain 


(fe dPet Nea) +( Se +A,%et+ AePe) = 


+( f+ N19 trv) =. »» (12) 


Again, we multiply the equations (7) and (9) of the preceding 
section by A, and 4, and‘add to (5), so that we obtain 


(fy AaPy-t Natiy) + (Se tages + Avy!) = 


YW’ 
+ (fot Ag Pro + dai) ~ ==. ,..(13) 
We, now, suppose that A, and A, are determined so as to make 
fet rivet rape =, (14) 
fot di Put Agta =0. .».(15) 


With this choice of the values of A, and A,, the equations (12) and 
(13) give 
FetrPet Nets =9, ».. (16) 
Su Fry + Not'y=0- »-. (17) 
The equations (2) and (3) of the preceding section along with 
the equations (14), (15), (16), (17) determine values of d,, A,, and of 
x, y, z and w, which render u stationary. 
If, now, we write | 
g=ftrAet+rdgts 
we see that the equations (14) to (17) are obtained by equating to zero 
the four partial derivatives of g, with respect to x, y, z and w so that 
all the four variables are being treated on a uniform basis. In practice, 


therefore, the necessary equations are to be put down by setting up 
the auxiliary function g. 


Note. The method outlined above is applicable to a function of ary 
number of variables which are subjected to any set of subsidiary conditions. 


Examples 
1. Find the lengths of the axes of tke section of the ellipsoid 
¥/a*-+-y?/b?+-27/c2=1, by the plane Ix+my+nz=0. 
Let (x, y, z) be any point of the section. We write 
r= x34. y3+ 23, »s(i) 
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We have to find the stationary values of r?, where x, y, z are 
subjected to the two subsidiary conditions 


Ex/g=l, Six=0. w» (i) 
We write 


W(X, Y, Z)=(x*-+ y?+27)4 4, (- Sat pl) +ra(lx-my-+nz). 


Equating to zero the partial derivatives of g(x, y,2Z) w.r. to 
x, y and z, we obtain | 


ge=2x $2 +1) = .. (iii) 
y= 29 +M),=0, oer (Vv) 
Jem 22+ ao +n) g=0. wee (¥) 


The equations (ii), (iii), (iv) and (v) will determine the values of 
Ai Ag, X, Y, Z. These values of x, y, z, when substituted in (/), will 
determine the stationary valucs of r?, These operations amount to 
eliminating \,, Ag, X, y and z from (i), (ii), (iif), (iv) and (¥). 
We multiply (iii), (iv) and (v) by x, y, 2 respectively and add so 
that, on making use of (i) and (ii), we obtain 
or?-+-2,=0 or \y=—r". 


With this value of },, the equations (iii), (iv) and (v) can be re- 
written as 


| 2x 
re ’ 
7, 
G2 
m 2y 
; ra A,” 
— p 
n 22 
EE, ——— — ee 
p} 
1—~. . 
C3 


[2 m2 n? 


a 


which is a quadratic in r? and determines, as its roots, the two 
stationary values of r?. 
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The geometrical considerations, now show that these two 
stationary values of r?, are the squares of the semi-axes of the section, 


in question. | 
2. If u=a3x? + by? + ¢3z2 
where 
] 1 ] 
| - xt yt ;= 
show that the stationary value of u, is given by 
x=JLala, y=Lal/b, z=LZa!c. 
We write 


; ee | 
A(X, Y, 2) =atxt byt terst+n (+ 0 + 5-1), 


Equating to zero the partial derivatives of g(x, y, Z) wr. to 
x, yand Z, we obtain 


2a5x— * —0, bey. 


=(Q, 2c3z— =0. 
These give 
$= 3X3 — 3 y3 = c323, 
or ax=by=cz. ~. (£) 


The equation (i) along with the given subsidiary condition 
2&1/x=1, determine x, y and z 


Exercises 


1. Find the minimum value of x?+ y?-+ z? when 
(i) x+y+z=3a. 
(di) xy+yz+2x=3a'. 
(iii) xyz=a3. 
2. Find the extreme value of xy when 
M+xyty=a'. 
3. Find the greatest value of ax+dy when 
x?+ xy+-y?=3k?. (D.U. Hons. 1953) 
4. Find the perpendicular distance of the point (a, 5, c) from the plane 
Ix+my+nz=0, 
bythe Lagrange’s method of undetermined multipliers. 
5, Which point of the sph:re Jx?=1 is at the maximum distance from 
the point (2, 1,3)? . | 
6. Find the lengths of the axes of the conic 
ax*+- 2hxy + by*=1. 
7. Ina plane triangle, find the maximum value of 
cos A cos Bcos C. 
'§. ‘Find the extteme values of 
x¥+ y? +23 
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subject to 
», ve . 2 
4 "4 + 3 =2, 
3x+2y+z=0. 


9. Show that the maximum and minimum values of, r?, where 
r?=@?x?+ bty?-+ ¢2z7, x*+y2%-+z?=1 and /x+ my+nz=0 
are given by the equation 


[? ne n* - 
“apa to ppriga + ge, =O. [D.U. 1955) 


10. If two variables x and y are connected by the relation 
ax? + by?=ab, 
show that the maximum and the minimum values of the function 
xt+xy+y 
will be the values of @ given by the equation 
4(9 —a)(@ —b)=ab. (D.U. Hons. 1957) 


Miscellaneous Exercises 
1. Find the points of continuity and discontinuity of the following 
functions :— 
| 
f(x)=———— for x0, f(0)=0. 
x 
l—e 
2. Determine the points of continuity and discontinuity of the functioa 
f(x) defined by 
tr,if0ct<3 
fin }-th= o, if t=} 


t—lifa<rcl, 
where n is any integer. (B.U. 1952) 
3. Determine the points of discontinuity of 
1X 
tan xl’ (C.U. Hons. 1954) 
4. Draw the graph of 
. x’! 
= lim 
” n—->o x tl 


and find the points of discontinuity. 
5. Determine the points of discontinuity of 


(7) [xj +[-*). (ii) | x | +(x). 
2 

oee li t ~~] . 

(iii) ; im ( 7 tan nx ) 


6. Show that the function ?(x) which is equal toO when x=0; to 4— x 
when 0<x<}: to $ when x=}; to 3—x when $<x<1 ; and to 1 when x=1, has 
three points of discontinuity which you are required to find. (Patna) 

7. Examine the continuity of the function 

1 

oa 
flat sin (1 Ix) xx0, 
| l+e” . 
f(0)=0. (D.U. Hons. 1947) 
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8. Find dB/dA where A, B, C are the angles of a triangle and satisfy the 
relation 


sin B sin C+sin C sin A+sin A sin B=h, 


where, A, is constant. 
1 d 1 
rt “der r ) 


9. Find 
r?=q" cos 26. 
10. If ax?+2hxy+by’=1, ee that 


x (Be) ty ia) + (ab—n?y 2 <0. 


in terms of r, when 


11. Find 

. l (B.U.) 
dea -a 2ax cos a+a? ). ~~ 

12. If — pt a (x" e-*) 

yee xi ‘ 

show that 
2 

x tx & dy +ny=0. (M.T.) 


13. If y=cos (m sin-1x), prove that 
. d*y dy 
—_- 2 eee ee _- - 2 == 
WO x*) ae x aad 0, 


1” 
(ii) (1—x?) a (2n—1)x OY 4 Unt (1) gan =O 


-If y can be expanded ina series of ascending powers of x, prove that 
when m=6, 


y=1— 18x?4 48x! —32x%..... (M.T.) 
14. If - 
; _ log (x- Ev(L+x*)]} 
AL) 
prove that 


+x") 7 dy Tel. 


Assuming that y can be expanded as a series 
Ag + AyX+ Agx*-+ 0... tayx™+.... 
prove that 
. ay=0, a,=1 and for m>1 
° 2.46....(2m) 
Arm =0, As t= (—1)” 3. 5, 3.5.7... (am41) 
15. If e* ©°S% cos (x sin a) can be expanded in ascending powers of x, 
show that the co-efficient of x” is cos na/n ! (B.U.) 
16. (a) Give the first three non-vanishing terms in the expansion of 
sin? (4 sin x). 
(6) Show that the expansion upto x‘ of x/sinh x is 


3 
arte BU) 
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17. Use Taylor’s theorem to prove that the only f unction f(x) satisfying 


gy = —f(x) for all x, f(0)=:—1, f/(0)=9, 
is given by 
2 
fil Zap + ad inf. 


(D.U. Hons. 1952) 
18. Prove that whatever the functions fand g, 


(7) z=xf(x+y)+ye(x ty) 
satisfies the relation 


O°z QZ 4 Oo 
ax? axay? gy? 
(if) z=Xxf(y/x)+aly/x), 
satisfies the relation 
xv? 02 az , 02 
ax” at OXY 5 axay? oy 


19. Given that z is a function of u and v, while 
u=x? - y?—2xy, v=), 
prove that the equation 
Oz 


(«i ¥) ox 


is equivalent to 9z‘dv=0. 


+(x - y) =0 


20. Ifu=(l-2xy Eyty 2, prove that 


r o Of ”) » Ou \ _ 
Epo BACB) 


(B.U. 1955) 
21. Ifu=sin? vee then 
» ou Qu Gu sin uw COS Qu (P.U. Hons.) 
“ “gx? + 2x xy Oxdy Fy oy? an 4 cos?u 


22. Prove that if u is a homogencous function of the mth degree in x, y, 2, 
then 


gu du du 


x ‘Ox +y ay +2 92 = NU 
Prove also that 
Oo” Ou -). 
jx? + 2. + a7 a) (r2u) = 2(2n4-3) utr ( 23 9x2 +3 7 A 4 az 
where 
r2= xi yi 27. (P.U. 1935) 


13. lf fryer? (a+-log r) where r= v(x?+y*+2’), 
show that 


osf(r) , air) , aflr) , A 2 U. 
ro + “Gyr axa 4r? 0. (B ) 
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Q’v Qu 
24. If ax? =rk ape 


has a solution of the form 


that Ae ™ sin (wt—bx). 
prove tha 


a=b=~N(4rwk). 
25. u=log (x+y —x?y—xy?), prove that 


(i) Ou 4 _axty)-3, 


oe Ou Ou Oru _ _ 1952 
(ii) axe +2 axay t gy? = Aixty)-?. (B.U. ) 
26. Show that ifa=0 and f(x)=log (14+x)then ‘9’ of the Lagrange’s 
mean value theorem is a continuous function of, h, which decreases steadily from 
1 to 0 as, A, increases from —1 to o. 
27. Show that 
(i) x<log [1/(1—x)1<x/(1—x) where 0<x<1. 


. x | x _ 
(ii) 1+ 2u(t-Ex) <v(l+x)<it+ 5 , where —1<x<0. 


28. A slight error 8x is made in measuring the semi-vertical angle of a 
cone which circumscribes a sphere of radius R. Find the approximate error in 
the calculated volume of the cone and show that, for a given $x, the least value 
of the error is 


64nR 
75 
29. If the three sides a, b, c of a triangle are measured, the error in the 
angle A, due to given small error in the sides, is 


sin A da db dc 

= I _—— _— t B 77 
dA sinBsinC’ a cot C “0 c 
—ae~*—be~*t — ce 
1 —aet-- be?*—cest ° 


3 
~ V5.80. 


when 
(i) a=3, b=—5,c=4; (ii) a=3,b=—4,c=2; 
(ii) a=3, b=—3, c=1. 
ind lim > 108 (sia x/x)?-+2° 
31. Find im x—sin x)(1—cos x)’ (B.U.) 
(1+x)e7*#—(1—x)e* 


32. Find aim 0 x(e#—e-#)— Ixie-@ (B.U.) 


33. Obtain 
, 1 \tanx ,,.. |. eae — eH iy St LX 
(i) Pa (-;-) ’ tii) Tam g logit + bx)” ii) x0 tanx ~° 
; . tan (sin x)—sin (tan x) D.U. Hons. 1955 
34. Find lim sinx—x cos x—§ sin? x (D.U. Hons. 1959) 


35. Exarriie where the following functions are continuous for x=0. 


(i) flxy="A A, when(xx0), f(0)=4. 
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.; __ log (1—x?) 7 
(v7) f(x)== log cos x’ (x0), f(0)=1. 


(iii) fix) =(cos x) * | (x40), f(0)==1] ve. 
36. Having given that the fraction 


(tanx—xet™ * 4424 & x3) "x" 
maintains a finite non-zero limit as x tends to zero, prove thatm must be equal 
to 5. (Indian Police 1932) 

37. Find the maximum values of the function 
(x°— 3x-+2)/(x?+ 3x+2). (PU, 1938) 


38. Sketch the curve 
y=sin x+ 4 sin 2x. (P.U. Hons. 1943) 
from x=0 to x=2n, indicating correctly the positions of maxima and minima, 
if any, of the function. 
39. Show that the function 
A(x—1y3—9(x+1)°} 
has a single maximum and a single minimum value and that the function does 
not lie between its maximum and minimum. Draw the graph of the function. 
40. Find the maximum and the minimum values of (1 —x)*%e*. 


Show that e?—(1+x)/(1--x) steadily decreases as x increases from —oo 
to | and that it has one and only one minimum for values of x between x=! and 
X=+00, (P.U. 1938) 

41. Prove that $(35 sin‘x—40 sin?x4 8) ranges in value between unity 
and —.\ and has also 3 as a maximum value. 


42. Show that &(x)=4 sin x tan x-- log sec x is positive and increasing in 


the interval 0 <x<1/2. (M.T.) 
43. Find the maxima and the minima of, », where 

(ay+6)(cy +d)71=sin? x4+2 cos x+1 and (ad—bc) +0. (B.U.) 

_ 44. If xt-axy*—a'y=0, prove that y is maximum where 3xy+4a?=0 and 

a minimum where x =0. (B.U.) 


45. Draw the curve r=a(2 cos 6@+cos 39). Show that the extreme 
values of the radius vector are 3a and a/3w3. 


46. Thesum of the surfaces of a cube anda sphere is given. Show that 
when the sum of their volumes is least, the diameter of the sphere is equal to 
the edge of the cube. 


47. Given the volume of a right cone ; required its dimensions when the 
surface is least possible. 


__ 48. Prove that the volume of a right circular cylinder of greatest volume 
which can be inscribed in a sphere, is 3/3 times that of the sphere. 


49. Anellipse is inscribed in an isosceles triangle of height 4 and base 
2k and having one axis lying along the perpendicular from the vertex of the 
triangle to the base. Show that the maximum area of the ellipse is v3ahk/9. 


50. A sector has to becut froma circular sheet of metal so that the 
remainder can be formed into a conical shaped vessel of maximum capacity. 
Find the angle of the sector. (M.U.) 


51. Find the greatest rectangle which can be described so as to have two 
of its corners on the latus rectum and the other two on the portion of the curve 
cut off by the latus rectum of the parabola. 


52. Find the greatest and least values of (sin x)sin x (B.U.) 


CHAPTER XI 
SOME IMPORTANT CURVES 


11:1. The following chapters will be devoted to a discussion of 
such types of properties of curves as are best studied with the help 
of Differential Calculus. It will, therefore, be useful if we acquaint 
ourselves at this stage with some of the important curves which will 
frequently occur. 

11:2. Explicit Cartesian equations of Curves. A few curves 
whose equations are of this form have already been traced in Chapter 
II. We now trace another very important curve 


_ h— 
y=C cos oo 


which is known as Catenary. 
The following particulara about the curve will enable us to 
trace it :— 


(i) Since 
x 1 — 
cosh Sas er 46 *Ie | 
on changing x to —x, we see that 


y=c cosh * =e cosh € = ) 


so that the two values of x which are equal in magnitude but oppo. 
site in sign give rise to the same value of y. 
Hence the curve is symmetrical about y-axis. 
(ii) When x=0, y=c So that A (0, c) is a point on the curve, 
(iii) oe =sinh =, which is positive when x is positive. 
Thus, y is monotonically increasing in [0, o ). 
Also, Ea 9 = i.e., the slope of the tangent is, 0, for 
x=0 so that the tangent is parallel to x-axis at A (0, c). 

Hence if the point P(x, y) on the 
curve starts moving from the position 
A(0, c) such that its abscissa increases, 
then its ordinate also increases. Also 


since y-—» o when X -> o, the curve is 
not closed. : 


The curve being symmetrical about 
y-axis, we have its shape as shown in the 
adjoining figure. 


238 


SOME IMPORTANT CURVES .239 


Note. In books on Statics it is shown that thecurve in which a unifor- 

mally heavy fine chain hangs freely under gravity is a Catenary. 
Parametric Cartesian Equations of Curves. 

Let f(t), F(t) be two functions of t defined for some interval. 

We write : 
x=fit (i) 
y=F(t) »+ (id) 

To each value of ¢, there corresponds a pair of numbers ¥*, yas 
determined from the equations (i), (ii). To this pair of numbers x, y 
there corresponds a point ina plane on which a pair of rectangular 
co-ordinate axes has been marked. Thus the two equations associate 
to each value of, ¢, a point in the plane. The two equations (i) and 
(ii) then constitute the parametric equations of the curve determined 
by the points (x, y) which arise for different values of the parameter t. 

The point P on the curve corresponding to any particular value, 
t, of the parameter is denoted as the point P (f) or simply ‘?’. 

We assume that the reader is familiar with the standard para- 
metric equations of a parabola and the Ellipse so that we may only 
restate them here. Afterwards the parametric equations of a Cycloid, 
Epicycloid and Hypocycloid will be obtained from their geometrical 
definitions. 

11-31. Parabola. The parametric equations 

x=at?, y=2at 
represent the parabola having its axis along x-axis and the tangent 
at the vertex along y-axis, and latus rectum equal to 4a. 

The point P(t) describes the part ABO of Y. 
the parabola in the direction of the arrow-head D 


as the parameter, f, continuously increases from 


For the vertex O,*=0. Again, the point 
describes the part OCD of the parabola in the 
direction of the arrow-head as the parameter [ 
continuously increases from 0 to oo. 


Fig. 58 


11:32. The Ellipse. The parametric equations . 
X=a COS 0, y=b sin 6 


represent the ellipse whose axes lies 
along x-axis and y-axis and are of 
lengths 2a, 2b, respectively. 

The point P(6) describes the 
parts AB, BA’, A'B, B'A of the ellipse 
in the direction of the arrow-head as 
the parameter, 6, continuously incre- . 
ases in the intervals (0, 12), (im, 7) 
(7, 37), (22, 27) respectively. 


Fig. 59. 
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11:33. Cycloid The Cycloid is the curve traced out by a point 
marked on the circumference of a circle as it rolls without sliding along 
a fixed straight line. 


Let the rolling circle start from the position in which the 
generating point P coincides with some point O of the fixed line X’X. 


y4 Take the point O as origin and 
the fixed line as x-axis. When the 
rolling circle has rolled onto the 
position shown in the figure, the 
generating point has moved from O 


——. X to P(x, y) so that 
Fig. 60 Ol=are PI. 


Let, a be the radius of the circle. Let, 9, be the angle between 
CP and C/so that it is the angle through which the radius drawn to 
the general point has rotated while the circle rolls from the initial 
to its present position. Thus arc PJ=ag. We have 


j 


x-OL=OI— LIl-=OI—PM=adé—a sin 6=a(?—xsin 8) ; 
y=LP=IM=IC—MC=a—a cOs 6 =a(1—cos 6). 


Thus x=a(9—sin 6) 
y=a(1—cos 6) 
are the parametric equations of the Cycloid ; @ being the parameter. 


_ Note. While the circle makes one complete revolution, the point P 
describes one complete arch OVO of the Cycloid, so that 9 increases from 0 to 
2n as the point P moves from O to O’. 


The position V of the generating point which is reached after the circle 
revolved through two right angles is shown as the vertex of the Cycloid. 


The Cycloid evidently consists of an endless succession of exactly con- 
gruent portions each of which represents one complete revolution of the rolling 
circle. 


11:34. Epicycloid and Hypocycloid. The curve traced out by 
a point marked on the circumference of a circle as it rolls without. slid- 
ing along a fixed circle, is called an Epicycloid or Hypocycloid accord- 
ing as the rolling circle is outside or inside the fixed circle. 


We shall first consider the case of an Epicycloid. 


Let O be the centre and, a, the radius of the fixed circle. Let 
the rolling circle start from the position in which the generating 
point P coincides with some point O of the fixed circle. We take the 
puint O as origin and OA as X-a is. 
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The generating point has movedon from A to P (x, y) when 
the rolling circle has rolled on to the 
position shown in the figure so that 

arc Al=are PI. 
a@=are Al=are PI=bd 
1.€., =ag/b. 

Here, @, is the angle through 
which the line joining the centres of 
the two circles rotates while the rolling 
circle rolls from its initial to its present 
position. 


/ NCP= £ OCP—/ OCN 
=$—(}0—6)=0+4$—4n. 


Therefore 
x=OL 
—ON+ND 
=ON+ MP 
==OC' vos 0+CP sin (@+4— 47) 
=(a-+-b) cos 6—b cos (6+¢) 
==(a+-6) cos 6 —bh cos ave Q ; 
y- LP 
= NC— MC 
=(a+-b) sin 6—b cos (6-+-¢—~}7) 
:==(@-+b) sin @—b sin (9-+¢) 
-=(a+b) sin @—5b sin ate ] 
Thus x=(a-+b) cos 6—b cos “a ’, 
y=(a-++b) sin 6—b sin a+b 6, 


b 
are the parametric equations of the Epicycloid ; @ being tbe para- 
meter. 

The tracing point would describe an Hypocycloid, if the rolling 
circle were within the fixed circle. Its equation can easily be 
obtained by changing b to —b inthe equations of the Epicycloid. 

Thus 
—a 


X=(a—b) cos 6+b cos 2S é, 


y=(a—b) sin 6+b sin nee @5 


are the parametric equations of the Hypocycloid. 
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In making one complete revolution the rolling circle will des- 
cribe 2bz of the length of the circumference of the fixed circle. 


Let the ratio a/b of the radii of the circles be a rational number 
p/q in its lowest terms so that 


. =f , i.e., aqg=bp or 2na.q.=2xb.p. 


This relation shows that in making, p, complete revolutions, 
the rolling circle describes the circumference of the fixed circle q, 
times and then the generating point returns to its original position. 
Therefore the path consists of the repetition of the same, p, identical 
portions. 

In case @/0 is irrational, the tracing point will never return to 
its original position and so the path will consist of an endless series 
of exactly congruent portions. 

Some Particular cases of Epicycloid and Hypocycloid. 

(i) For a=b, the cquations of the 
epicycloid become 
=2a cos @—a cos 28, 
y=2a sin @—a sin 28. 
In this case the generating point will 
, , return to its original position after the roll- 
Fig. 62. ing circle has made one complete revolution. 


The shape of the curve is shown in the adjoined figure. 


(ii) Four cusped hypocycloid. If a=4b, the equations of hypo- 
cycloid become 
X=43a cos §+44 cos 36, 
y=2 asin 6—-jasin 36. 
Now, 
cos 36=4 cos? g—3 cos @, sin 30=3 sin 0—4 sin? @. 
. x=a cos? 6, y=2@ sin® 6, 
are the parametric equations of a curve known as four cusped 
hypocycloid or astroid. Y 


Here a/b=4 so that the path consists B 
of the repetitions of four portions. The 
thickly drawn curve ABA’B’ gives the 


path of the point. A 
For the points A, B, A’, B’ the values A 
of 9 are 0, 7/2, 2, 32/2 respectively. xX 


Eliminating @ between the parametric 
equations of this curve, we obtain 


xt +y8 =a , | Fig. 63. 
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aud 


which is also the form in which the equation of a four-cusped hypo- 
cycloid is sometimes given. 
Ex. Show that hypocycloid becomes a straight line for a=2b. 


11-4. Implicit cartesian equations of curves. If /(x, y) bea 
function of the two variables x and y, then 


f(x, y)=0. 
is the implicit equation of the curve determined by the points whose 
co-ordinates satisfy it. 


Curves whose equations are of the form f(x, y)=0 possess 
many points of interest not offered by curves with explicit equations 
of the form y= F(x). | 


In the following, we consider only rational algebraic functions 
J(x, y) so that the form of the equation, when arranged according 
to ascending powers of x and y, is 


ao 
+ box -!-b,) 
+ CgX? +e xy + CQ)? 
-+-d,x3 +-d,x?y + d,xy? +d, y% 
-f-Uyxn-eLx-ly + ixny2 + +] yy "=0. 
The same equation may, in a concise form, be written as 

Uy--Uy + Uy -}- Us 4... + Mpa +Un=0, | 
where, U,, represents the general homogeneous polynomial of the kth 
degree in X and y. 


The degree of any term means the sum of the indices of x and 
y in that term and the degree of the curve means the highest of the 
degrees of each term. 


Branches of acurve. If, in the rational algebraic equation 
f(x, y) =0 


of degree n, we replace x by any fixed valuc, then there will result 
an equationin, y, whose degree will be less than ‘or equal ton. On 
solving, this equation will give as many values of, y, as is its degree, 
Thus with the given value of, x, as abscissa there: will be as many 
points on the curve as are the different real roots of the equation. 
As, x, goes on taking different values, each of these points will sepa- 
rately describe what is known as a branch of the curve. 


We now trace a few important curves. In each case we have 
to examine how, y, will vary as x, starting from some fixed value, 
increases or decreases. 
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11-41, (x?+-y*)x—ay?=—0. (a > 0). Cissoid of Diccles. 
We write the equation as 


y2(a—x)=33, 


i.e = +X E * 
emg yet ax 


so that, we see, that to a value of x correspond two values of y 
which are equal in magnitude but opposite in sign. The two values 


of y determine the two branches of the Cissoid which are symmetri- 
cally situated about X-axis. 


We consider one branch, 


y-oa/ [a] 


and the form of the other branch can be seen by symmetry. 
We have 
dy (FA—X)/x 
dx = (a—x)\/(a—x) 
The following particulars about the curve will enable us to 
trace it :— . 


(i) The expression x/(a—x) under the radical is negative when 
x is negative or when x is greater than a and is positive when x lies 
between 0 and a. Thus for y to be real, x must lic between 0 
and a. 


Hence the curve is entirely situated: between the lines x=0 
and x =a. 
(ii) When x=0, y=0 80 that the’ branch passes through the 
origin. 
(iii) dy/dx=0, when x=0 or 3a. The values 3. a of x is outside 
the interval [0, a] of the admissible values of x. 


Thus the slope of the tangent at the origin to the branch is 0 
so that the branch touches the x-axis at the origin. 


(iv) For values of x between 0 and a, the value of dy/dx is 


positive so that the ordinate » monotonically 
increases, | 


Y: 


Also, as X >a, V—> m%. 


X=A 


Hence we have] the ‘shape of the 
X curve as shown, the. two symmetrical 
branches lying in the first and the fourth 


quadrants. 

. Note. Itis important to notice that origin 

is a point common to the two branches and the 
Fig. two branches have a common tangent there. 
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11-42, (x?+y?)x—a(x?—y?)=0, (a>0). Strophoid. 
We write the given equation as : 
y(a+x)=x?(a—x), 


ie., y=4x A/ Larx | 


so that we sec that to a value of x there correspond two values of 
¥ (giving rise to two branches) which are equal in magnitude but 
opposite in sign. The two branches of the curve are, therefore, 
symmetrically situated about x-axis. 


We have 
dy _— a®—ax--x? 
dx ~~ (aA+-X)4/(a?-- x?) 
Some particulars which enable us to trace the curve will now 
be obtained. 

(i) The expression (a—.x)/(a+4-x) under the radical is positive 
if and only if x lies between —a anda. Thus the curve entirely lies 
between the lines Xx=—a and x =a. 

(it) When x=0 ora, both the values of y are 0 so that the 
points (0, 0) and (a, 0) lie on both the branches. 
(iii) When x=0, dy/dx=-+1 so that the slopes of the two tan- 


gents at the origin to the two branches are 4+-l1. Hence y=xX and 
Vas —X are two distine t tangents to the two branches at the origin. 


For both the branches dy/dx tends to infinity as x -> a so that 
at (a, 0) the tangent to cither branch is 
parallel to y-axis. 

(iv) dy/dx=-( for values of x given 

v 
a*—ax—x*=0, 
l.e., for X= —a(Lt4/5)/2. 

The value —a(1l+4/5)/2 does not 
belong to the interval [—a, a] of the ad- 
missible values of x. 

Thus for both the branches, 

dyldx =0 
for x= —a(l—¥5)/2 


only. 

(v) When x->—a, y+ for one branch and —o for the 
other. 

Hence we have the shape of the curve as shown. 


Note. Both the branches of the curve pass through the orizin and have 
distinct tangents there. 
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11:43, ay?—x(x+a)?=0, (a > 0). 
Clearly, 
Vay=VX(x-+a), \/ay= —4/x(x-+a), 
are the two branches of this curve. 

dy ,1f2 a 2x-+a 
Ae ge ya Vt oye | ta ay 

(i) The point (—a, 0) lies on both the branches. To no other 
negative value of x corresponds a real value of y. 

The value of dy/dx is not real for 
(—a, 0). 

(ii) (0, 0) lies on both the branches, 
Also, dy/dx tends to infinity for cither branch 
asxX—>0Q. Thus y-axisisa tangent to the 
two branches at the origin. 

(iit) As x takes up positive values only 
one value of dy/dx is always positive and the 
other always negative. Thus the ordinate y 
for one branch monotonically increases and 
for the other monotonically decreases. 

Fig. 66. (iv) When x > ow, 

¥ —> o for one branch and ->—o for the other. 

Also when x > o, 

oy ‘al +5 | tends to infinity. 

This shows that as we proceed to infinity along the curve. the 
tangent tends to become parallel to y-axis. This is possible if and 
only if at some point, the curve changes its concavity from down- 
wards to upwards. 

We have the shape of the curve as in Fig. 66. 


Note. The peculiar nature of the point (—a, 0) on the curve may be 
carefully noted. This point lies on either branch, but no point ir its immediate 
neighbourhood lies on the curve. 


11 . 44. x? — ay? = 0, semi-cubical para- y: 


sola. , 
The discussion of this equation which is 
very simple is left to the student. 

Its shape is shown in the adjoined 0 x 
Fig. 67. 

11:45. x3+ y3—3axy—0. Folium of Des- 
cartes. ry *Y , s Fig. 67. 
It will be traced in Chapter XVIII. 
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_. Important Note Putting y=tx in the equation y(a—x)=x* of the 
Cissoid, we obtain 
x= at® ys at? 
1+2? 1+r? 
which are its parametric equations ; ¢ being the parameter. 
We may similarly show that 


are the parametric equations of the Strophoid, Semi-cubical Parabola and Folium 
respectively. 


_ This method of determining parametric equations is not general and 
applies only to such curves as we have here considered. 
11-5. Polar co-ordinates. Besides the cartesian, there are other 
systems also for representing points and curves analytically. Polar 
system, which is one of them, will be described here. 


In this system we start with a fixed line OX, called the initial 
line and a fixed point on it, called the pole. 


If P be any given point, the distance OP=r is called the radius 
vector and / XOP=8, the vectorial angle. Thetwo together are re- 
ferred to as the polar co-ordinates of P. 


11:51. Unrestricted variation of polar co-ordinates. If we were 
concerned with assigning polar co-ordinates to only individual points 
In the plane, then it would clearly be enough to consider the radius 
vector to have positive values only and the vectorial angle @ to lie 
between 0 and 27. But, while considering points whose co-ordinates 
satisfy a given relation between rand 6, it becomes necessary to re- 
move this restriction and consider both r and 6 to be capable of vary- 
ing in the interval (—2%, 0). The necessary conventions for this will 


be introduced now. 
The angle, @, will be regarded as the measure of rotation of a 


line which starting from OX revolves round it ; the measure being 
positive or negative according as the rotation is counter-clock-wise 


or clock-wise. 

To find the point (r, 6) where ris negative and, @, has any 
value, we proceed as follows: 

Let the revolving line starting from OX revolve though 0. We 


produce this final position of the revolving line backwards through 
O. The point P on this produced line such thatOP= |r| is the 


required point (r, 6). 
The positions of the points (1, 97/4), (—1, 9w/4), (1, —97/4), 
(—1, —97/4) have been marked in the diagrams below. 
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Pit,97/4) 0 
nas 4 
iP. 
0 x (1,~97"/4) 
Fig. 68. Fig. 69. 
7 
7” P--1 20 
ye 
7 
O X 
ON A 
‘\ 
1,27) a 
Fig. 70. Fig. 71. 


It will be seen that according to the conventions introduced 
here a point can be represented in an infinite number of ways. For 
example, the points (—1, m/4), (1, 5w/4), (1, 2n7+57/4), (nis any 
integer), are identical. 


1152. Transformation of co-ordinates. Take the initial line 
OX of the polar system as the positive direction of X-axis and the 
pole O as origin for the Cartesian system The positive direction of 
Y-axis is to be such that the linc OX after revolving through w/2 in 
counter-clock- wise direction comes to coincide with it. 


Let (x, y) and (r, 6) be the cartesian and polar co-ordinates res- 
P pectively of any point P in the plane. 
From the A OMP, we get 
OM/OP=cos 6, i.e., X=r cos 0 .. (1) 
4 MP/OP =sin 6, i.€., y=r Sin 0 .. (ii) 
The equations (i) and (ii) determine the 
x M cartesian co-ordinates (x, y) of the point P in 
terms of its polar co-ordinates (r, @) and vice 
Fig. 72 versa 
116. Polar Equations of Curves. Any explicit or implicit re- 


lation between, r and 6 will give a curve determined by the points 
whose co-ordinates satisfy that relation. 


Thus the equations 
r=f(6) or F(r, 6)=90 
determine curves. 
The co-ordinates of two points symmetrically situated about the 


fnitial line or of the form (r, 6) and (r, —@) so that their vectorial 
angles differ in sign only. 
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Hence a curve will be symmetrical about the initial line if, on 
changing 0 to —@§, its equation does not change. For instance, the 
curve r=a(l-+cos 6) is symmetrical about the initial line, for, 

r=a(1+cos @)=a[1-+cos(— 8)]. 
It may be noted that 
==@ represents a circle with its centre at the pole and radius 
a;and 

6=b represents a line through the pole obtained by revolving 

the initial line through the angle 0. 


A few important curves will now be treated. To trace polar 
curves, we generally consider the variation in r as @ varies. 

11:61. r=a(1—cos 9). Cardioide. 

(i) Thecurve is symmetrical about the initial line. 

(ii) When @=0, r=0. 

(fii) When @ increases from 
0 to 7/2, cos @ decreases from 1 to 
and, therefore, r increases conti- 


nuously from 0 to a. When g=7/2, 
r=a, 


(tv) When @ increases from 


~ 
7 /2to a, cos 6 decreases from 0 to “NLL 
. = e 
—land, therefore, r increases from ™ 
ato 2a. When @=7, r=2a. Fig. 73 


The variation of @ from m7 to 27 need not be considered because 
of symmetry about the initial line. 

Hence the curve is as shown. 

Ex. Trace the curve r=a(l+cos @). 

11:62. r?-—a* cos 29. Lemniscate of Bernouilll. 

It issymmetrical about the initial line and so we need consider 
the variation in r as @ varies from 0 to 7 only. 

We consider positive values of r only. 

(() When @=0, r=a. 

(ii) When @ increase from 0 to w/4, 20 increases from 0 to 7/2 
so that cos 24 decreases from 1 to 0 and, therefore, r decreases from 
a to 0. 

When @=7/4, r=0. 

(iii) When 6 increases from 7/4 to 
1/2 and from 7/2 to 37/4, cos 29 remains 


negative and so ris not real. Thus no 
point onthe curve corresponds to these 


values of @. 
When 9=37/4, r=0. 
(iv) When @ increases from 37/4 to 
mw, 20 increases from 37/2 to 27 to that 
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cos 24 increases from 0 to 1 and, therefore, r increases from 0 to @. 
Hence we have the curve as shown. 
It is easy to see that the point P will describe exactly the same 
curve even if we take, r, to be negative. 
The curve consists of two loops situated between the lines 
6=7/4, @=37/4. 
To obtain the cartesian equation of the lemniscate, we re-write 
the polar equation as 
r?— a*(cos?@— sin?6) 
or 
r4—=a?(r® cos?g — r? sin?@). 
Therefore, we obtain 
(X21 y?)? = a°(x?— y?) 
which is a well-known form of the equation of the lemniscate and is 
of the fourth degree. 
11-63. r”™=a™ cos mé, 
Y for m=1, —1, 2, —2, 4, —}. 
(1) For m=1, we have 


r=a cos @ 
7 or r?=ar cos @ 
0 Uy i.€., x?+y*=ax, 
which isa circle (Fig. 75) with its centre at 
Fig. 75 (a/2, 0) and radius (a/2). 
(2) For m=—1, we have Y 
r-1=q™ cos (—@), | 

or a=r cos 8 
1.€., Q==X 


which is a straight line perpendicular 
(Fig. 76) to the initial line and at a distance, 
a, from it. 


(3) For m=2, we have 
r2=q? cos 20, 


which is lemniscate. Fig. 76. 
(4) For m= —2, we have 
r-*—=a-* cos (—26@) 
or a? =r? cos 26 
== r?(cos?@ —sin*@) 
or a? = x2 y2, 


which is known to be a rectangular 

hyperbola (Fig. 77). To trace this 

curve, write its equation in the form 
a 


r= < 
cos 24 


Fig. 77 
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and note the following points about it :— 
(i) It is symmetrical about the initial line. 


(it) When g=0, r=a. When @ increases from 0 to 7/4, r in- 
creases from a to 2. 


(iii) When 6 varies from 7/4 to 37/4, r remains imaginary. 
(iv) When 6 varies from 37/4, to 7, r decreases from » to a. 
(5) For m==}, we have 


rt_a? cos 4 6 


or r=a cos* } @, 

or 2r=a(l1-+cos @), 

which is a Cardioide. | 
(6) For m=:—4, we have 


r~ ta boos — 46) of 


1 
Le, a? =r? (cos 46) 
or a=r cos? } 6 _ 
=r(1-+-cos @)/2 
“) . 
or “3 —1-+c0s 6, Fig. 78. 
which is known to be a parabola (Fig. 78). 


F To trace this curve (Fig. 78), we re-write its equation in the 
orm . 


2a 
~ 1+eos 6 
and note the following points about it :— 
(?) It is symmetrical about the initial line. 


; (2) When @=0, r=a. When @ increases from 0 to 7, 1+ cos @ 
decreases from 2 to 0 and, therefore, r increase from a to oo. 


11-64. r=:a9, (a>0). Spiral of Archimedes. 
(i) When 9=0, r=0, so that the curve goes through the pole. 
(ii) When @ increases, r increases. 
Also, 
when 6> + o#,r—> +o, 
when @-> — x ,r> —a. 


Thus the curve starting from 
the pole goes round it both ways an 
infinite number of times. The con- 
tinuously drawn line corresponds to 
positive values of @ and the dotted 
one to negative values of 0. 
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11:65. ré=a,(a>0). Hyperbolical Spiral. 
Here 
r=a/é. 
(1) ris positive or negative according as @ is positive or negative. 
(ii) When | @! increases, { r | decreases. 


Also 
when |@0|/>0,]r|—>om. 
when | @]—>o,|r|—>0. 
(iti) Now r=al/d 


rsin @==(a sin @)/6 
or y=(a sin 6)/0 which > aas 0 > 0. 

: The ordinate of every point 
on the curve approaches a as @ 
approaches 0. We thus have the curve 
as drawn. 

The continuously drawn _ line 
corresponds to positive values of @, 
Fig. 80. while the dotted one corresponds to 

negative value of @. 


11:66. r=ae”?, (a, b>0). (Equiangular Spiral) 

(i) When g@=0, r=a. 

(if) When @ increases, r also increases. 

Also when 6 > 0«,r—>o ;when@g—> — x,r—>J. 


(ui) r is always positive, 

We thus have the curve as drawn. 

The justification of the adjective X 
‘Equiangular’ will appear in Chapter XII, 
Ex. 1. p. 269. 


Fig. 81 
» 11:67. r=asin36, (a>0). Three leaved rose. (D.U. 1949) 
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(i) When 0=0, r=0. As @ increases from 0 to 7/6, 39 increases 
from 0 to 7/2 and, therefore, r increases from 0 to a. 
(ii) As @ increases from 7/6 to 7/3, r decreases from a to 0. 


(iii) As @increases from 7/3 to 7/2, r remains negative and 
numerically increases from 0 to a. 


(iv) As @ increases from m/2 to 27/3, r remains negative and 
numerically decreases from a to 0. 


It may similarly be shown that as @ increases from 27/3 to 
57/6 and from 57/6 to 7, the point P(r, 6) describes the second loop 
above the initial line. 


If @ increases beyond 7, the same loops of the curve are repea- 
ted and we do not get any new point. 


11:68. r=asin 29. Four leaved rose. 


The discussion of this equation is left to the reader. Its shape 
only is shown in figure 83. 


Fig. 83. 


CHAPTER XTI 
TANGENTS AND NORMALS 


(Introduction. This and the following chapters of the book will be de- 
voted to the applications of Differential Calculus to Geometry. The part of 
Geometry thus treated is known as Differential Geometry of plane curves.] 


Section I 
Cartesian Co-ordinates 
12:1. EQUATIONS OF TANGENT AND NORMAL. 


12:11. Explicit Cartesian Equations. It was shown in Ch. 
LV § 4:15, p. 77 that if Y be the angle which the tangent at any point 
(x, y) on the curve y=f(x) makes with x-axis, then 
dy ; 
tan y= ax =f'(x). 
Therefore, the equation of the tangent at any point (x, y) on the 
curve y=f(x) is 
Y—y=-f'(x)(X—x), ...(i) 
where X, Y are the current co-ordinates of any point on the 
tangent. 
The normal to the curve y=/(x) at any point (x, y) is the straight 
line which passes through that point and is perpendicular to the 


tangent to the curve at that point so that its slope is, —1/f’(x). 
Hence the equation of the normal at (x, y) to the curve y=f(x) is 


12:12. Implicit Cartesian Equations. For any point (x,y) on 
the curve f(x, y)=0 where 9 flay# 0, we have 
i a 
dx Otley 
Hence the equations of the tangent and the normal at any point 
(y, ¥) on the curve f(x, y)=0, are 
Of cy—y) F <0 and (X—x) % —(y—y) % <0 
(X—x) J +(¥—y) a, =O and(A—x) 2. —(f—Y) 2. =O. 
respectively. 


Cor. Asymmetrical form of the equation of the tangent to a 
rational Algebraic curve. Let f(x, y) be arational algebraic function 
of x,y of degree n. We make f(x, y) a homogeneous function of 
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three variables x, y, z by multiplying each of its terms with a suit- 
able power of z. Then by Euler’s theorem, (§ 10°81, p. 199) we have 


x Fay. Of 2 oF =nf(x, y, 2)=0 


ox ay Oz 
L.e., 
of, of __, of 
ox 1) gy? az’ 


so that the equation 
x) of of 
X — +(Y—y =0 
of the tangent takes the form 


af of _, of, af of 
X Y 7x ——- 
ax bay * ax t ay a” 
or 
of os 4 = a 
x +Y = =0, 


or 
of of of 
xX ° 4Y¥Y 7427" =0, 
ox T oy T CZ 


where, for the sake of symmetry, the co-efficient = of af/az has been 
replaced by Z. 


The symbols Z and 2 are to be both put equal to unity after 
differentiation. | 


This elegant form of the equation of the tangent to a rational 
algebraic curve proves very convenient in practice. 
12:13. Parametric Cartesian Equations. At any point ‘?’ of 
the curve x=/(t), )= F(t), where f’(t)40, we have 
dy dy dt F(t) 
dx ~ dt ‘dx ~f'(t) 
Hence the equations of the tangent and the normal at any point 
‘t’ of the curve x=f(t), y= F(t) are 
[X —f(t)]F’(t) -[Y— F(t)]f’(t)= 
and 
[X—f(t)]f'(t) + LY — F(t) ] F(t) = 
respectively. 
Examples 


1. Find the equations of the tangent and the normal at any point 
(x, y) of the curves 


(i) y==c cosh (x/c). (Catenary) (ii) x”/a"+y"/b"™=1. 
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(i) For y=c cosh (x/c), we have 
dy 
dx 


Hence the equations of the tangent and the normal at any 
point (x, y), .e., (x, c cosh x/c) are 


e xX 
=<=sinh -. 
Cc 


Y—c cosh <= ==(X— x) sinh 


and 
(Y— cosh ~) sinh ° +X—x=0, 


respectively ; X, Y being the current co-ordinates. 


(ii) Let S(x,y a —1=0. 


of _mx™ af _my™) 
ax am >? oy pm ° 
Hence 
dy offox _ b*x7-1 
dx ~~ offay a”y™-1" 


Therefore, the equation of the tangent at (x, y) 


or 
XxX™-1 0 Yym-bo xm oy 
ant “ym = gm thm 
for (x, y) hes on the given curve. 
Also, the equation of the normal at (x, ¥’) is 


aryl 
Y—Y= pyri (x- x), 
or 
X~—XxX Y-y 


bym-i —agym—1" 
Another method. The given equation is of degree m1. Making 
it homogeneous, we get 


a em 
I(x, y, Z)= om + bm a's 


so that 
of _mx™ 1 of my of 


Jo, m1, 


axa? ay Be” ay 
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Hence the equation of the tangent is 
X.mx™1 Yimym-1 


qm _ ++ bm —Z,mz"-1—(), (cor, § 12°12, p. 254) 
Putting Z=Zz=1, we obtain 
Xx™-1 Yy™-1 
= l, 
qm b™ 


as the required equation of the tangent. 


2. Find the equations of the tangent and normal at 6=7/2 to the 
Cycloid 


x=a(0—sin 6), y=a(1—cos 6). 


We have 
dx 5 6 
dg al —008 g)=2a sin? 9? 
i =asin @=2ad sin ° cos ° . 
dy dy do dy dx —cot 
dx de ° dx ~ doidg— 2 
Thus 
Y Ly. for @-= m . 
dx 4 


Also, for 0= 7/2, we have x=a(m/2—1) and y=a. Hence the 
equation of the tangent at 6=7/2, i.e., at the point [a(7/2—1), a] is 


Y—a=1 [X—a(4{r—1)] or X— Y=}hanr—2a, 
and the equation of the normal is 
Y—a-== —1[X—a(4a—1)] or X¥4+- Y=Jarn. 
3. Prove that the equation of the normal to the Axstroid 
xb 4y8 al, 
may be written in the form 
x sin d—y cos +a cos 24=0. 
Differentiating 
xbpy$ aad, ooe(i) 


we get 


Or — dx xt ° 
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Therefore the slope of the normal at any point (x, y) 


itp. 
But the slope of the given line=tan ¢. 
We write 
Ayhaten¢ . vee(Tl) 


Equations (i) and (ii) have now to be solved to find x and y. 
They give 
y3 tan?¢ +ys— a’, 
or 
ys=a3 cos*d, 7.e., y=a cos3d. 
Substituting this value of y in (ii), we get 


xt =absin d, 1.€., X =a sin'd. 


Thus tan ¢ is the slope of the normal at (a sind, a cos’¢). The 
equation of the normal at the point is 


=n 


y—a cos*p =~ os d —(x—a sin¢), 
or 
y cos 6—a cos*d= X sin d—a sin'd, 
1.€., 
x sin d—y cos ¢-+ a(cos*¢—sin*d)(cos*¢-+ sin?d) = 
1.e., 


x sin d—y cos ¢+a cos 26=0, 
which is the given equation. 


4. Find the condition for the line 
x cos 6+y sin 6=p, oee(1) 
to touch the curve - 
x™/am + ym/b™=1, vee(ii) 
In Ex. 1, (i/) page 255, it was shown that the equation of the 
tangent at any point (x, y) of the curve (ii) is 
m—1 m-1 
. + al ... (iii) 
where X, Y are the current co-ordinates. 
We re-write the equation (i) in the form 
X cos 6+-Y sin g—p=0, ooe(iv) 
taking X, Y as current co-ordinates instead of x, y. 
The equations (iii) and (iv) represent the same line. 
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ee 
a“ cos @ b"™ sing p’ 
or 
a™ cos 6 \1/(m—1) 6b” sin 6\1/(m—1) 
NX==[ —- - —.--- _ 
( p ) a ( p ) 
The point (x, y) lies on the given curve. Therefore 
1 fa” cos &@\m/(m—1) _,. 1 7b” sin 6 \m|(m—1) _ 
(YM a ERE Me Ma 
or . 
(a cos gm —1) 4+. (b sin g)"(m— I) _pin|(m—D), 


which is the required condition. 


5. Show that the length of the perpendicular from the foot of the 
ordinate on any tangent to the Catenary 


y=c cosh (x]c), 
1s constant. 
Equation of the tangent at any point (x, y) of the Catenary is 
X sinh x/c— Y-+(c cosh x/c—x sinh x/c)=0 (See Ex. 1. p, 255). 
The foot of the ordinate of the point (x, y) is the point (x, 0). 
The length of the perpendicular from (x, 0) to the tangent 


_ x sinh x/c—0-+-(c cosh x/c—z sinh x/c) 
— a/(sinh? x/ce+1) 

_ccosh x/e 

~“eosh x/e 7” 


which is free of x, y and is, therefore, constant. 
6. Show that the length of the portion of the tangent to the astroid 


xb yh 3 


intercepted between the co-ordinate axes is constant. 
Differentiating the given equation, we get 


ee 


3 3 dx 
a dx xt 


Therefore the equation of the tangent at any point (x, y) is 


$ 
Y—y=— (X—x), 
x2 
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or 
Xy3 +Yxtaxbyt (x8 8) = x3 ys a’. . (i) 


The tangent (i) cuts X-axis where Y=0. Hence its intersection 
with X-axis is 


A(xtad, 0). 


Similarly, on putting Y=0 in (i), we find that its intersection 
with Y-axis is 


BO, yas). 
Therefore AB=./[xta® +y8a] = yas xt +y3)] 


= / (a8a*) =a, 


which is free of x and y and is, therefore, a constant. 


Exercises 
1. Find the tangent and normal to each of the following curves :— 
(i) y?=4ax at (a, —2a). (ii) x?/a*+y?/b?==1 at (x’, y’). 
(iii) xy =c? at (cp, c/p). (iv) (x?-+y?)x—ay*=0 at x=a/2. 


(v) (x*--y?)x— a(x?—y?)=0 for x=—3a/5. 
(vi) x*(x—y)+a%(x+y)=0 at (0, 0). 
(vii) x=2a cos §—acos 26, y=2a sin @ —a@ sin 29 at 9=7/2. 
(viii) c(x? +y*?) =x*y? at (c/cos 6, c/sin 6). 
2at? 2at? 
pe? ype Atle d 
2. Find the equation of the tangent to the curve c?(x?+y*)=x’y? in the 
form x cos? §+y sin? @=c. 
3. Show that the tangent to the curve 3xy?—2x°y=1 at (1,1) meets the 
curve again at (—16/5, —1/20). 
4. Prove that the eqvation of the tangent at any point (4m?, 8m) of the 


semicubical parabola x3=y®? is y=3mx—4m' and show that it meets the curve 


again at (m°, —m), where it is a normal if 9m? =2. (D.U. Hons., 1957) 
5. Find where the tangent is parallel to X-axis and where it is parallel to 
Y-axis for the following curves : 
(i) x8+y3 =a}, (ii) x8+y3=3axy. (Folium) 
(iii) 25x? +l&xy+4y? =]. 
6. Find the equations of the tangent and the normal to the curve 
> y(x—2)(x — 3) —-x+7=0 
at the point where it cuts X-axis. (Delhi 1948) 
7. Show that the line 
x cos 6-+y sin g—p=0, 


(ix) x= 


will touch the curve 
xMyn— Qntn=Q, 
af 
pmtn mn=(m+n)"+n a@™t"cos™ 9 sin” g. 
(P.U. 1951) 


TANGENTS AND NORMALS 261 


8. Tangent at any point of the curve (x/a)§ +(y/b)# = 1 meets the co- 


ordinate axes in Aand B. Show that thelocus of the point with (OA, OB) as 
co-ordinates is 


x? 1a*-+ y*[b?= ] 
9. Show that the tangert at any point x, y) on the curve 
ym=axm-1+ xm, 
makes intercepts 
ax 
(m—1)a+mx and ata 3) 
on the co-ordinate axes. 


10. Prove that the sum of the intercepts on the co-ordinate axes of any 
tangent to 


, VX + Ny =a 
is constant. 
11. Prove that the portion of the tangent to the curve 


Xt Va—Y) jog Ft VEY), 
a y 
intercepted between the point of contact and X-axes is constant. 
12. Show that the normal at any point of the curve 
x=acos §+a6 Sin 6, y==a Sin 9—ag cos 6 
is at a constant distance from the origin. (B.U.) 
13. Show that the length of the portion of the normal to the curve 
x=a(4 cos* g@— 3 cos 6), y=a (4 sin® 9@—9 sin 6) 
intercepted between the co-ordinate axes is constant. 
14. Show that the tangent and the normal at every point of the curve 
x=ae? (sin §—cOs 6), y=ae? (sin §+cos 6) 
are equidistant from the origin. 


15. Show that the distance from the origin of the normal at any point of 
the curve 


x=aee (sin 49 +2 cos 46), y=ae® (cos 49—2 sin $9) 
is twice the distance of the tangent. 


16. Show that the tangent at any point of the curve 
x=a(t+sin t cos f), y=a(i+sin 1)’, 
makes angle } (7+2/) with X-axis. 


17. Tangents are drawn from the origin to the curve y=sin x, Prove that 
their points of contact lie on x*y?=x?—y?. (D.U 1953p 


18s. If 
ps=xX cos 9@+y sin 6, 


Uf Wt 
PNG ys 


p"=(a cos 6)"+(b sin 9)". 


touch the curve 


prove that 


(P.U. 1941 ; D.U. 1955) 
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9. The tangent at any point on the curve x*+y>=2a? cuts off lengths p and 
q On the co-ordinate axis ; show that 


p~t+q7a=27 343. (P.U.) 
20. The tangent at any point P(x,. y,) of the curve . 
y=x?—x8 


meets itagain at Q. Find theco-ordinates of the mid-point of PQ and show 
chat its locus is 


y =1—9x +28x? — 28x. (B.U.) 
21. Prove that the distance of the point of contact of any tangent to 
2am xym-1 = yom — qm, 


from the origin as the segment of the -x-axis between the origin and the 
tangent. 


22. Show that the normal to the curve 
5x5 —10x®+x-+-2y+ 6:=0 
at (0,—3) is tangent at the two points where it meets the curve again. 
23. Show that the tangent to the curve 
25x5 +- 5x4 — 45x38 —5x?+ 2x + 6y—24=0. 
at (—1, 1) is also a normal at two points of the curve. 


12:2. Angle of intersection of two curves. 
Def. The angle of intersection of two curves at a point of 


intersection is the angle between the tangents to the two curves at that 
point. 


Examples 
1. Find the angle of intersection of the parabolas 
: y?=4ox, . (i) 
and 
x? =4by, ... (i) 
at the point otner tian the origin. 
We have 
x4—16b2y?= 166? ; 4ax=64ab*x, 
or 
, x(x8— 64ab*) =0. 
ye x=0 and 4033, 


Substituting these values of x in (it), we get 


y=0 for x=0 and y=4aios for x=4at bi}, 


Therefore (0, 0) and (4a%p8, 4a’bs) are the two points of 
intersection, 
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Differentiating (i), we get 
2ydy/dx=4a or dy/dx=2aly. 
Therefore, for the curve (i), 
(dy/dx) at 4(a8b%, 4q8b3) =ad/2p8. 
Differentiating (ii), we get 


dy 
2x=4b dx or - 


Therefore, for the curve (il), 


(dy|dx) at (4a4b%, 4363) =208/5 8. 


Thus, if 7, m’ be the slopes of the tangents to the two curves, 
we have 


m=a?/253, m’ = 2q3/b8, 


The required angle 


a3 as 

aC 
, m—m 4 pa 2b3 athe 
l-+mm at 3 g 
pyle (ak +8) 

b? 2b8 


2. Find the condition that the curves 
ax? + by?=1, a,x?+b,?=1, 
should intersect orthogonally. 
Let (x’, y’) be a point of intersection so that we have 
ax'?+by"=1, 
a,x?+b,y%=1. 


x2 y’? 7 1 
—b+b,— —a,+a™~ ab,--a,b’ 


or 
x'8— (b,—b)|(ab,—a,b), y?=(a —a,)/(ab,—a,b). 


Differentiating the first equation, we get 


d 
2ax+2by F-=0 or a= — a 


@ a — oat 2 ee 
-_ dx \(x', y’) by” 
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Similarly for the second curve 
=| 4 
ax | (x’, y’) by’ 
For orthogonal intersection, we have 
by x be ==—1], ie., aa,x'?+bb,y?=0. »- (1) 
Substituting the values of x’, y’ in (i), we obtain 
aa,(b,—b) | bb,(a—ay) 


ab,—a,b ab,—a,b =0, 
or 
b,—b  a—a, --0 
bb, aa ‘ 
i.e., 
1 1 ] 1 
bb” a a,’ 
as the required condition. 
Exercises 
1. Find the angle between 
(i) x?—y? =a? and x?+- y?=avy?. (P.U. 1955). 


(ii) Y?=ax and x*+y=3axy. 
2. Prove that the curves 
x>+ 2xy?— 10a*x + 12a*y + 3a?=0, 
y+ 2xy?—5a*x—a®=0, 
interesect at tan~! (88/73) at (3a, —2a). 
3. Find the condition for y=mx to cut at right angles the conic 
ax?+ 2hxy+t by?=1. 
Hence find the directions of the axes of the conic. 


12:3. Lengths of the tangent, normal, sub-tangent and sub- 
normal at any point of a curve. 


Let the tangent and the normal at any point (x, y) of the curve 
meet the X-axis at T and G respectively. Draw the ordinate PM. 


Then the lines TM, MG are called the 
sub. tangent and sub-normal respectively. 


The lengths PT, PG are sometimes 
referred to as the lengths of the tangent 
and the normal respectively. 
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From the figure, we have 
(i) Tangent =7P=MP cosec p=y4/(1-+-cot?y) 


Vie) ) 


(it) Sub-tangent=7M= MP cot y= y" i 
(iii) Normal=GP=MP sec p=y4/(1+tan*y) 


Vie x) | 


(iv) Sub-normal=MG=MP tan y=y ic 
Exercises 
1. Prove that the sub-normal at any point of the parabola 
y*=4ax 


is constant. 
2. Show that the sub-normal at any point of the curve 
yx? =a?(x*?—a’) 
varies inversely as the cube of its abscissa. 


3. Find the length of the tangent, length of the normal, sub- tangent 
and sub-norma!l at the point 6, on the four cusped hypocycloid 


x=a cos*9, y=a sing. 
4. Show that the sub-tangent at any point of the curve 
xMyM—Qmin 


varies as the abscissa. (Banaras } 

5. Show that for the curve 

x=at-b log [b+ ~(b? —y?)] — v(b?—-3?), 

sum of the sub-normal and sub-tangent is constant. (P.U. 1938) 

6. Show that for the curve 

yshn—? ox! 

the product of the abscissa and the sub-tangent is constant. 

7. Show that the sub-tangent at any point of the exponential curve 

y=aerlb 

is constant. 

8. For the catenary 

y=c cosh (x/c), 

prove that the length of the normal ts v*/c. (P.U. 1941) 

9. Prove that the sum of the tangent and sub-tangent at any point of 
the curve 

eY /4= x? —Q?, 

varies as the product of the corresponding co-ordinates. 

10. Show that in the curve 

y=a log (x°—a’), 

the sum of the tangent and the sub-tangent varies as the product of the co- 
ordinates of the point. [Compare Ex. 9 above]. (D.U. 1952) 
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12°4. Pedal equations or p, r equations. 


Def. A relation between the distance, r, of any point on the 
curve from the origin (or pole), and the length of the perpendicular, p, 
Srom the origin (or pole) to the tangent at the point is called pedal equa- 
tion of the curve. 


_ 12-41. To determine the pedal equation of a curve whose Car- 
festan equation is given. 


Let the equation of the curve be — 
_ y=f(x). oe (1) 
Equation of the tangent at any 
point (x, y) is 
Y—y=f'(x)(X—x) 


Xf"(x)— ¥ +[y—xf"(x)]=0. 
If, p, be the length of the perpendi- 
cular from (0, 0) to this tangent, we 
have 


p= YO xf'(x) 
VUL+S(x)] 


or 


Also 
re xr%-+y2, o-- (dil) 
Eliminating x, y betwen (i), (i/) and (ii), we obtain the 
required pedal equation of the curve (/). 
Example 
Find the pedal equation of the parabola 
y*=4a(x+a). 
Tangent at (x, y) is 
2a 
Y— ya , (X—X) 
or 
2aX—yY¥+(y?—20x)=0. oa(T) 
The length, p, of the perpendicular from the origin to the 
tangent (i) is given by 
_ y?~2ax 
P= (4a2-+y2) 
4a(x +-a)~2ax 


~4/([4a? +-4a(x-+a)] 
2a(x+2a) ; 
= \/[4a(x-+Bayy~ VLA +24). (i) 


fax yiaxtda(xta)—(x+2a) (ii) 
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From (ii) and (iii), we obtain 


p*=ar, 


which is the required pedal equation. 


1. 
is 

2. 
iS 

3. 
13 

4. 
is 

5. 
is 

6. 
is 


Exercises 


Show that the pedal equation of ellipse 
laity /b=1, 
1 of 1 Pr 
Pp) ee + b* ah?’ 
Show that the pedal equation of the astroid 


x=a cos*9, y=a sin?9, 


r= @?—3p?. 
Show that the pedal equation of the curve 


x=2a cos §6—acos 29, y=2a sin 9 —a sin 26, 


9(r?— a*) = Bp’. 
Show that the pedal equation of the curve 


0 


x= ae” (sin §—cos 6), y= ae? (sin @-+cos 9), 


r= V2p. 
Show that the pedal equation of the curve 
x=a (3 cos @-- cos@), y=a (3 sin 9 —sin'9), 


3p*(Ja* — r*)=(10a*— r*)*. 
Show that the pedal equation of the curve 
(x2 $y) = x2p%, 
1 /p?+ 3)r°=1/c°. 
Section II 


Polar Co-ordinates 


12:5. Angle between radius vector and tangent. 


Let P(r, 6) be any given point on the curve. 
Take any other point Q(r+ér, 6+56) on the curve. Produce 


OP to L. 


267 


(P.U. 1955) 
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Let PT be the tangent at P and let LLPT=¢, 


_ _ Let 7 LPQ=a so that / LPT=¢ is the 
Q limit of a asQ—> P. We have 


J / OPQ=n—«. 
Also 


/ OQP= / LPQ— / POQ=a—80. 


Applying the sine formula to the 
AOPQ, we get 


0° X OQ sin / OPQ 
Fig. 86 OP ~sin 7 OQP 
or 
r+ér sin(w—a)  _— sino 
r ~ sin (2—89) sin («—86)’ 
or sin o ] 
r  sin(a—&@) _ 


sin a—sin («#—6§§) 


ee ae 


sin (a—56) 
2a—d9 . 6 ] 
=2 cos a sin - . sin (a— $0) 
or 
1 Sr __cos (2—$80) sin $60 © 
r 8@ sin (a — 68) 450 
Let Q -> P so that 56 > 0, 6r-> 0, and « -> ¢. 
Therefore 
| 1 dr _cos¢ 
r dé sing’ 
or 
dé 
tan d=r dr 


Cor. Angle of intersection of two curves. If ¢,, 4, be angles 
between the common radius vector and the tangents to the two curves 
at a point of intersection, then their angle of intersection is 


| $1— $e | ‘ 
Note. Precise meaning of ». For a point P of the curve, 


r= (9), 


* is precisely defined to be the angle through which the positive direction 
of the radius vector (i.e., the direction of the radius vector produced) has to 
rotate to coincide with the direction of the tangent in which § increases. The 
direction of the tangent in which, 6, increases is taken as the positive direction 
of the tangent. 
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Examples 


1. Show that the radius vector is inclined, at a constant angle to 
the tangent at any point on the equiangular spiral 


r = ae? . (i) 
Differentiating (1) w.r. to 0, we get 
Sab, ae?9 — br, ie., r \ =, 
tan =, , 
or ¢d= tan} ; ; 


which is a constant. This property of equiangular spiral justifies the 
adjective ‘Equiangular’. [Refer § 11°66, p. 252] 


2. Find the angle of intersection of the Cardioides 
r=a(l1-+cos @), r=b(1—cos §@). 


Let P(r,, 6,) be a point of interscction. Let ¢,, ¢, be the angles 
which OP makes with the tangents to the two curves. 


For the curve r=a(1--cos 6) we have 


dr ; 
doa $n é, 
or 
dQ _a(l+cos6) 2 cos® 6/2 ——eot 2 
"dr asin@d — 2 sin 6/2.cos 9/2 “ore 
tan d=tan ( a 4- ° ) 
or 
7 6 
Pay ty 
Hence 


1 Oy 
Pi=*y + ») , 


For the curve r==b(l—cos 6), we have 


dr 
do =b sin 6, 
or 
dg b(1—cos 8) 9 
tan @= 1 a =p gin gg 
g 
P= 5 - 
Hence 
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Therefore, 6, —¢, =7/2 and hence the curves cut each other at 
right angles. 


Exercises 
1. Find for the curves 
(i) r=a(l—cos 6). (Cardioide) , (ii) r™=a@™ cos m @. 
(iii) 2a/r=1+cos 9. (Parabola) (iv) r™=-a™ (cos m9 +sin m6). 


2. Show that the two curves 
r?=a’cos 26 and r=a(l+cos @) 


intersect at-an angle 3 sin~? (3/4)#. 

3. Show that the curves r”=a"™ cos m6, r™=a™ sin mg cut each other 
orthogonally. 

4. Find the angles between the curves 

(i) r=ag, r6=a; (ii) r=agl(14-9), r=al(1+ 6?) ; 

(iii) r=a cosec? (9/2), r=b sec? (9/2) ; 

(iv) r=a@ log 6, r=a/log 6 ; (v) r? sin 29=4, r?=16 sin 26 ; 
9 , re? == 


(vi) r=ae = 

5, Show that in the case of the curve r=a (sec §-{-tan 6), if a radius 
OPP’ be drawn cutting the curve in P and P’ and if the tangents at P, P’ 
meet in 7, then TP=T7P’. (M.U.) 

6. Show that the tangents to the cardioide 

r=a(l+cos @) 
at the points whose vectorial angles are 7/3 and 24/3 are respectively parallel and 
perpendicular to the initial line. 

7. The tangents at two points P, Q lying on the same side of the initial 
line of the cardioide r=ail-+cos 9), are perpendicular to each other ; show that 
the line PQ subtends an angle 1/3 at the pole. 

8. Show that the tangents drawn at the extremities of any chord of the 
cardioide r=a(l+cos 9) which passes through the pole are perpendicular to 


each other. 
9. If two tangents to the cardioide r=a(I+cos 6) are parallel, show that 
the line joining their points of contact subtends an angle 27/3 at the pole. 


10. Show that 
_ dy dy 
tan ~0 (x -»)/( y dx + * ): 
(Agra 1952) 


126:. Length of the perpendiculer from pole to the tangent. 
From the pole O draw OY perpendicular to the tangent at any point 
P (r, 6) on the curve r=f(6) ; Y being its foot. 

Let OY =p 

From the AOPY, we get 
$ 
Pp _.. 
(r, a) yon ¢ 
or | 
p=r sin d, 
X which is a very useful expression for p. 


y We now express, y, in terms of the co- 
Fig. 87 ordinates r, 6 and the derivative of, r, w.r. to 
9. We have 
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dp 
tan =r A 


. r wee 
sin $= V7ya} (dr/d6)*]" 


y2 
poe Tes (dr]deyry 


which we can write as 


1 r+(dr/do? 1 1 (5). ...(ii) 
p? ee r2 r4 dé 
Yet, another form of p will be obtained, if we write 
r=] /u, 
so that 
dr 1 dul 
dg u2 da’ 
Substituting these values in (i/), we get 
1 ; du \? - 
poo +( da ). oe (UT) 


12:7. Lengths of polar sub-tangent and polar sub-normal. Let 
the line through the pole O, drawn perpendicular to the radius 
vector OP, mect the tangent and normal at P in points T and G 
respectively. 

Then, OT, OG are respectively called the polar sub-tangent and 
polar sub-normal at P. 


From the A OPT, we get G Piro) 
r 
Op tan d, >4 
or 
OT=OP tan ¢d=r? o- \ 
dr 
Hence polar sub-tangent \ | 
=f? a _ 90 where N= l AN, 
dr du r ’ he 
From the AOPG, we get Fig. 88 
a cot ¢, 
or 
OG=OP cot ¢ 
=f , 1 . ar — dr : 
r dg” «da 


dr 1 du l 
Hence, polar sub-normal= d= Ww ds where u=~ 
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Note. The lengths PT and PG ara sometimes called the lengths of the 
polar tangent and polar normal at P. We have 


a 
PT=OP sec ¢=rv[1+ tan’ ajer\/ [1+ ( “ ) | 


dr ~* 
= = 2 = 2 Tr 
PG=OP cosec »=rv[1+cot? »] \/| r°-+ ( d6 ) | 


12:8. Pedal equations. To obtain the pedal equation of a curve 
whose polar equation is given. 


Let 
r=f(@) be the given curve. ee(E) 
We have 
] ] 1 sar \? .: 
por + yA (9 . »(iL) 


Eliminating 9 between (i) and (ii), we obtain the required pedal 
equation of the curve. 


The p2dal equation is sometimes more conveniently obtained 
by eliminating 6 and ¢ between (i) and 


d 
tan @=r iH 
p=r sin ¢. 
Exercises 


1. Show that for the curve 


@==cos7} A Va |, 
the length of polar tangent is constant. 
2. Prove that for the curve 

r—*=Ag+ B, 
the polar sub-tangent is constant. 
3. Show that for the spiral r=a), the polar sub-n drmal is constant. 
4. Find the polar sub-tangent of 

(i) r=a(l+cos 9). (Cardioide)  (#) 2a/r=1+eco3 9. (Conic) 
(iii) r=ag?/(@—1). 
5, Show that for the curve : r=ae®”, 
polar sub-normal 


pUlat shoe a 
polar sub-tangent varies as 6”, 


6. Find the polar sub-normal of ' 
(i) r=a/6 ; (ii) r=atbeoos 6. 
7. Find p for the curve 


r=ae® /(14+6)*. 
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8. Find the pedal equation of r™=a™ cos mg. 
Logarithmically differentiating, we get 


im ; dy ==—m tani 6 
r dr 
. d9 
.e tan g=r dp St mo = tan (40 + m9). 
or f=4n+ még. 
Thus p=r sin g=r (sin 47+m6)=r cos mg. 


rma g™ , a or pa™=r™+1, 


which is the required pedal equation. 
9. Find the pedal equations of 


(\) r= ag. (ti) r=ace? COb% , 
(i07) Ijr--14 ecos @. (iv) r= ag. 

(vy) r- a(l4 cos 6). (vi) r- asin még. 
(viz) r(1—sin $6)? a. (vidi) r=at+bcos @. 


(tx) r™=-u™ sin m6+b™ cos még. 
10. Prove that the locus of the extremity of the polar sub-normal of the 
curve r=/(@) is the curve 
r= f'(@—4n7). 
Hence show that the locus of the extremity of the polar sub-normal of 
the equiangular spiral r ae”? is another cquiangular spiral. (P.U. 1940) 


W1. Prove that the locus of the extremity of the polar sub-tangent of the 
curve 


I 
( $£(9)--0 


ue f'(An-t 6). 
Hence show that the locus of the extremity of the polar sub-tangent of 
the curve 
r= (14 tan 46)/(m--n tan 36) 
is a cardioide. (Allahabad 1943) 
12. Show that the pedal equation of the spiral r=asech ng is of the 
form 


—— A 4B. (Delhi 1949) 
r 


CHAPTER XIII 
DERIVATIVE OF ARCS 


13:1. On the meaning of the lengths of arcs. The intuitive 
notion of the lenyth of an arc of acurve is based upon the assumption 
that it is possible for an inextensible fine string to take the form of 
the given curve so that we may then stretch it along the number 
axis and find out the number which measures its length. 

This assumption, which is not analytical, cannot be the basis 
of analytical treatment of the subject of lengths of arcs of curves. 
Also to define lengths of arcs analytically is not “within the scope of 


this book. 


Hence we have to base our treatment on an @xiom which con- 
cerns the numerical] measure of lengths of arcs and we now proceed 
ey to give it. 
Axiom. Jf P, Q, be any two points on 
a curve such that the arc PQ is throughout its 
Pay length concave to the chord PQ, then 


Chord PO <arc PO <PL+OQL, 


p where PL and QL are any two lines enclosing 
the curve, 
Fig. 89 
An important deduction from the axiom. ot P, Q be any two 
points on a curve, then 


lim .2¢ PQ 
Q->P chord PQ 


To prove it. we take Q so near P that the arc PQ is everywhere 
concave to the chord PQ. 
Let PL be the tangent at P. 
Draw Q 
OL | PL. 
Let / LPOQ=xa ; we have 
chord PQ <are PQ<PL+LQ, 


=], 


id re ore PQ PL, LQ 
S chord PQ <RQT PQ” r 
or » 
arc . . 
l< chord PQ~°* “%-+-sin vo Fig. 90 


wee(Z) 
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Let Q — P so that chord PQ tends to the tangent PL as its 
limiting position and a — 0. 

From (i), we get 

tim PQ) 
Q—>P chord PQ 
for 
(cos a+sin «)-> lasa—>0Q. 

13:2. Length of arc as a function. Let y=f(x) be the equation 
of a curve on which we take a fixed point A. 

To any given value of x corresponds a value of y, viz., f(x) ; 
to this pair of number x and f(x) corresponds a point P on the curve, 
and this point P has some arcual lengths ‘s’ from A. Thus ‘s’ is a 
function of x for the curve y=/(x). 


Similarly, we can see that ‘s’ is a function of the parameter ‘?’ 
for the curve 


x=f(t), y=Fi(t), (Parametric Equation) 
and is a function of 6 for the curve 
r= f(6). (Polar Equation) 


13-3. Cartesian Equations. To prove that 
ds dy \? 
dx =~ val 1+ (i ) |. 


y=f(x). 
Let ‘s’ denote arcual distance of any point P(x, y) from some 
fixed point A on the curve. 
We take another point Q(x +65x, y +6y) on the curve near P. 
Let an arc 40 =s-+5s 80 that Y 
arc PO=6s. 


From the rt.-angled APOQON, we 
have 


for the curve 


POQ2—PN?+ NOQ? 
= (§x)?+ (dy)?, 


2 MX 
& y= +( sx) Fig. 91 


chord PQ? 5s \3 sy \? 
[wero | + Car) =1+( 32) 
Let OQ — P so that in the limit 


Cate) 


: (R42) 


or 
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We make a convention that for the curve y=/(x), ‘s’ is measur- 
ed positively in the direction of, x, increasing so that, s, icreases 
with x. Hence ds/dx is positive. 


Thus we have | 
d / dy \? 
ax =\V I 1+( ax ) | 


taking positive sign before the radical. 


Cor. 1. Ifx=/f(y) be the equation of the curve, then ‘s’ is @ 
function of y and, as above, it can be shown that 


ds dx \? 

dy val 1+ (ay ) | 
Cor. 2. From the right-angled A, PNQ, we have 
PN 8x are PO 
PO™~ 8s ° chord PQ 


Let OQ > Pso that / NPQ — i, where ¢ is the angle which the 
positive direction of the tangent at P makes with X-axis. 


cos LNPQ= 


dx dx 
oe cos y= ds a ra 
Hence 

dx 

cos f= ds” 

Similarly, we can show that 
, dy 

sin = ds 


13:4. Parametric Equations. 'o prove that 
ds dx \* sdy \? 
dt =\/| ( dt ) + Car) |; 


x=fit), y=Fit). 
Let ‘s’ denote the actual distance of any point P(t) on the 
cusve from a fixed point A of the same. 


We take another point Q(t+6t) on the curve. Let-x+6x, 
y+-dy be its co-ordinates. 


Let 


for the curve 


arc, PO=—S5s. 
From the A PNQ, (Fig. 91, p. 275), we get 
PQ?= PN?+ NQ?=(6x)?+ (dy), 
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chord PQ\?; 6s \? 5x \? by \2 
( arc PQ ) C5 ) =(t ) +s): 
Let @ — FP so that in the limit 
ds \% dx \? dy \? 
at) =Car ) + Car) 
We measure ‘s’ positively in the direction of, f, increasing so 
that ds/dt is positive. Thus 


a VC) Car) } 


13-5. Polar Equations. To prove that 
ds . dr \2 
de =A/[! +a) ] 


r= (6). 
Let ‘s’ denote the arcu! length of any point P(r, 9) from some 
fixed point A on the curve. 
We take another point Q(r-+5r, 44-56) on the curve near P. 
Let arc AQ =s-+8s so that are PQ=6s. 


or 


for the curve 


Ptr,e) 


Fig. 92 
Draw PN |OQ. 
Now 
PN/OP=sin 80 so that PN=r sin 69. 
Again 
ON/OP=cos 59 so that ON=r cos 60. 
Hence NQ=0Q—ON 
=r+tér—r cos 66 
=-r(l—cos 46)+6r 
==2r sin®} 60-+-6r. 
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From the A PNQ, we get 
PQ?=PN?+ NQ? 
=r? sin? §66-+-(2r sin?350+-dr)*. 
Dividing by (60)?, we get 


(mm ey (EY =e Ca) 
sin $59 


; r 
+(r . sin $68. “iso +55 . 
Let Q-»P. Therefore 


ds\?_, dr 
“r) =r, 1+( rOxl+ %, 


We measure ‘s’ positively in the direction of 9 increasing so 
that ds/d@ is a Thus 


“dg i =V [+ ei ) | 


Cor. 1. If g@=/f(r) be the equation of the curve, then ‘s’ is @ 
function of r and, as above, it can be shown that 


Vey] 


| . PN rsin 86 
Cor. 2. sin LPQN= »p PQ = PO 
; sin 60 58 arc PQ 
~ $86 ° Os * chord PQ” 
Let Q + P so that / PON — ¢ where, d, is the angle between 
the positive directions of the tangent and the radius vector. 


dg 


ze sin g=r. 1, “ds” | 
or 
sin ¢=r i. 


Again, cos 7 PQN= a 


2r sin? 469+ 6F 
= -Q 
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_ 2r sin? 359+8r | 36 + are PO 
mn 489 82350, 8r\ 84 are PQ 
=( r- sin 456 - 430 +39 55° chord PO ° 


Let O—-P 
dr \ dé 
ee COs o=(r. 0, 19 as” 
or 
d 
cos ¢=- ig . 
Exercises 
1. Find ds/dx for the curves .— 
(i) y=c cosh x/e. (ii) y=a log [a®/(a*—x*)]. 
(ii) 37y?=x*(a—x). (iv) x?=ay’. 
(v) 8a?y?=x?(q?—x?). (vi) 3ay?=x(x—a)*. 


(vii) 4ay+2a? log x=x?. 
2. kind ds/dy for the curve 
[4’x? + y*?)—a®]§=27Taty*. 
3. Show that yds/dy is constant for the curve 
| XANGHV) Log ENOL) 
a y 
4. Find ds/dg for the following curves, @ being the parameter :— 
(i) x=acos 6, y=b sin @ (Ellipse) 
(ii) x=a cos? 9, y=sin®g. (Astroid) 
(iii) x=a (9—Sin 9), y=a(1—cos @). (Cycloid) 
(iv) x=ae® sin 6, y=ae? cos 6. 
(v) x=a(cos 6+6 sin 9), y=a(sin 9—9 COs Q). 
§, Find ds/d9 for the fo lowing curves :— 
(i) r=a(i+cos 6). (Cardioide). (ii) r?=a* cos 29. (Lemniscate) 


(iii) rage) CO | (Equiangular spiral) 


(iv) r=ad. (v) r=a(9*—1). 
(vi) r=a/(6?—1). 
(vii) r™=a™ cos mg. (Cosine spiral). 
(viii) r™=a™ (cos m6+sin mé). 
6. Show that for the hyperbolical spiral r@=a, 
as _ rita’) 
dr oor. 
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7. Show that r ds/dr is constant for the curve 


eeoena.! VK r*) 
§= Cos k r . 
l ds. 
8. Show that Ne dr is constant for the curve: 


g=2 [\/ ("" )-tan-1 4 / (77). 


9. If p, and p, be the perpendiculars from tho origin on the tangent and 
aormal respectively at the point (x, yj, and iftan p -dy/dx, prove that 


pPi=X sin &—y cos ¥, and py=:x cos P+y sin B ; 
hence prove that 


ap, 
Pade 
10. Show that for any pedal curve p:=/(r), 
-ds r 


dr com V(r? —p?) ° 


CHAPTER XIV 
CONCAVITY ; CONVEXITY 
POINTS OF INFLEXION 


14:1. Definitions. Consider a curve y=f(x) and any point 
Pie, f(c)] thereon. Draw the tangent at P. 


We suppose that this tangent is not parallel Y-axis so that 
f'(c) is some finite number. 


Now there are three mutually exclusive possibilities to con- 


sider :— 
a & | FZ | a 
Ox [- 6 x 


Fig. 93 Fig. 94 Fig. 95 


(i) <A portion of the curve on both sides of P, however small it 
may be, lies above the tangent P (i.e., towards the positive direction 
of Y-axis). 

In this case we say that the curve is concave upwards or 
convex downwards at P. (See Fig 93). 


(ii) A portion of the curve on both sides of P, however small 
it muy be, lies below the tangent at P (i.e., towards the negative 
direction of Y-axis). 


In this case we say that the curve is concave downwards or 
convex upwards at P. (See Fig. 94). 


(iii) The two portions of the curve on the two sides of P lie on 
different sides of the tangent at P,ie., the curve crosses the tangent 
at P. Inthis case we say that Pis a point of inflexion on the curve. 
{See Fig. 95). 

Thus, the curve in the adjoined 
figure 96 1s concave upwards at every 
point between P, and P, and concave 


downwards at every point between P, 
and P3. 


P, and P, are the points of in- 
flexion on the curve. 


Fig. 96 
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From these figures, it is easy to see that the curve changes the 
direction of its bending from concavity to convexity or yice versa as @ 
point, moving along the curve, passing through a point of inflexicn., 
This property is also sometimes adopted as the definition of a point 
of inflexion. 


; Note. The property of concavity or convexity of a curve at any point 
is not an inkerent property of the curve independent of the position of axes. 
Upward and downward directions, as also positive and negative directions of 
Y-axis, are fixed by convention and have no absolute meaning attached to 
them. But this is not the case for a point of inflexion. The point where a 
curve crosses the tangent is an inflexional point so that its existence in no way 
depends upon the choice of axes. 

14:2. Criteria for concavity, convexity and inflexion. To deter- 
mine whether a curve y=f(x) is concave upwards, concave downwards, 
or has a point of inflexion at P [c, f(c)]. 

We take a point Q[c+h, f(c+A)] on the curve y=f(x) lying near 
the point Pic, f(c)]. 

The point Q lies to the right or left of the point P according as. 
h is positive or negative. 

Draw QM | _X.axis meeting the tangent at P in R. 

The equation of the tangent at P is 

y—S(e)=F (e) (x4), 
and therefore the ordinate MR of this tangent corresponding to the 
abscissa c-+-h is 


Se) +f" (c). 
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Also, the ordinate MQ of the curve for the abscissa c-+-h is- 
S(e+h). 
i RQ=MQ—MR=f(c+h)—f(c)—hf'(e). 
For concavity upwards at P, (Fig. 97). 
MQ > MR, i.e., RQ, is positive when @Q lies on either side of P. 
For concavity downwards at P, (Fig. 98). 
MQ < MR, i.e., RQ is negative when Q lies on either side of P. 
For inflexion at P, (Fig. 99). 


RQ is positive when Q lies on one side of P and negative whem 
Q lies on the other side of P. 


Thus, we have to examine the behaviour of RQ, i.é., 
fie+h) —f(c) —hf'(c) 
for values of, 4, ‘which are sufficiently small numerically. 


By Taylor’s theorem, with remainder after two terms, we have: 
he, 
S(e+h) =f) t Wf (ce) +5) f' (c+6,h), 


he 
RQ= 4 | F"(c+-6,h). 


Case I. Let f'(c) > 0. 


As the value f"(c) of f"(x) is positive for x=c, there exists an: 
interval around c for every point x of which the second derivative’ 
f"(x) is positive. (§ 3:51, p. 54). Let c+/ be any poiut of this- 
interval. Then c+4,/ is also a point of this interval and accordingly 
f"(c+ 63h) is positive. 

Also 


h2/2.!, is positive. 


RQ > 0, 
for sufficiently small positive and negative values of h. 
Hence the curve is concave upwards at P if f"(c) > 0. 
Case II. Let fc) < 0. 


In this case we may show, as above, that RQ < 0 for sufficiently: 
small positive and negative values of h. 


Hence the curve is concave downwards at P if f” (c) <0. 
Case III. Let f"(c)=0 but f(c)40. 
By Taylor’s theorem, with remainder after three terms, we 
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nave | | | | 
? 3 

fleth=fe) + AF ()+ FO 5 LM C+ ah), 

%0) that 


h , 
RQ= a f'"' (c+ 65h), for f’(c)=9. 


There exists an interval around c for every point x of which 

S’'(x) has the sign off”(c). Let c+/ be any point on thie interval. 

Then c+ 63h is also a point of this interval and accordingly f’’’(e+ @,/) 
has the sign of f’’’(c) 


But h?/3! changes sign with the change in the sign of h. 

Thus RQ changes sign with the change in the signh. Hence 
athe curve has inflexion at P if f’'(c)=0 and f’ (c)40. 

Case IV. Generalisation. 

Let 


f'()=f'"' (0) =......=f"-1(c) =0 but f"(c)#0. 

By Taylor’s theorem, with remainder after n terms, we have 
fy ; jr 

fle+h)= f+ (+b, FC)F eee +41) , fe) 


fan 
$y £MC+ Oak) 


=f thio 0 fret Gah), 
go that 


1) 


There exists an interval around, c, such that f"(c+6,h) has the 
sign of f"(c) or every point c-+-A of this interval. 


Also A"/n! changes its sign or keeps the same sign while the 
sign of, /, changes, according as n is odd or even. 


Thus RQ changes sign if xis od. and keeps the sign of f"(c), if 
nis even, 


Hence if n is odd the curve has inflexion at P ; if n is even, it ts 
concave upwards or downwards according as f"(c) > 0, or <0. 


14-3. Another Criterion for points of inflexion. We know that 

@ curve has inflexion at P if it changes from concavity upwards to 
concavity downwards, or vice versa, as @ point moving along the curve 
passes through P, i.e., if there isa complete neighbourhood of P such 
‘that at every point on one side of P, lying in this neighbourhood, the 
curve is concave upwards and at every point on the other side of P 
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the curve is concave downwards. We thus see that the curve, has in- 
fiexion at P{c, f(c)], if f(x) changes sign as x passes through c. 

_ Note. We have already remarked that the position of the point of in- 
flexion on acurve is independent of the choice of axes so that, in parucutar, the 
Positions of x and y axes may be interchanged witnout affecting the positions of 
the points of inflexion on the curve. Thus the points of inflexion may also be 
determined by examining d’x/dy’ just as we examine d’y/dx®, For ponts where 
the tangent ts parallel to X-axis, 7e., where dy/dx is infinite, it becomes neces- 
sary to examine dx /d*y instead of d’y/dx’. 

14:4. Concavity and convexity with respect to a line. Let P be 
a given point on a curve and, /. a straight line not passing through 
P. Then the curve is said to be coneave or convex at P with respect 
to |, according as a sufficiently small arc containing P and extending 
to hoth ‘sides of it lies entirely within or without the acute angle- 
formed by, /, and the tangent to the curve at P. 


P 


i A 
l é . 


Fig. 100 Fig. 101 


Thus the curve is convex to/ at Pin Fig. 100 and concave in 
Big. 101. 


In the next section, we deduce a test for concavity and convexi- 
ty with respect to the X-axis. 


14:41. A test of concavity and convexity with respect to the X-axis.. 


vy 


P 


Fig. 102. - ' Fig. 103 


From the examination of the figures 97, 98 and the figures 102,. 
103, we deduce the following :— 


(i) A curve lying above. the axis of, x (so that the ordinate y is: 
positive) is convex or concave with respect to-the axis of x according 
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as it is concave upwards or downwards, i.e., according as d*y/dx?® is 
positive or negative. 


(it) A curve lying below the axis of x (so that the ordinate y is: 
negative) is convex or concave with the respect to the axis of x accor- 
ding as it is concave downwards or upwards i.e., according as d?y/dx3 
Is negative or positive. 


Thus, in either case, we see that @ curve is convex or concave at 
P with respect to the axis of x according as 


2 
Ge 
iis positive or negative at P. 
Examples 
1. Find if the curve 
y=log x, 
4S concave or convex upwards throughout. (P.U. 1932) 
Now 
dy 1 
dx x 
ay__} 
dx? x2’ 


which is always negative. 


Hence the curve is concave downwards, 
i.e., convex upwards throughout. 


Note. We know that y=log x 1s negative or posi- 
tive according as O<x<1 orx >1. Thus for 0<x<l, 
yd?y/dx? is positive and for x >1, yd*y (dz? negative, so that 
Fie. 104 the curve is convex w.r. to x-uxis if O0<x<l and concave 
8. w.r. to z-axis If x>1. 


2. Show that y=x* is concave upwards at the origin. 


We have 
dy d*y d’y d4y 
ye =, et == 12x?2, xe z= 24x, Pr ;- = 24, 
«80 that 
d? dsy 
: r= aes =Oa nd © 0 but positive at (0, 0). 


Therefore the curve is vonoevs upwards at the origin. 


3. Find the ranges of values of x for which 
y= x*—6x8 +12x24+5xX47 
iis concave upwards or downwards. 
Also, determine its points of inflexion. 


’ e ye ‘ 


CONCAVITY, CONVEXITY, INFLEXION 287 


We have 


dy ays 2 
fg ae 18x? 24x45, 


BY joys 
ia = 12P— 36x + 24— 12(x—1}(x—2). 
Now, 
d?y d®y 
for x<l, ye 783 for X=1, ye=9 5 
for l<x<2, 2” <0: for x=2, 70 
or S¥S4y ye SU or > dx’ 
2 
for x>2, £2 50, 


Thus the curve is concave upwards in the intervals [—o, 1), ° 
{2, «© ] and is concave downwards in the interval [1, 2] 


It has inflexions for x=1 and x=2. 


Therefore (1, 19) and (2, 33) are the two points of inflexion on 
the curve. 


4, Show that the curve (a?+x?)y 
flexion. 


- Here 


dy _ a®(a? +x?)— 9q?x2 _ 7% (a —x?) 


=a'x has three points of in- 


dx — (a2 +.x2)2 ~~ ="(atx2)2 ’ 
By ge IMG 47)? — 4 x(a? +23) (a? 2?) 
dx (a px 
_ gt W2X (84° — 2?) _ 4 2X — V3a)x(x+ 3a) 
= (a?-+-x?)8 — (a2-++-x2)8 


d*y/dx?=0 for x=4/3a, 0, —4/3a. 


It is easy to see that d?y/dx? changes sign as, X, passes through 
each of these values. Hence the curve has inflexions at the corres- 
ponding points. 


Thus 
(4/3a, +/3a/4), (0, 0), (—+/3a, —- /3a/4) 


are the three points of inflexion of the curve. 


5. Find the points of inflexion on the curve 

x=(log y)*. 
Here, y,.is the meeps and, x, the dependent variable, 
] 


dx 
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d*x ] 3 
dys =P 1ORY + em yar (log »)? 
3 log 
= yy " (2—log y) 
. d*x/dy*=0 if log y=0 or log y=2, 


i.€., if 
y=e°=1 or e?, 


Thus we expect points of infzxion on the curve for p=1 and. 
e*. Again 


ax 6 12 log y_ 6 log an 


dy’ = ys ys y3 yf? (log y)*. 
Therefore 
| d3x d3x § 
ws)y=l =640 and ir syne — 9 2. 


Hence y=1 and e? give points vf inflexion, so that (0,1) and’ 
(8, e?) are the two points of intlexion, 


Exercises 


1. Show that y=e is everywhere concave upwards. 


2. Examine the curve y=sin x for concavity and convexity in the: 
interval (0, 27). 


g. Find the ranges of values of x in which the curve 
y =3x'— 40x39 4-3x—20 
is concave upwards or downwards. Al3o, find the points of inflexion. 
4. Find the ranges of the values of x in which the curve 
yo x*4-4x ¢Sje7* 
ig concave upwards or downwards. Also fiad its points of inflexion. 
5. Find the intervals in which the curve 
y= (cos x-+sin x)e% 
is concave upwards or downwards ; x vary! ng in the interval (0, 27). 


6. Find the points of inflexion the curves 


(7) p--ax®-+bx?-+ax td. (38) p=(x8—x)/(3.x?+-1). 
(iit) x= 3y'—4y8-45. (tv) x=-(y—1)(y—2)(y—3)- 
a*(a— x) , . aa x3. ony 
(v) y ~ Qt x ° (v2) = a*-|-x?" 
vy a satya 7 Ot la)* 
(v8) Y= 1 2" (viii) y=be 
x) xy=a? log (y/a). (x) y~-x? log (x?/e?). 
(xt) p= x(x-+1)*. (D.U. Hons. 1947) 


(xie) a®y? == x?(a?—x?). (D.U. Hons. 1955 j 
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Also, obtain the equations of the inflexional tangents to the curves (¢#), 
(t¢7) and (xi). 
7. Show that in the curve 


y=(I/Ayame % 2h" 
the abscissae of the points of inflexion are +h. 
8. Show that the line joining the two points of inflexion of the curve 
y{(x—a)- x2(x-+a) 
subtends an angle 1/3 at the origin. 
9. Find the values of, x, for which the curve 
54y==(x-+- $)?(x8—-10), 


has an inflexion and draw arough sketch of the curve for —6<x<3, making the 
inflexions. (M. I. )s 


10. Show that the curve 
ay?==x(x—a)(x—b) 
has two and only two points of inflexion. 
11. Find the points of inflexion on the curves 
(i) x=a(26—sin 6), y=a(2—cos 9). 
(ti) x==a tan t, ya Sin? cost. 
(iii) x==2a cot 9, y==2a sin? @. 


12. Show that the abscissae of the points of inflex'on on the curve 
2— f(x) satisfy the equation 


[f(x) P= 2f x) “@). (PU ) 
13. Show that the points of inflexion of the curve 
y= (x—a)*(x—b) 
lie on the line Po 
3x+a=4b. , (Luckhow) 


CHAPTER XV 
CURVATURE 
EVOLUTES 


15:1. Introduction. Definition of Curvature. In our everyday 
language, we make statements which involve the comparison of bend- 
ing or curvature of a road at two of its points. For instance, at 
times, we say, ‘The bend of the road is sharper at this place than at 
that.” Here we depend upon intuitive means of comparing the 
curvature at two points provided the difference is fairly marked. But 
we are far from intuitively assigning any definite numerical measure 
to the curvature at any given point of a curve. In order to make 
‘Curvature’ a subject of Mathematical investigasion, we have to 
assign, by some suitable definition, a numerical measure to it and 


this has to be done in a way which may be in agreement with our 
intuitive notion of curvature. This we proceed to do. 


We take a point Q on the curve 
lying near P. 

Let A be any fixed point on the 
curve. Let 

are AP= S, 

are AQ=s-+5s, 
so that 

arc PQ=85s, 

Let y, y+éy, be the angles which 
the positive directions of the tangents 
at P and Q make with some fixed line. 

The symbol, Sy denotes the angle 

Fig. 105 through which the tangent turns as a 

point moves along the curve from P to 

Q through a distance 5s. According to our intuitive feeling. dy will 

be large or small, as compared with 6s, depending on the degree of 
sharpness of the bend. | 

This suggests the following definitions :— 

(i) the total bending or total curvature of the arc PQ is defined to 
be the angle 3y ; 

(ii) the average curvature of the arc PQ is defined to be the 
ratio dp] és ; 
and (iii) the curvature of the curve at P is defined to be 
lim oY | ay 
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Thus, by def., dy/ds is the curvature of the curve at any point P 


15:2. Curvature of a circle. - To prove that the curvature of 
a circle is constant. 


Intuitively, we feel that the curvature of acircle is uniform 
throughout its circumference and that the: larger the radius of the 
circle, the smaller will be its curvature. It will now be shown that 
these intuitive conclusions are consequences of our formal definition 
of curvature. 


Consider any circle with radius, r, and centre O. 

Let P, @ be any points on the : 
circle and let are | T 

PQ =S5s. 

Also let L be the point where the 
tangents PT, QT’ at P and Q meet. 

We have 

/ POQ=/ TLT' =5), 
From Elementary Trigonometry 


are PQ ; dS 
‘OP ‘== / POQ, 1.@., > = Oy. 


dy 1 
dsr 
Let Q - P so that in the limit, we have 
dp 1 
ds~ r- 


Thus the curvature at any point of a circle is the reciprocal of 
its radius and is, thus, a constant. 


Also, it is clear that the curvature, 1/r, decreases as the radius 
f increases. 


15:3. Radius of curvature. The reciprocal of the curvature 
of a curve at any point, in case it is 0, is called its radius o  curv- 
ature at the point and is generally denoted by, p, so that we have 

ds 
p= dy 

Thus the radius of curvature of a circle at any point is equal te 
its radius. 


15:31. The expression ds/dy for radius of curvature is suitable 
only for those curves whose equations are given by means of a 
relation between s and ». We must, therefore, transform it so that 
it may be applicable to other types of equations such as Cartesian, 
Polar, Pedal, Tangential Polar. etc. 


It may be remarked that in the case of Cartesian and Polar 
equations, the fixed line will be taken as X-axis and initial line res- 
pectively.. For the curye y=/f(x), the positive direction of the tan- 
gent is the one in ‘which, x, increases, and for r=f(@) the positive 
direction of the tangent, is the one in which, §, increases. 
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Ex. Find the radius of curvature at any point of the following :— 
(i) s=c tan y (Catenary). (ii) s=4a sin wy (Cycloid). 
(iii) s=4a sin $y (Cardioide). (iv) s=c log sec a (Tractrix). 
(v) s=a log (tan p+sec y)+a tan y sec y (Parabola). 
15:4, Radius of curvature for Cartesian Curves. 
15 41. Explicit equations: y=f(x). 


Now, 
dy 
tan y= dx 
Differentiating, w.r. to s, we get 
dy _@y dx 
S008 Ts = dxt ds’ 
2 
ds _ (1+tan YW) 9 
dy d*y 
ax? 


But, we ne 


(13°3, p. 275) 


where the positive sign is to be taken before the radical. 
‘Hence 


‘dg! ay Yo (A) 


Cor. The radius of curvature, e, is positive or negative 
according as d*y/dx? is positive, or negative te., according as the 
curve is concave upwards or downwards. Also, the equation (A} 
shows that curvature is zero at a point of inflexion. 


Note. Since the value of @ is independent of the choice of X-axis ang 
Y-axis; interchanginz. x and y we see that, p, is also given by . 


[at (G 2d: |e 


‘This formula is specially useful when the tangent is perpendicular tor 
H®axis ia which case dx/dy=-0. | 


[5- 42. Implicit equations : f(x, y =0. 
At points where oNley=far20, we have ($10°94,: p. 213) 
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ary =— Pa@) vy) “fry S Sy tt fe)? Dos 


dx? (fy) 
Substituting these values of dy/dx and d?y/dx? in the formula 
A) above, we get 
: | 3 
rae, UPA 
Saf) — fay Se AASV he)? 


vhere the sign is + or —- according as f, is negative or positive. 


...(B) 


_ Note.” The form of the formula (B) shows that the expression for e will 
etain the same format points where /,=—0 but f,;0, The exceptional case 
‘hich arises for the points where fz and fy, become simultaneously 0 will be 
onsidered in chapter XVII. 


15:43. Parametric equations : x=f(t), y=F(t), 
At points where _f’(t)«0, we have 


dy F'(t)- : ; 
dx f(t) ’ | we (L) 
Py fOr oF aft) 1 
dx for f(t) 


Substituting these. values of dy/dx and d?y/dx? in the formula 
A) above, we get 


LF) +FH 
PSP (NE (QFE 


vhere the sign is + or — according as f’(t) is positive or negative. 


(C) 


Note. The formula (C) shows that the expression for, p, will retain the 
ame form for the points where f’(t):=0 but F’ (4) 0. 


15:44. Newtonian Method. /f a curve passes through the 
srigin and the axis of x is tangent at the origin, then 


_ x? 
lim—, as x + 0 
dy 
hives the radius of curvature at the origin. 


Here we obtain the values of y, and y, at the origin. 


d 
¥(9) = (ae ho, 0)=°? 


Now, x?/2y, assumes the indeterminate form 0/0 as x — 0. 


. x 2x 0 
lim -—= lim ;— (+) 
x>02 x0 21 0 
l ] 


= lim —-= -~-. 
x ->0V2 y,(0) 
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Also, from the formula “4 of § 15:41, we have at the origin 


_ (1+-0) ? i ] 
~Ya(0) ~~ y,(0) 
Thus at thé origin where X-axis is a tangent, 


x—>0 
It can similarly be shown that at the origin where Y-axis isa 
tangent, 
2 
x—0 x 


These two formulae are due to Newton. 


15:45. Generalised Newtonian Formula. If a curve passes 


through the origin and X-axis is the 
tangent at the origin, we have 


¥ 


P _ x@py8 , 7x® oy 
lim By =lim(5 +-5 
li x3 
M ._— 1m. oy 
Fig. 107 =f, at the orgin. 


Here, x?+y?=OP?, is the square of the distance of any point 
P(x, y) on the curve from the origin O and, y, is the distance of the 
point P from the tangent X-axis at O. 


Interpreted in general terms this conclusion can be stated as 
follows : (see Fig. 108.) 


If OT be the tangent at any given point O ofa curve, and 
PM, the length ofthe perpendicular drawn from any point P to the 
tangent at O, then the radius of curvature 
at O P 


OP? 
2PM’ 


when the point P tends to O as its limit. 


= lim. 
0 M 
Fig. 108 
Note. It will be proved later on in § 17°31, on p. 332 that the tangent 


at the origin lying on a curve is obtained by equating to zero the lowest degree 
terms in its equation. 


Examples 
1. Inthe cycloid 
x=a(t-+sin t), y=a(l—cos f), 
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CURVATURE 
prove that 
e=4a cos 5 . (P.U. 1944) 
We have © 
dx dy , 
a U1 +008 t), a4 sin ¢, 
® asint — 2sin t/2 cos t/2 tan 
dz a(l+cost) 2 cos? #2 
dty ; a ft dt 
dxt ~ 3 RO O+ Gx 
_ L sect t 1 _ il 1 
= 3 el cae 
2a cos? cos!— 
2 
= [+(dy/dz)?]* _ (1+ tan? 41)* _ 49 cog £.. 
~ dty/dx® | l I 2 
so 
2 


2. Show that the curvature of the point (3a/2, 3a/2) on the 
Folium x§+y=3axy is —8/2/3a. 
Differentiating, we get 
dy dy 
2 2S _: ad 
3X? +-3y ix =3ay+3ax de’ 
dy dy 
ays or 4") 
or x?+y In ay+ax de vee (2) 
dy _-] 
a |e 1) 
Again, differentiating © y we an 


2 
2x-+2y E -] +y ors 
Substituting 3a/2, 3a/2, —1 for x, y, dy|dx respectively, we get 


as ~ Y sax § oo 


d*y 32 
Ea $a) ~~ 3a" 


Hence the curvature at (= ; = 


-[— a®y|dx? -]-- 82 
[1-+(dyldxy? 
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3. Find the radius of curvature at the origin of the curve 
Ix? y+3xy?—4y3 +5x?—6xy + 7Ty2?—8y=0. 


It is easy to see that X-axis is the tangent at the origin. 
[Refer note § 15°45, p. 294] 


Dividing hy y, we get 
x? x2 
x. oT 2x? +3xy—4y?+5 y —6x-+7Ty—8=0. 


Let xX -» 0 so that lim (x?/y)=2e. 


x—>0 
0.29+5,.29—-8=0, 
or p=4/5. 
Exercises 


1. Find the radius of curvature at any point on the curves :— 
(i) y=e cosh (x/c) (Catenary). 
(ji) x=a (cos t--t sin ft), y=a(sin t—t cos fr). 


(iii) x38 +y3 =a3 . (Astroid) (D.U. 1953) 
(iv) x=(a cos tlt, y=(a sin ryt. 
2. Find the radius of curvature at the origin for 
((i) x*@—y*-bxP—y8 4+-x?— y?-+y2=0. 
(ii) x8y—xy?-|-2x°y—2xy?-+2y?—3x?+4-3xy—4x=0. 
(iii) 2x4-4-3y*-+-4x?y + xy—y?4-2x=-0. (P.U. Supp. 1939) 
3. Show that the radius of curvature of any point of the astroid 
x=a cos? 9, y=a Sin’ @ 
is equal to three times the length of the perpendicular from the origin to the 
tangent. (Andhra 1951) 


4. Show that for the curve 
x=-a cos @ (I-+Ssin 6), y=a sin 6 (I-}-cos 9), 


the radius of curvature is, a, at the point for which the value of the parameter 
is —1/4, 


5. Show that the radius of the curvature at any point of the curve 
x=t—c Sinh 7 cosh ~, ‘y=2c cosh <. 
is, —2c cosh? (t/c) sinh (t/c), where ¢ is the parameter. 
6. Show that the radius of curvature at a point of the curve 
x=ae 9 (sin 9@—cos 6), y=a? 9 (sin 9+cos 6) 
is twice the distance of the tangent at the point from the origio. 
7. Prove that the radius of curvature at the point 
(—2a, 2a) on the cutve x*y=a(x?+-y®) is, —2a, 


8. Show that the radius of curvature of the Lemniscate 
| (x?+ y? P= a(x? —y?) 
at the point where the tangent is parallel to x-axis is 12a (3. 
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9. Prove that the radius of curvature at the point (2a, 0) on the curve 
(ey Panta’ ty!) —aty=0, 
is (65)2 a/(536). 


10. Find the radius of curvature for +(x/a)—+(y/b)=1 at the points 
where it touches the co-ordinate axes. 


11. Show that the ratio of the radii of curvature at points on the two 
curves 


[xy=a’*, x3=:3a’y, 


which have the same abscissa varies as the square root of the ratio of the ordi- 
nates. 


12. Show that the radius of curvature at each point of the curve 
x=a(cos t-+log tan $f), y=a Sin f, 


is inversely proportional to the length of the normal intercepted between the 
Point On the curve and the X-axis. : 


13. Show that 3v3/2 is the least value of | p | for y=log x. 
14. Find the point on the curve y =e” at which the curvature is maximum, 


and show that the tangent at this point forms with the axes of co-ordinates a 
triangle whose sides are in the ratio 1 : v2: v3. (Rajputana 1951) 


15. Show that the radius of curvature of the curve given by 
x?y== a(x®-t a? (V5) 
is least for the point x=a and its value there is 9a/I0. (B.U.) 
16. Prove that for the ellipse x?)a?+-y?/b?=1, 
p=a’b’]p* ; 
p, being the perpendicular from the centre upon the tangent at any point (x, y). 
(P.U. 1944) 
17. Prove that for the ellipse 
x*/a?-{-y?]b?=-1, p= CD lab 
where CD is the semi-conjugate diameter to CP. (Madras 1953) 
18. Employ generalised Newtonian Formula to show that the radius of 
curvature at any point of the ellipse x?/a?-|-y?/b?=:1 is equal to 
___ (normale 
(semi-latus rectum)* ° 
19. The tangents at two points P, Q on the cycloid 
x=a(9—sin 4), y=-a(l—cos 6) 
are at right angles ; show that if p,, p2 be the radii of curvatures at these points, 
then 


01°-1- p2?= 16a’. 


20. Find the points on the parabola y?=8x at which the radius of curva- 
ture is 714, 
Tt 


21. (a) Prove that if, ¢ be the radius of curvature at any point P on the 
parabola y?=4ax and S be its focus, then p? varies as (SP). (P.U. 1952) 


(b) py, Pyare the radii of curvature at the extremities of a focal 
chord of a parabola whose semi-latus rectum is / ; prove that 


(0) 84-6) Baty 8 
22. Show that in the curve 
x=38 a(sinh u cosh u +-u), y=a cosh®u, 


if the normal at P(x, y) meets the axis of x in G, the radius of curvature at P is 
equal to 3 PG. (B.U. 1954) 
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23. If x, y are given as functions of the arc s, show that 
dylds —_dx/de__ 


1 d*x 
ge Ge) +P) 
Find p for the catenary 
x=c log [s+ ¥(c?+s%)], y= ~(c?+5?). 
24. Show that for the curve s=f Os 


“[@) VG) Y] 6 


25. Prove that for the curve s=ce* ) ¢, 


cp=s(s?@—c%) 2 
Find p for the curve s?=8ay. (Patna, 1952) 


also, show that 


15:46. Radius of curvature for polar curves : r=f(6). 


Here we are to express ds/dp in terms of r and its derivatives 
with respect to 6. 


From the figure, we see that 


y=60+¢. 
_ ay do , dd 
“* as ds ' ds 
~2 a do 
st do ° ds 
‘h dd 
= ( 1d) (1) 
a 
=F 
do 
dr adr d2r 
dh agp °de de 
ap oP _ 
sec ? a6 = dr y , 
da 
> dr d*r [a] >} d®r 
(a l- —f. dg? . uge 


»»-(2) 


_ esa . 
oT a tort  [] {4 al +r? 
— 
a f= N/[r n+() ) } (§ 13°5, p. 277) ...(3) 
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where positive sign is to be taken before the radical. 
From (1), (2) and (3), we obtain | 
f (4 dr )- ar a 


STAG Lay | 


4a ae) — "ap 


Enea 


Therefore 
8 
(r?-+-r,7)? 


O= apr? rr,’ 


where 
r,=dr]dé and rz=d?r/d6?. 
Cor. Since curvature is zero at a point of inflexion, therefore- 
at a point of inflexion on a polar curve, 


15:47. Radius of curvature for pedal curves. 


We know that p=6-+¢. 
dy do dg ; 
oe ds = Is Ts . eoo(E)) 
Differentiating w.r. to r, the relation 
p=r sin ¢, 
we have 
P sin o+r cos ¢ 
=sin ¢-+r cos 3 > — 

Now sin ¢=r 7 cos ¢= i . (§ 13°5, Cor. p. 278) 

dp dr ds dd 


ar - a ds dr “ds 


a a, from (i), 
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dr 
or ry . ‘ —? 


d 


Note. The relation #=9+-¢ is true whatever be the position of the point 
on a curve and the tangent at it relative to the initial line. Wecan satisfy 
ourselves on this point, it we examine a few different curves, keeping in view 
the following conventions :— 


6 is the angle through which the positive direction of the initial line has 
to rotate tocoincide with the positive direction of the radius vector ; ¢ is the 
angle through which the positive direction of the radius vector has to rotate to 
coincide with the positive direction of the tangent which is that of, 9, increasing; 
#is the angle through which the positive direction of the initial line has to 
rotate to coincide with the positive direction of the tangent. 


Fig. 111 
for Fig, 110. 
/.POT=x—9, £OTP=y—T, (/OPT=7--¢. 
ate T—O9-+Y~—T-+1—-d=T7, 
or p=6-+¢. 


For Fig, 111. 
/ POT=0—7, £OTP=2r—y, 7 OPT=¢. 
0—m1-+27—Y-+o=T, 
or y=0+¢. 


15:48. Radius of curvature for tangential polar equations. A 
relation between p and y, holding for every point of a curve, is called 
“Tangential polar equat.on. 


The perpendicular drawn to the 
tangent at any point (x, y) from the ori- 
gin makes angle, y—7/2, with z-axis. 

Also p, is the length of this per- 
pendicular. | 

Therefore the equation of the tan- 
gent at P is 


p=X cos (p—}m)+Y sin (¥—47), 


O 


p=X sin y— Y cos pf ;5W 
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X, Y being the current co-ordinates of any point on this tangent. 
Since the point P(x, y) lies on this tangent, we have 


| | p=<X sin y—y cos voo(E 
which is a relation between y, p, x, y for any point on the curve. 


Differentiating (i), wr. to y, we get 
@ _y 3 » gl ye” iny — dy cos 
dy cos y+ y sin dy siny aa . 


| dx dx ds _ dy . dy ds, 
Now dy = ds’ de = cos yy, dio Is ay? sin 


+ =X cos y+y sin ye cos w sin y—»* sin y cos 


=x cos J-+y sin W. woo(LLp 
Differentiating (ii) w.r. to y, we get 
oP =—X sinp+y cos g+ Fe cos 42 sin Wy 
=—X sin y4+-y cos P+ cos*y-+ e sin’y 
=-—X sin y+-y cos b--e. 
d’p 
diy? ’ 


d2 
or | P=P ty) : 


P=X sin P—y cos W-- - 


Example 


For the curve r™=a™ cos m6, prove that. 


qm 

= m1) — (P.U.} 
. First Method. By logarithmic differentiation, we obtain 

mdr sin m 6 
r dé ——m cosm 6 

i= é =—rtan mg. 
d*r 

"a= dg? 

, , . ad . 
== —rm sec®. m@—tan mé. | Be: 


2! lpm gée?' md er tan2me. 
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(r?-+-r? tan? 2 mp) 
r24-2r2 tan? m6--r? m sec? mO—r? tan? md 
(See § 15°46, p. 2981 


“Hence O==. 


___P sec’ mo 
~~ r® gec? m@-+ mr? sec? mé 
a 
~ (m+1) (cos mt) ~ m+1° rm" 
Second Method. Its pedal equation, as obtained in Ex. 8, 
page 273 is 


aw 
d 
a = ga (m1) ™. 
dr 
Hence P=, 
LC a™ 
=(m+1)r™ (m+1) *ormr' 
Exercises 


1. Find the radius of curvature of the curve r=a cos n@ as a function of 
w. Also, show that at a point where r=a its values is a/(1-++n’). (P.U.) 


2. Find the radius of curvature at the point (r, 6) on each of the follow- 
iing curves :— | 
(i) r=a. (ii) r9=a. (iii) r“®=a" sin n@ 
2. 2 
(iv) gi 8) —cos-1 (vi) r(1+cos 6)=a. 
3. Find the radius of curvature of the curve r=a sin n@ at the origin. 
(Allahabad) 


4. Prove that for the cardioide r=a(1-+cos 6), p*/r is constant. 
(P.U. 1954; D.U. 1955) 


5, Find the radius of curvature at the point (p,r)on each ofthe 
following curves :— 
(i) p*=ar. (ii) 1/p?=A]r?+B. (iii) pXa?+b?—r*)=a'b? 
6. Find the radius of curvature for the ellipse 
p= cos*-+-b? sin? &. 
. 7, Find the radii of curvature of the curves 


(i) p=asin ¥ cos &. 
(ti) pmlimt}) _¢ m|(m-+1) sin mai ® 


8. Show that at the points in which the Archimedean spiral r=a@ inter- 
sects the hyperbolical spiral r@=a, their curvatures are in the ratio 3 : 1 
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9. If, o, be the radii of curvature at the extremities of any chord of 
the cardioide 


r=a(l+cos 6), 
which passes through the pole, then 
e1°+ p2"= 16a?/9. 


10. Find the radius of curvature to the curve r=a (1+cos 6) at the 
point where the tangent is parallel to the initial line. 


11. A line is drawn through the origin meeting the cardioid 
r=a(l—cos 9) inthe points P,Qand the normals at P,Q meet in O; show 
that the radii of curvature at P and Q are proportional to PC and QC. 


12. Find the points of inflexion on the curves 
(i) r=ag?/(9®—1). (ii) r?9=a’, (See Cor. § 15°46, p. 299) 
13. Show that (a, 0), in polar co-ordinates, is a point of inflexion on 
the curve r=ae? /(1 +6). 


14. Show that the curve r=ag" has points of inflexion if and only if, n 
lies between O and —1! and they are given by 6=+~[—n(n+1)]. 


15. Show that the curve re? =a (1+6) has no point of inflexion. 
16. Prove that for any curve. 


rfo=sin 9[1-+4@/d6], 
where ¢ is the radius of curvature and tan p==rd6ldr. 
(P.U.1951; Delht 1948) 


17. If the equation to a curve be given in polars r=f(9) and if u= — 


prove that the curvature is given by 


d*u a 
Cage tu ) sare, 


Deduce or otherwise prove that the curvature is given by 


1 dp 
r dr° (Bombay 
18. The curve r=ae? cot « cuts any radius vector in the consecutive 
points P,, Pa,.....-eseeeees » Pn. Ife, denotes the radius of curvature at P, , 
prove that 
1 
m_ _— log ~ 
is constant for all integral values of m “and n. (Delhi Hons. 1947) 
19. Prove that in the curve 
r?=a" sin 29. 
the tangent turns three times as fast as the radius vector and that the curvature 
varies as the radius vector. (Dethi, 1949) 


15:5. Centre of curvature for any point P of acurve is the 
point which lies on the positive direction of the normal at P and is at a 
distance, pe, from it. 


The distance, P, must be taken with a proper sign so that the 


normal of curvature lies on the positive or negative direction of the 
centre according as, P, is positive or negative. 
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The positive direction of the normal is obtained by rotating the | 
positive direction of the tangent (the positive diraction of the tangent 
to y=/(x) is the one in which x increases) through 7/2 in the anti- 
clockwise direction. 


N 
Y. y: 
v T 
Ye P 
MG 
0 x a, X 
Fig. 113 Fig. 114 


Y 


“ 


A 


6 X 


Fig. 115 Fig. 116 


Brom an examination of the figures above, we see that the- 


centre of curvature at any point of a curve lies on the side towards which 
the concavity is turned, 


15:51. To find the co-ordinates of the centre of curvature for any 
point: P(x, y) of the curve y=f(x). 


Let the positive direction of the tangent make angle, ¥, with 
X-axis so that the positive direction of the normal makes angle 
y +7/2 with X-axis. 


The equation of the normal is 

X—-x  Y-y _, 

cos (W+a/2) ~ sin(y+/2)  ’ 

or. ; 
Xax_ Y-y _ 
—sinw~ cosy ’ Oo 
where X,Y are the current co-ordinates of any: point on the ‘for 
mal and, r is the variable distance .of the variable:point (X, YY} from. 
(x, y). | 
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Thus the co-ordinates (X, Y) of the point onthe normal’ at a 
distance, r from (x, y) are : 


(x—r sin ¥, y-+r cos ¥). 


For the centre of curvature, 


r=pP. 

Hence, if (X, Y) be the centre of curvature, we have 
X=X—Psin y, (A) 
Y=y-+p cos y. an 

But, we know that 

ing= —2!__. . |! .,0 ty")? 
sin y JY[i+y7] 9 cos y= J/fl+y1"] ;P y2 
2 2 
Yo Y2 


Another method. If C be thecentre of curvature for P, we 
have 
PC=p. 
Also, 7 NCP=n/2—/ NPC 

= /2—(27/2—/ XTP) 
== / XTP=y. 

X=OM=OL—ML 
=OL—NP 
=X —p sin w. 

Y=MC=NM+NC 
=D P4+NC 
—-LP+PC cos y 
=)-+P cos y. Fig, 117 


Substituting the value of sin y, cos y and p, we can obtain the 
values of X and Y. : 


15°52. Evolute. The locus of the centres of curvature of a 
curve is called its evolute anda curve is said to be an involute of its 
evolute. 


15:53. The circle of curvature of any point P of acurve is the 
circle whose centre is at the centre of curvature C and whose radiu 
is |p|. | 

The eircle of curvature will clearly touch the curve at Pand its. 
eurvature will be the same gs that of the curve. 


15:54. Chord of curvature “drawn ina given direction for any 
point of a curve is the chord of the circle of curvature through the 
point drawn in the said direction. |, 
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We will now determine expressions for the lengths of some 
important particular cases of the chords of curvature. 


(i). Let PT be the tangent and C the 
centre of curvature for any point Pof a curve. 


We draw the circle with € ascentre and 
PC as radius. 


PR and PQ are chords of this circle paralleh 
to X-axis and Y-axis respectively. 


Clearly, 7 RSP=w= / SPQ. 


Now, PR=PS sin / RPS =2¢ sin y. 
Fig. 118 Thus, the chord of curvature || X-axis 
=2p sin yp. 


Also, PQ= PS cos 7 SPQ=2p cos y. 
Thus the chord of curvature || Y-axis=2p cos y. 


(ii) O isthe pole. PT is the chord 
of the circle of curvature through the S 
pole O. Qg 


PS is the chord of the circle of 
curvature perpendicular to the radius 
vector OP. 


Clearly 7 TQP=¢= 7 SPQ. 
| PT=PQ sin 7 TQP=2¢ sin ¢. 
Thus, the chord of curvature through @ 
the pole=2p sin ¢. , 
Also, PS=PQ cos / SPQ=2p cos 9, 
Thus, the chord of curvature |. radius vector =2 @ cos w. 


Pir oy 


ef, 


Fig. 119 


Examples 


1. Find the co-ordinates of the centres of curvature at any point 
(x, y) of the pcrabola y2=4ax. Hence obtain its evolute. 


Differentiating, we get 


dy ; dy 2a 
2Y Fe = 4a, i. @., de =y" 
dty 2a dy 4a? 


d= — ya ge = 
: YY F ( x Y) be the centre of curvature . 
2a 4a* 
yor 2 Abt) 
oe 4a* 


y3 
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y* - 4a® 2Qax+-4nx+4a? 


== X-{-- 7 cai etal ene (7) 
4a? " 
Y + 
= Sr 4a? 
y8 ; wi fy 
_y_ 20? +44") 
7 4a* 
y3 (4ax)* ax8 , 
~~ 4a? — += “4a2 = —- a+ eee (1t) 
a 


7 To find the evolute, we have to eliminate x from (i) and (ii). 
‘hus, 


4x3 X—%av\3 
2-00 
r= aa 3 =") 
or 27a Y*=4(X—2a)3, 


is the required evolute. 
2. Find the evolute of the four cusped hypocycloid 


x=acos’ 6, y=a sin? @, i.e., xs4y3 mai, 


We can easily show that 


dy dy} 1 
Wy ean 6; dx = 3a sec? @ cosec @. 
tan A (1+tan? 9) 


X =a cos? 9+ ms om 
sect 9 cosec @ 


=a cos’ +-3a sin? 9 cos @, we (i) 
il +-tan? @ 
~ see'@ cosec @ ° 


=a sin’ §-+-3a cos? @ sin @. ae 
To eliminate 6, we separately add and subtract (#), (i/). There- 


Y= a sin®@ + 


fore 
X+Y=a (cos 9+-sin 6)* or (X+ y)$ =a? (cos @-+sin @). 
X— Y=a (cos 9—sin 6)® or (X— y)t=a? (cos @—sin 6) 
On squaring and adding, we obtain 
(X+Y)b 4(X— Yb = 248, 


as the required evolute. 


3. In the curve y=a log sec (+/4), the chord of curvature parallel 
to Y-axis is of constant length. 
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x 
Here WY — * e e's ——~, 
tan y tan a wy a 
d*y 1 x 
ll 2 
Also, Pax g 8" 
P (1-+-tan? x/a)? x 
$"e P==Q--—.-, ______ = a seo——- 
: sec* x/a a 


chord of curvature parallel to Y-axis 
= 2e cos W=2a sec x 008 = 2a, 
a a 
which is constant. 


Exercises 
1, Show thit the evolute of the ellipse 
x=acos §, y=b sin 6 
ia | 
(ax)? + (oy3 =(@?-54 
2. (a) Show that for the hyperbola x?/a?—y?/b?=1, 
at X= (a?+-b?)x*, b¢ Y= —(a?+-b*)y*, 
apd the equation of the evolute is 


(ax) —(byy8 = (02-528. (P.U.) 
(6) Prove that the evolute of the hyperbola 
2xy =a’, 
is 
(xy) ~(x—yys = 2a8. (P.U. 1955) 


3. Show that the evolute of the tractrix 
x=a (cos t-+-log tan #4), y=a sint 
is the catenary 
y=a cosh (x[a). 
4. Prove that the centres of curvature at points of a cycloid lie onan 
equal cyclotd (P.U. Supp. 1944) 


5. Show that (21@/16, 212/16) is the centre of curvature for the point 
(3a(2, 32/2) of the Folium x°-+ y?=3axy. 


6, Show that the centre of curvature of the point P(a, a) of the curve 
x4+yt=2a"xy divides the line OP in the ‘ratio 6:15; O being the origin of 
co-ordinates. 


7. Show that the parabolas 
y= —x*+x4+l, x=—y*+y+1 
have the same circle of curvature at the point (1, 1). 
8. Show that 
(x—3a)?+(y—3a)?=4a?, 
is the circle of curvature of the curve 


NX+ Nye, 
at the point (a/4, a/4). 
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9. Find the circle of curvature at the origin for the curve 
X+y=ax?+by*?-+ca8, (Delhi Hons. 1951) 


10. Show that the circle of curvature at the origin of the parabola 


x2 
. Y=MXt—— ry 
is 
) x*-+-y2%=a(1-+m?)(y—mx ). (D.U. 1955) 
AQ) Show that the circle of curvature, at the point (am?, 2am) of the 
parabola y*=4ax, has for its equation 
x?-+-y?—6am*x —4ax+4am®y =3am'. (D.U. Hons. 1957) 
(b) Find the equation of the ee of curvature at the point (0, 5) of 


the ellipse a 4% 527 (D.U. Hons. 1959) 


12. Show that the radii of curvature of the curve 
x=ae? (sin @—cos 9), y=ae? (sin 6-+cos 6), 
and its evolute at corresponding points are equal. 


13. Find the radius of curvature at any point P of y=c cosh (x/c) and 
show that PC=PG where C is the centre of curvature at P and G the point of 
intersection of the normal at P with x-axis. (Allahabad) 


14. Show that the chord of curvature throuzh the pole of the equiangular 
spiral r=ael”9 As 2r. 

15. Show that the chord of curvature through the pole of the equiangular 
spiral r=ae9 is bisected at the pole. . 

16. If cy and cy be the chords of curvature parallel to the axes at any 


point of the curve y=ae*!®, prove that 


1 1 1 
yet G8 = acs (P.U. 1948) 


17. Ifcy and cy be the chords of curvature parallel to the axes at any 
point of the catenary y=c cosh (x/ci, prove that 


4c?(¢n? + cy”) =cy4, 
18. Show that the chord of curvature through the pole of the cardioide 
is g- r=a(1—cus 6). 
19. If cy and cg be the chords of curvature of the cardioide r=a(1+cos 6) 
through the pole and perpendicular to the radius vector, then 
3(cy? +p") =8a.cy. 
20. Show that the chord of curvature through the pole of the curve 
r™=aq"™ cos m6, 


2r[(m+1). (Gujrat 1952) 
21. Show that the chord of curvature through the pole for the curve 
p=fr), 
is 
af (r) [f'(r). (Lucknow) 


22. Show that for the curve p= =ge™ the chord of curvature through. the 
pole is of constant length. 


23. For the lemniscate r?=a? cos 29, show that the length of the tangent 
from the origin to the circle of curvature at any point is rv3/3. (B.U.) 
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24. If P is any point on the curve r?=a* cos 29 and Q is the intersection 
of the normal at P with the line through O at right angles to the radius vector 
OP, prove that the centre of curvature corresponding to P is a point of trisection 
of PQ. . | (L.U.) 

25. If Pis any point on the curve r=a (1+cos 9) and Q is the intersection 
of the normal at P with the line through the pole O perpendicular to OP, prove 
that the centre of curvature at Pis a poiat of trisection of PQ remote from P. 

26. ‘Thecircle of curvature at any point P of the Lemniscate r2=q? cos 29 
meets the radius vector OP at A, show that 

OP: AP=1:2; 
O being the pole. 
27. 0, ¢,arethe radii of curvature at the corresponding points of a 
cycloid and its evolute ; prove that p,?-+p,” is a constant. 


28. Show that the chord of curvature through the focus of a parabola is 
four times the focal distance of the point and the chord of curvature parallel to 
the axis has the same length. (Rajputana 1952) 


29. Prove that the distance between the pole and the centre of curvature 
corresponding to any point on the curve r°=a" cos n@ is 
(a?n+ (n?—1)r2yt 
(n+ 1)r? 
15:55. Two important properties of the evolute. 


If (X, Y) be the centre of curvature for any point P(x, y) on 
the given curve, we have 


X=x—p sin’, Y=y-+p cos yp. 
Differentiating w.r. to x, we obtain 


dX d 
We ine cos a sin x Ix 
_, as dx dy do 
=) ag ds dx 9 4 ay 
_ , dP 
=—sin p - ; wee (2) 
dY _ aus de 
dx dx nb Gy boos b 
dy ds dy dy do 
dx dy ds dx. *°°™ dx 
de .. 
=COS wy dx eos (it) 


, From (i) and (ii), 


dY 
Gy Ot (ili) 


‘. "Now, dY/dX is the slope of the tangent to the evolute at P’ 
and, —cot y, isthe slope of the normal PP’ in the original curve at 
P. By (ii) the slopes of two lines, which have a point P’ in common, 
are equal, and therefore they coincide. 
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Thus, the normals to a curve are the tangents to its evolute. 
Again, we square (i) and (ii) and add. 
aX 2 adY 2 de 3 
(az) +(e) = (ae): 


Let, S, be the length of the arc of the evolute measured from 
one fixed point on it upto (X, Y) so that 


(az) = (az) +(e) 


Here, x is a parameter for the evolute. 


d8\2 dev? , 
Gas) =x) ll 
dS dbp 
dx dx? oo. (D} 
or 
S=e-te, 


where, c, is constant. 

Let M,, M, be the two points on the 
evolute corresponding to the points L,, 
L, onthe original curve. Let ,, 0, be 
the values of, p, for L,, L, and S,, S, be 
the values of S for M,, Mg. 

° S,= P,-+¢, y 
Sa=Po Le. 
Thus 
S,—S,=Pe— Pi, 

i.e,, arc M,M,=difference between 

the radii of curvatures at L,, L,. 


Fig. 120 


Thus, we have shown that difference between the radii of 
curvatures at two points of a curve is equal to the length of the arc of the 
evolute between the two corresponding points. 

Note. We suppose that S is measured positively in the direction of x, in- 


creasing so that dS/dx is positive. Also, do/dx is positive or negative according 
as, e, Increases or decreases as x Increases. 


Thus 


according as, ep, increases or decreases for the values of, x, under consideration. 


It is easy to see that the conclusion arrived at in this section remains the 
same if we consider dS/dx= —dea/dx instead of dS'dx=dp/dx. It should, however, 
be noted that the conclusion holds good only for that part of the curve for which 
9, constantly increases or decreases so that dpe/dx keeps the same sign. 
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Ex. . Find the length of the are of the evolute of the parabola 
y?=4ax 
which is intercepted between the parabola. 
The evolute is 


2Tay*=4(x—2a)s, (ix. 1, p. 30) 


_ Let L, M be the points of intersection of the evolute LAM 
and the parabola. 


To find the co-ordinates of the points 
of intersection L,-M, we solve the two 
equations simultaneously. 
We get 
27a . 4ax=4(x— 2a)’, 
or 
x8— 6ax?— 15a8x— 8a? =0. 


Now, 8a, —a, —a are the roots of 
. this cubic equation of which x= 8a is the 
Fig. 121 only admissible value ; —a being negative. 
(8q; 44/2a), (a, —44/2a) are the co-ordinates of L, M. 
If (X. ; Y) be the centre of curvature for any point (x, y) on the 
parabola,,we have 
X=3x+2a, Y=—y3/4a?. (Ex. 1, p. 306) 
hus A(2a, 0) is the centre of curvature for O(0,0) and 
L(8d, 4,/2a) is the centre of curvature for P(2a, —2,4/2a). 
The radius of curvature at O=OA=2a. 
The radius of curvature at P=PL=6/3a. 
MAP arc AL=PL—OA=2a(3/3—1). 
Hence the required length MAL=4a(34/3—1). 
Ex. 2. Show that the whole length of the evolute of the ellipse 
x*/a*+-y?/b2= 1 
is 4(a?/b—b?/a). 
- Ex. 3. Show that the whole length of the evolute of the astroid 
x=a cos*9, y=a sin*6 | 
is 12a. 


CHAPTER XVI 
ASYMPTOTES 


16:1. Definition. A straight line is said to be an Asymptote of 
an infinite branch of a curve, if, as the point P recedes to infinity along 
ihe branch, the perpendicular distance of P from the straight line 
tends to 0. 


Illustration. The line x=a is an asymptote of the Cissoid 
y?(a—x)=x3, (See § 11°41). 
It is easy to see that as P (x, y) moves to infinity, its distance 
from the line x-=a tends to zero. 


Ex. What are the asymptotes of the curves 
y=tan x 5; y=cot ~ ; y=sec x and y=cosec x. 
16:2. Determination of Asymptotes. We know that the equation 
of a line which is not parallel to X-axis is of the form 
y=mx +e, ooo(EP 
The abscissa, x, must tend to infinity as the point P(x, y) 
recedes to infinity along this line, 


We shall now determine, m, and, c, so that the line (i) may be 
an asymptote of the given curve. 


Y 


2~ 


Fig. 122 Fig. 123 
If p=MP bethe perpendicular distance of any point P(x, y} 
on the infinite branch of a given curve from the line (i), we have 


__y—mx—c 
ee (Frit) 


p—>Oasx->o. 

lim(y—mx—c)=0, 
which means that, when xX >. 

lim(y—mx) =e. 


Now 
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Also, 
y/x—m=(y—mx). (1/x). 
lim (y/x—m)=lim (y—mx). lim 1/x=c. 0=0 
or | 
lim (y/x)=m, 
‘when X -> oo, 
Hence 


m= lim (y/x),c= lim (y—mx). 
x-> 0 x-——> 0 
We have thus the following method to determine asymptotes 
which are not parallel to y-axis :— 
(i) Find lim (y]x); let lim (y/x)=m. 
X > 00 X —> 00 


(it) Find lim (y—mx) ; let lim (y—mx)=c. 
x= 00 _ xX—> 00 


Then y=mx --c is an asymptote 


The values of y will be different according to the different 
‘branches along which P recedes to infinity, and so we expect several 
values of lim (y/x) corresponding to the several values of y and also 
several corresponding values of lim (y—mx). Thus a curve may have 
more than one asymptote. 


This method will determine all the asymptotes except those 
whieh are parallel to Y-axis. To determine such asymptotes, we 
start with the equation x=my-+d which can represent every straight 
line not parallel to X-axis and show, that when y —> 00 


m=lim (x/y) and d=lim (x—my). 

The asymptotes not parallel to any axis can be obtained either 
way. 

Ex. 1. Examine the Folium 

x8 +3 3axy=0, ae() 

for asymptotes. 

The given equation is of the third degree. 

To find lim (y/x), divide the equation (i) by x*, so that 

1 


3 
» 1+(=) 3a 2 =; =0. 


Let x -» 0. We then get 

1-+-m3=0 or (m+1)(m?—m-+1)=0. 
oe m= -—-], 
The roots of m?—-m+1=0 are not real. 
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To find lim (y—mx) when m=—1, i.e., to find lim (y+-x), we 
put y+x=p so that, p, is a variable which -» c when xX > o, 


Putting p—x for y in the equation (1), we get 


x8 +.(p—x)®—3ax(p—x)=0, 
or 
3(p-+-a)x?—3(p?-+-ap)x-+p*=0, 

which is of the second degree in x. 

Dividing by x?, we get 

] 
3(p+a)—3(p?-+-ap). — ~ +p, —z =0. 
Let x > o. We then have 
3(c-+a)=0 or c=>—a. 
Hence 
= —xX—a or X¥+y-+a=—0, 

is the only asymptote of the given curve. 

If we start with x=my-+-d, we get no new asymptotes. Thus 

x-+y+a=0, 

is the only asymptote of the given curve. 

Ex. 2. Find the asymptotes of the following curves : 

(i) x2(x—y)--ay?=0. (ii) x8+-y3=3ax?. 

(iii) y3=x8+ax?, 

16:3. Working rules for determining asymptotes. Shorter 
Methods. In practice the rules obtained below for determining 


asymptotes are found more convenient than the method which in- 
volves direct determination of 


lim (y/x) and lim (y—mx). 


Firstly we shall consider the case of asymptotes parallel to the 
co-ordinate axes and then that of oblique asymptotes. 


16:31. Determination of the asymptotes parallel to the co-ordi- 
mate axes. : 


Asymptotes parallel to Y-axis. 
Let | 
X=k . (8) 
be an asymptote of the curve, so that we have to determine k. 


Here, y, alone tends to infinity as a point P(x, y) recedes to 
infinity along the curve. | 
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The distance PM of any point P(x, y) on the curve from the 
line (i) is equal to x—k. | 
lim (x—k)=0 when y > o, 
or 
lim x=k wheny > o, 
which gives k, 


Thus to find the asymptotes parallel to 
Y-axis, we find the definite value or values k, 
k,, etc., to which x tends as y tends tow. 
X Then X=k,, x=k,, etc. are the required 
asymptotes. 


Fig. 124 We will now obtain a simple rule to 
obtain the asymptotes of a rational Algebraic 
curve which are parallel to Y-axis. 


We arrange the equation of the curve in descending powers of 
y, so that it takes the form 
YP h(X) FY 1b 4 (%) FY Pha (X) Have eeeer =0 ; oo (FP 
where 
d(x), o;(¥), (x), ete., 
are polynomials in x. 
Dividing the equation (i) by y”, we get 
P(X) +(L/)). br(*)7(L/)?). Po(X)Peeeeeeees =0. vo. (Hi): 
Let y—> oo. We write 
lim x=k, 
The equation (ii) gives 
¢(k)=0, | 
so that, k, is a root of the equation ¢(x)=0. 

Let k,, k, etc., be the roots of d(x) =0. Then the asymptotes 
parallel to Y-axis are : 

x=k,, x=k,, etc. 

From algebra, we know that (x—k,), (x—k,), etc., are the 
factors of ¢(x) which is the co-efficient of the highest power y™ of y 
in the given equation. 

Hence we have the rule :—The asymptotes parallel to Y-axis are 
obtained by equating to zero the real linear factors in the co-efficient of 
the highest power of, y, in the equation of the curve, 

The curve will have no asymptote parallel to Y-axis, if the 
co-efficient of the highest power of, y, is a constant or if its linear 
factors are all imaginary. 

Asymptotes parallel to X-axis. As above it can be shown that 
the asymptotes, which are parallel to X-axis, are obtained by equating 


to zero the real linear factors in the co-efficient of the highest power of, 
x, in the equation of the curve. , 
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16:32, To determine the asymptotes of the general rational 
algebraic equation 


U,+ Un-y+Un-2t+. veeee +U,+U,+U,=90, roa(T) 
where, U,, is a homogeneous expression of degree, r, in x, y. 
We write U, in the form 
U,=x’' d,(y]x) 
where ¢,(y/x) is a polynomial in y/x of degree, r, at most. 
So we write (i) in the form 


x"bo( 2 +2 Maa (+2 Maa (OY Jteee 
+x4,(2-)+$.(2)=0. li 
Dividing by x”, we get 
bn(% )+—bna( )4+s5bea( = J+... 
+ eth (3) gr te (Go) =O 100 
On taking limits, as x-+00 , we obtain the equation 
dn(m)=0, a ) 


which determines the slopes of the asymptotes. 


Let m, be one of the roots of this equation so that ¢,(m,)=0. 
We write 


y—m,x = Py, be. Y ==m,+/ 

Substituting this value of y/x in (ii), we get 
x"ba( my +22) +x* bn ( m, +4 )42" bins ( my +=) +. : 

Py Pr\_ | 

. +x¢,( m, +2) +40 m, +=) )=0 

Expanding each term by Taylor’s theorem, we get 
x palin) + 228m) + Beagn" (my)... | 

+2" gy_a(m) Hevea mo ] 


peal $n—a(7,) + Pig n—-2 (m) +. |+.. =O, 
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Arranging terms according to descending powers of x, we get 


X"hy(M,) +X" Dydn (My) +bn_y(1,)] 
2 
+-xn-$ E P''n(M,) +PyF' n—1(,) +4n—o( m,) | +..=0 


Putting ¢,(m,)=0 and then dividing by xe, we get 
[Pi¢’n (7) ena) 


- as h''n (m,) +Did n—1 (71) + bn-2( _9{ m m) |e +. ’ .=0.. (v} 


Let xX > o. Wevwrite lim p,=c,. Therefore 


C.h'n(M,)+¢n-(m,)=9, a (vi} 
or 
. am 
q= — if (ry) £0. 
Therefore 
Pn—1(M) 
yom X— pap -- 
, $ n(M, 
is the asymptote corresponding to the slope m,, if 6’,(m,)40. 
Similarly 
Pn—1(Me) Pn—1(Ms) 
myx —H 5 y=m,x— "7 , 
De 2 d’ n(M,) y= 3 ry n(IMq) ’ , etc 


are the asymptotes of the curve corresponding to the slopes m,, mz 
etc., which are the roots of ¢,(m)=0, if ¢’,(m,), d’,(™m3), etc., are 
not 0. 

Exceptional case. Let ¢’,(m,)=0. 


If ¢',(m,)=0 but da_,(m,)40, then the equation (vi) does not 
determine any value of c, and, therefore, thee is no asymptote cor- 


responding to the slope m,. 
Now suppose 
$'n(1,) =0=P)y_,(™)). . 
In this case, (vi) becomes an identity and we have to re- 
examine the. equation (v) which now becomes | 


[2 (ma) bP Baal) +B y)afe-. kK 


eee =(). 
On taking limits, as x + «, we see that ‘c, is a root of tthe equa- 
tion - | | 
. (c,?/2)6''n(m,) +€,6’,_,(m),) + on—o(m,)=9, 
which determines two values of ¢,, say ¢,’, ¢,’’, provided that 


Df P''n(,)40. 


ASYMPTOTES 319 


Thus 
y=m,xte,’, y=mx+e,", 


are the two asymptotes corresponding to the slope m,. These are- 
clearly parallel. 


This is known as the case of parallel asymptotes. 

Important Note. The polynomial 4,(m) is obtained by putting 
x=1 and y=m in the highest degree terms x"¢,(y/x), and ¢n—1(m), 
dn—.(m), etc., are obtained from x"-1g,,_,(y/X), X"-*bn—a(y/x), efc., in a 
similar way. 

I x imples 

1. Find the asymptotes parallel to co-ordinate axes, of the 
curves : 

(i) (x? +y*)x—ay?=0. (ii) x®y?—a?(x?+y%)=0. 

(i) The co-efficient of the highest power y? of y is x—a. Hence 
the asymptote parallel to y axis is x —a=-0. 

The co-efficient of the highest power x° of x is 1 which is a con- 
stant. Hence there is no asymptote parallel to x-axis. 

(ii) The co-efficient of the highest power y? of y is x?—a?. 

Also, | 

| x?-— a =(x—a)(x +a). 
Hence 
x—a=0O, xX ta=-0 
are the two asymptotes parallel to y-axis. 

It may‘similarly be shawn that y—a=0, y+a=0 are the two 
asymptotes parallel to x-axis. 

2. Find the asymptotes of the cubic curve 

2x3— x2y +2 xy? +y3—~ 4x2 +8xy—4x+1=—0. 
‘Putting x=1, y=m in the third degree and second degree terms- 
separately, we get 
(Mm) =2—m—2m* +m, 6,(m)=—4+8m. 
The slopes of the asymptotes are given by 
d,(m) =m — 2m*—m-+2=-0, 


or 
(m +-1)(m—1)(m—2)=2 
/m==—),1, 2 
_ Again, c, is given by 
Ch'g() -+-$,(71) = 
Le., 


c(— 1—4m-+-3m"*) +(--4 48m)=0. 
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Putting m=—1, 1, 2, we get c=2, 2, —4 respectively. 
Therefore the asymptotes are 
Ye —X+2, VHX+2, y= Ox—4. 

3. Find the asymptotes of 

x8 x2y— xy? +y3 1952? —4y? +2xy+x+y+1=0. 
Here ¢,(7) =1—m—m? +m=(1 —m)—m(1—m) 

: =(1—mi)(1—m)=(1—m)(1 +m), 
d,(m) =2 +2m—4m?, | 

The slopes of the asymptotes, given by ¢,(m)=0, are 1, 1, —1. 
To determine c, we have 


cH'g(72) +$2(%) =0; 


c(—1—2m +3m?) +(2 +2m—4m?*)=0. .. (7) 
For m=—1, this gives c=1 and therefore, y=—x-+1 is the 
corresponding asymptote. 


For m=1, the equation (i) becomes 0. c-++-0=0 which is identi- 
cally true. In this exceptional case, c, is determined from the 
equation. 


1.€., 


| (c?/2). $g'’(m) +-c$',(m) +4,(m)=0, 
.e., 
(c?/2)( —2 +-6m) +-c(2—8m) +-1(1+m)=0. 
For m=1, this becomes 
2c?—6c +2=0, i.e., c=(3+ Y5)/2. 


- Hence y=x+(3+4/5)/2 are the two parallel asymptotes cor- 
responding to the slope 1. 


We have thus obtained all the asymptotes of the curve. 


| Exercises 
Find the asymptotes parallel to co-ordinate axes of the following curves : — 
1. y*x—a*(x—a)=0. , 2. x*y—3x?—Sxy+6y+2=0. 
3. y=x/](x?—1). 4. a*/x?+b?/y2=1, 


Find the asymptotes of the following curves :— 


5. x(y—x)*=x(y—x)+4-2. 

6. x°(x—y)*-+a2(x?—y”)=a2xy. (D.U. 1952) 
7. (x—y)*(x?+y?)— 10 (x—y)x2+ 12y2+2x+y=0. (P.U.) 
8. x®y-+-xy?+xy+y?4+3x=0. (P.U.) 
9. (x—y+1\(x—y—2)(x+-y)=8x-1. ' (P.U.) 
10. y—x?y+2xy*?—y+1=0. oo 7 (P.U.) 
11. y(x—y)*=x+y. (B.U.) 


12, x2y%(x2@—y%)2a (x2 pyre no (B.U.) 
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13. yiy—1)?--x?=. 1. (L.U.) 
14 xy*=(x-+4-y)?. (LU.) 
15. (x+y)(x—y)(2x—y) - 4x(x- 2u)-+4x -0. (L.U.) 
16. xy?—x2y—3x?—2xy-| y2 1 x —2y4-1--0. (E.U.) 
17. 2x(y—3)2=3y(x—1)2. (Agra) 
18. (y—a)2(x?— a2)= x!+-a". (Lucknow) 


19. (xt yPix?-+ xy -by?)=a2x*-! adi p—x). 
20. y?+-3y2x-—x2y— 3x34 y2—-2xy4-3x2-] 4p 45=0. 


21. (x—y)*\x—2y)lx -—3y) --2a(x3 — y3)--242(x --2y)(x-}-y) +20, 
(Dehi Hons. 1950) 


22. y?=x!/(a? —x?). (P.U. 1955 Supp.) 
Show that the following curves have no asymptotes :—— 

23. xttyt-a2(x2—y?). 24. y*=.x(x +1)?. 

25. aty?=:x5\2a—x). 26. x?(y?-+.x7)--a?(x? ~ y?), 


27. Find the equation of the tangent to the curve x3-|- y?-3ax? which is 
parallel to its asymptote. 


28. An asymptote is sometimes defined as a straight line which cuts the 
curve intwo points at infinity. Criticise this definition and replace it by a 
correct definition. (P.U. 1955 Supp.) 


16:33. Some deductions from § 16:32. 


(i) The number of asymptotes of an algebraic curve of the nth 
degree cannot exceed n. 


The slopes of the asymptotes which are not parallel to Y-axis 
are given as the roots of the equation ¢,(m)=0 which is of degree n 
at the most. 


In case the curve poss2sses One or more asymptotes parallel to 
Y-axis, then it is casy to sec that the degree of ¢, (m)=-=0 will be 
smaller than 1 by at least the same numbex. 


Hence the result. 


(ii) The asymptotes of an algebraic curve are parallel to the lines 
obtained by equating to zero the factors of the highest degree terms in its 
equation. 


Let, m, be a root of the equation ¢,(m)=0, so that the line 
y —m,x=0 is parallel to an asymptote. 


By elementary algebra, (y/x—m,) is a factor of ¢dn(y/x) and 
hence, y—m,x, is a factor of x"d,(y/x), ie., Un. Also conversely, 
we see that if, y—m,x, is a factor of U, then m, is a root of 
dn(in)=0. 


In case the highest degree terms contain, x, as a factor, then a 
little consideration will show that the curve ‘will possess asymptot>s 
parallel to x=0, i.e., to y-axis. 
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(iii) Case of parallel asymptotes. 
In this case, m,, satisfies the three equations 
dn(m) =0, $'n(™)=0, dn_,(m) =. 


Since ¢,(m) and its derivative ¢’,(m) vanish for m=m,, there- 
fore, by elementary algebra, m, is a double root of ¢,(m)=0 and 
therefore, (y—m,x)* is a factor of the highest degree terms U,. 


Also, since m, is a root of ¢,_,(m)=0, y—m,x isa factor of the 
(n—1)th degree terms U,,_,. 


Thus, we see that in the exceptional case of § 16°32, a twice 
repeated linear factor of U, is also a non-repeated factor of U,,_,. 


There will be no asymptote with slope m,, if m, is a root of 
dn(m)=0, ’,(m)=0 but not of dz_,(m)=0, ie., if (y—-m,x)? is a 
factor of U,, and y—m,x is not a factor of U,_,. 


Note. The results obtained in the paragraphs (ii) and (iii) above enable 
us to shorten the process of determining the asymptotes as shown in the 
following examples. 


The first step will always consist in factorising the expression formed of the 
highest degree terms in the given equation. 


Examples 
1. Find the asymptotes of the Folium 
x8 +73 — 3axy=0. 
The curve has no asymptotes parallel to co-ordinate axes. 
Factorizing the highest degree terms, we get 
(x +y)(x?—xy +y")—3axy=0, 


so that, y-+x, is the only real linear factor of the highest degree 
terms. 


Hence the curve has only one real asymptote which is parallel 
to the line y-+-x=0 whose slope is —1. 


We have, now to find, lim (y-+.x), when x > 0 and y/x > —1, 
We have 


3ayx 3a. (y/x) 
Nee ge mye ng, 
YES ay $y 1 (yx) Fa) 

In the limit, we have 


, —3 
lim V+y=— 744 = 4 (Bh) 


Yr—xX—Aa, i.e., y+x +a=0, 
is the only real asymptote of the folium. 
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It is easy to see that we could have eliminated the step (i), and 
simplified the process by saying that the required asymptote is 


. 3a(y|x) 
X==lim ~——;-—, 2, 
PENT y]x) Hla) 
when x > 0 and y/x > —1., 
2. Find the asymptotes of 
x8 +d x?y L4xy?-+5x24+-loxy -+l0y?—2y-+1=:0. 


Kquating to zero the co-efficient of the highest power y? of y, 
we see that 


4x 4-100, i.e., 2x -+5=0, 
is one asymptote. 
Factorising the highest degree terms, we get 
x(2y -+-x)® +5x?-+15xy +10y?—2y +10. 


Here 2y +-x is arepeated linear factor of highest degree terms, 
i.e,, 3rd degree. There will, therefore, be no asymptote parallel to 
2y +-x==0 if (2y+x) is not a factor of the 2nd degree terms also. 
But this is not the case. In fact, the equation is 


X(2y 4-x)? +5(X +y)(x +2y)—2y -+1=0. 
Therefore, the curve has two asymptotes parallel to 
2y+x=0. 


We have now to find lim (y+4x) when x -> o and y/x -> —}. 
Let lim (y +4) = c so that lim (2y +x)=2c. 


Dividing by x, the equation becomes 
(2y +-x)?+5(2y +x)(1+y/x) —2y/x +1/x=0. 
In the limit, 


4c? -+-5.2c(1— $4) —2(— 4) +-0=0, ...(#) 
or 4c? +5c+1=:0 
° C=—}j, —l. 
Hence y= —4x—j and y= —4x—-l, 
i.€., 4y +2x+1=0 and 2y+x+2=0, 


are the two more asymptotes. 


It is easy to see that we could have eliminated the step (#) and 
simplified the process by saying that the asymptotes are 


(2y 4-x)2-4-5(2y +x), lim (1 -ty/x) + lim (—2y/x +1/x)=0, 
1.é., 
(2y 4-x)? 4-5(2y +x). $+1=0 or 2(2y +x)? +5(2y +x) +2=0, 
which gives 
2y+x+2=0 and 4y4+2x+1=0. 
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3. Find the asymptotes of 

(x —y)?(x? +p?) —- 10(x— y)x?-+12y? +2x +y =0. (P.U.) 
The asymptotes parallel to the two imaginary lines x?+y’=0 
are imaginary. To obtain the two asymptotes parallel to the lines 
x—-y=0, we re-write the equation, on dividing it by (x?+-y”), a8 . 

1  12(y]x)®-+2/x-Ly]x Ux 
x—y)y?—10 (x— fe NEE ET =e) 
ID) ype Oe 
We take the limits when x-> o and y/x->1. Therefore the 

asymptotes are 


. l _ 12(y/x)? +2] x +-y/x.1/x 0 
__y)2_- _ cee o bap ie 20, 
(x-—y)?--10(x--y) lim i Kiypxypet lim Livin? 
i.e, (x —y)*? —5(x—y)4+6=0, 
i,é., x—y—2=0, x—y—3=0. 


4. Find the asymptotes of 
(x—y +2)(2x--3y +4)(4x —5y +6) +5x —6y +7=0. 
The asymptote parallel to x—y-}-2==0 is 
; 5x--6y 4-7 7 
xy b2-+lim (2x—3y -+4)(4x—5y 4-6) =O, 


when x -> © and y/x > I], 


; ; 5—OBy/X -+-7]X l | | 

fi. pt. --- - =. 
Mery vy £2-lim E By] -£4 /x)(4 By /x--6/xy x | 
or x ~y-+2=—0, 


as the limit is zero because of the factor 1/x. 
Similarly, we can show that 
2x—3y +40, 4x--5y -|-6 0 
are also the asymptotes of the curve. 


16:4. Asymptotes by Inspection. Jf the equation of a curve of the 
nth degree can be put in the form 
F, 4. | tot (), 
where F,_, is of degree (a—2) at the most, then every linear factor of 
F,, When equated to zero will give an asymptote, provided that no 


straight line obtained by equating to zero any other linear factor of F,, is 
parallel to it or coincident with it. 


Let ax +by-+c-=-0 he a non-repeated factor of F,. We write 
FF, = (ax +-by +c) Fy, 


where F,_, is of degree (n—1). The asymptote parallel to 
ax +by+c=0 ig 


ASYMPTOTES 325. 


7 


ax +by +c--lim 80, 


n-1 
when x > o and y/x > --a/b. 


To determine the limit (F,_./F,-,), we divide the numerator as 
well as the denominator by x"~) and see that 1/x appears as a factor 


so that F,_./F,-,->O asx >on. 
Thus 
. ax --by +c=-0, 
is an asymptote. 
| Exercises 
Find the asymptotes of the following curves _ 
1. xy(x-+y)=a(x2—a?). 
2. (x—1)(x—2)(xty)+x? x41 -20. 
3. y8 ~x84-y?+-x?-+y--x+4 1-0. 
4. x(y?—3hy 4+ 2b?) 3 —3bx24- 63. 
5. x9 6x2y tL Ly? -6y3 + 3x2 4-Ldxy FL ly? 4-2 +3y $50. (PU. 
6. x7(3y-x)? +(3y + x)(x? + y?) + Oy? + Oxy + 9y—-6x4+9 =0. 
7. (y? + xy— 2x2)? +-(y? + xy —2x?)(2y bx) Ty? —19xy--28P +x $y | = 
8. x{y—3)8-4y(x-- 1). 
9. (a-4-x)7(b2 +4 x?) x? yp, 
10. y? --Sxy?+ 8x2y—4x3 —3y?-+ Ovy-- 6x74 2y--2x +1 =0. 
16:5. Intersection of a curve and its asymptotes. 


Any asymptote of a curve of the nth degree cuts the curve in (n—2) 
points, 


Let y =mv-+-c be an asymptote of the curve 


X™ba(y/X) +X™ Iba 3 (V/X) +X" Mbn-o( V/A) eeeree =O. 


To find the points of intersection, we have to solve the two 
equations simultaneously. 


The abscissae of the points of intersection are the roots of the 
equation 


xh n(m +-¢/x) +x" Why. (m1 +0/xX) +4" by_ a(t +C/X) -f ove vee =O. eae) 


Expanding each term by Taylor’s theorem and arranging 
according to descending powers of x, we get 


xb, (m) +5C b'n(m) +hn_4(m)]x? 4 + 
[40°h a!) +9’ n_y(m) +bu—g(m)]x"-= +000 =O. ae (il) 
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As y=mx-+c is an asymptote, the co-efficients of x" and x*-? 
are both zero. 


Thus the equation (ii) reduces to that of (n—2)th degree and, 
therefore, determines (1 —2) values of x. Hence the result. 


Cor. 1. The, n, asymptotes of a curve ofthe mth degree cut it 
in n(n—2) points. 

Cor. 2. Ifthe equation of a curve of the nth degree can be put in 
the form F,,+-F,_,=0 where F,_, is of degree’(n—2) at the most and 
F,, consists of, n, no-repeated linear factors, then the n(n—2) points of 
intersection of the curve and its asymptotes lie on the curve 


Fy-,=0. 


The result follows at once from the fact that F,—0 isthe joint 
equation of the, n, asymptotes. At the points of intersection of 
the curve and its asymptotes, the two equations F,—0 and 
F,,+F,.=0 hold simultaneously and therefore at such points we have 

n—-go-. 


Particular cases 


(i) For a cubic, n=3, and therefore the asymptotes cut the 
curve in 3(3—2)=3 points which lie on a curve of degree 3—2=1, 
1.é., on a straight line. 


(ii) For a quartic, n=4, and, therefore the asymptotes cut the 
curve in 4(4—2)=8 points which lie on a curve of degree 4—2=2 
i.€., on a conic. 


Examples 
1. Find the asymptotes of the curve 
xy—xytxytytx—y=0 (P.U. 1955) 


and show that they cut the curve again in three points which lie on the 
line , 
x+y=0. (P.U. 1940) 


The asymptotes of the given curve, as may be easily shown 
are 


y=0, x=1, x—y +2=0. 
The joint equation of the asymptotes is 
y(x—1)(x--y +2) =0, 
i.é., x?y— xy? +-xy +y?—2y=0. 
The equation of the curve can be written as 
x*y —xy?-+ xy +y?—2y +(x+y)=0. 
Here 
Fy=x*y —xy?4+-xy+y?—ay, Fy=x-+y. 
Henee the points of intersection lie on the Ime 
Fy=x+y=0. 
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2. Show that the asymptotes of the quartic 
(x°— 4y*)(x?— Oy’) + 5x?y— Sxy?— 30y8 + xy +7y?—1=0, 

cut the curve in the eight points which lie on a circle. 

The asymptotes of the curve are 

x+2y=0, x—2y+1=0, x—3y=—0, x+3y-—1=09, 
so that their joint equations is 
(x +-2y)(x—2y +1)(x—8y)(x+3y—1)=0, 

i.e, (x?— 4y?)(x?—9y*) 1 5x*7y— S5xy?— 30yp8— x?+ xy +6y?=0. 

The equation of the curve can be written as 
(x? — 4y")(x°— By?) -|-5x°y — Bxy?— 80y8— x? + xy +6? +-(P +y?—1)=0. 

Hence the points of intersection lie on the circle 

xe+y2—l=0, 


3, Find the equation of the cubic which has the same asymptotes 
as the curve 


x8— 6x*y+lixy?—6y+x+y+t1l=0. 
and which passes through the points (0, 0), (1, 0) and (0, 1). 
(Delhi Hons. 1948) 


We write 
Fi==x8 — 6x") + ll xy? —6y® 
=(x—y\(x—2y)(x—3y), 
Fyext+yt+i. 
The equation of the curve can be written in the form F;+f,=0 
where F, has non-repeated linear factors. ‘Thus F,;=0 is the joint 


equation of the asymptotes of the cubic. 
The general equation of the cubic is of the form 


F,+ax+by+c=0, 
or 


x3— 6x?y+ Lixy?— 6y3+ax+by+c=0, 
where ax +by-tc is the general linear expression. 


In order that it may pass through the points (0, 0), (1, 0) and 
(0, 1), we must have 


c=(Q, 
1+a=0 or a=—1, 
—6+b=0 or b=6. 


Thus the required cubic is 
x*— 6x?y + ll xy?— 6y3 — x4 6y=0. 
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Exercises 
1. Show that the asymptotes of the cubic 
x8— xy? — Axy+2x—-y=0, 
cut the curve again in points which lie on the line 
3x--y =0. 


2. Ifaright line is drawn through the point (a, 0) parallel to the asymp- 
tote of the cubic (x—a)®—x®y-=0, prove that the portion of the line intercepted 
by the axes is bisected by the curve. (C.U.) 


3. Through any point P on the hyperbola x?—y"=2ax, a straight line is 
drawn parallel to the only asymptote of the curve x°+ y3=3ax? meeting the eurve 
in A and B; show that Pis the mid-point of AB. 


4. Show that y =x+a is the only asymptote of the curve 
x*(a—y)t+ av? =0. 


A straight line parallel to the asymptote meets the curve in P, Q; show 
that the mid-point of PQ lies on the hyperbola 
x(x—y)+ay-=-0. 


5. Find the equation of the straight line on which lie three points of 
intersection of the cubic 


XP 42x2%y-—xy2-- 2p8 ) 4y24 Qxy by 2. 0 
and its asymptotes. 
6. Find the asymptotes of the curve 
4x4 —13x2y2+4 Oy! + 32x2y —42y3 —20x7 + 74y?—- S6y + 4x + 16-0, 


and show that they pass through the intersection of the curve with »?+4x--0. 
(D.U. Hons. 1953) 


7. Find all the asymptotes of the curve 
3x8 + 2x2%y —Txy? +2y3 ~l4dxy + 7y?+ 4x04 Syp-=. 


Show that the asymptotes meet the curve again in three points which lie 
on a straight line, and find the equation of this line. (D.U. Hons. 1952) 


8. Find the equation of the cubic which has the same asymptotes as_ the 
curve 


x® -6x’y + Lixy’--6y? + x-+y+)- 0, 


and which touches the axis of v at the origin and passes through the point (3, 2). 
(Delhi Hons. 1949, 1955) 
9. Find the asymptotes of the curve 


A(x! + y*) — 17x?y? — 4x(4y? — x?) + 2(x? — 2):=0, 


and show that they pass through the points | of intersection of the curve with the 
ellipse x?+ 4y?=4. (Delhi Hons. 1951, 1959) 


10. Find the asymptotes of the curve 
(2x-—3y+1)?(x+y)—8x+2y 9--0 


and show that they intersect the curve again in three points, which lie ona 
straight line. Obtain the equation of the line. (D.U. Hons. 1957) 


16:6. Asymptotes by expansion. 7’o show that 
y=mx4te 
is an asympotate of the curve , 
y=mx+ec+A/x+ Blx*-!-C/x3+...... (1) 
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Dividing by x, we have 
ylxsm +c/x-+-A/x? + B/x8 +C/x4 + 


so that when x—>~» , 


lim (y/x) =m. .. (2) 
Also from (1) we have 
(y—mx) =c 4-A/x 4- B/C B+... 
so that when x>2. 
lim (y—mx) = ¢. oe. (0) 
From (2) and (3), we deduce that 
y=mx +-C 


iS an asy mptote of the curve (1). 


16°7. Position of a curve with respect to an asymptote. 7'o find 
the position of the curve 


y=mx+et+A/x-- B/x? 4-C/x384-... 
with respect to its asymptote 
y=mx-lc. 
Let A=: Let y, and y, denote the ordinates of the curve and 
the asymptote ‘concuinding to the same abscissa x. We have 


1 —Vg= A/x+ B/x?+C/xP+.. 


=(1/x)(A 1} B/x-+C]x? +. vee) ..(1) 
By taking x sufficiently large, we can make 
B/x +C/x? + 


as small as we like. We suppose that x is so large numerically that 
this expression is numerically less than A, Thus, for sufficiently large 
values of x, the expression 


A-\-B/x + C/x? |-D/x8 4+... ..(2) 
has the sign of A. 

Thus if A be positive, the expression (1) is positive for suffi- 
ciently large values of x so that, from (1) we deduce that when x is 
positively sufficiently large, then }',—}’, is positive, i.e., the curve lies 
above the asymptote and when x is negative but numerically large, 
',—Y, is negative, /.e., the curve lies below the asymptote. 


Similarly, we may deduce that if A be negative, then the curve 
lies below the asymptote when, x, is positive but sufficiently large 
and lies above the asymptote when, x. is negative but sufficiently 
large numerically. 


Let A=0, B40; we have 
Vy —-Yo= (1/x*)(B+C/x -4-D/x*+....). 


As above we can show that for numerically sufficiently large 
values of x, the expression 


B+C/x+D/x*+ 
has the sign of B. 
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In this case, the curve lies on the same side of the asympotate 
both for positive and negative values of x ; it will be above or below 
the asymptote according as B is positive or negative. 


If B=0 and C0, we will have a situation similar to that of 
case (1). 
Ex. Find the asympotates of the curve 
y= x(x—a)(x—-2a)/(x +3a), 
and determine on which side of the asymptotes the curve lies. 


We have 


y=A/ | ear ees 
; x+3a 
=+2(1-< )*( 1-74 yX 1-4 7 


a a’ a a 3a. , 27a" 
=+( I-35) — Fae) ( 1--—- = See) ( 1-55 -- ayn ) 


= 3( 1 Oe) 


Thus we have two values of y, viz., 
y=x—8a-+-ttax...... 
po —x+438a—43h0°x.... 
Therefore 
yp=x—3a, y= —-xX+8a 
are two asymptotes. 
The difference between the ordinate of the curve and that of 
the asymptote y= x—3a being 
Jax 1.6... ; 
we see that the curve lies above the asymptote when x is positive 
and below it when x is negative. 
It may similarly be seen that the curve lies below the second 
asymptote when x is positive and above it when x is negative. 
It is easy to see that 
xX=—3a 
is also an asymptote of the curve. To find the position of the curve 
relative to this asymptote, we suppose that 
= —3a+A/y+B]y?+C/y?+...... 
Substituting this value of x in the equation of the curve, we 
have 


A B C | 
2 —-, a ~~ nr oe Ser ee ee ee ee 
y [Stated 


=( —3a-. Stu] —4a-+ 3 ail --5a+ ft] 


ASYMPTOTES 33} 


EKqu ating the co-efficients of like powers of y, we have 
A:=0. 


The difference between the abscissae of the curve and the 
asymptote x= —3a, for the same value of y, being 


which is negative whether y be positive or negative, we see that the 
curve lies towards the negative side of x-axis. 


_Ex.2. Find the asymptotes and their position with regard to the 
following curves :— 


(i) x8 4-y3 = 3ax?. (ii) x3-} y3= 3axy. (iii) x*(x—y) +-y?=-0. 
16:8. Asymptotes in polar co-ordinates. 


Lamma. The Polar Equation of a Line. The polar equation of 
any line is 
p=r cos (@— a), 
where, p, is the length of the perpendicular from the pole to the line and 
a, isthe angle which this perpendicular makes with the initial line. 
Let OY be the perpendicular on the 
given line ; Y being its foot. 


We are given that (7,6) 
OY=p; [ XOY=a., 4 
If P(r, @) be any point on the line, we 
have 
LZ. YOP=6—«. 
OY Xx 
Now, Opto Z._YOP. ) 
Fig. 125. 
p/r=cos(@—a), i.e., p=r cos (8@—a), 
which is the required equation of the line. 
To determine the asymptotes of the curve 
r=f(6), . (i) 
we have to obtain the constants, p, and, «, so that any line 
p=r cos (0—«), (if) 


is the asymptote of the givey curve. 
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Let P(r, 6) be any point on the curve 


Draw OY | the line (ii). 
Draw PL | OY and PM | the line 


Now, 
PM=LY 
=OY—OL 
=p—OPcos(@—a) 
Fig. 126. =p--rcos(@—a).  ..(iil) 
Now r->oo as the point recedes to infinity along the curve, Let 
é— 6, when r-—> oo. 


We have 


PM pp 


r r 
Now when r — oo, PM > ° so that 


— cos (0--2). 


M PM. — +0 and ° —> (). 
lim cos (0 —a)=0 
or lim (@—a)=7/2, 
or 6,—a=7/2, l.e., a=6,—7/2. 
This gives a. 


Again, p=OY is the polar sub-tangent of the point at which the 
asymptote touches the curve, i.e., the point at infinity on the curve. This 
may be seen as follows :— 


Join the pole O to the point at infinity on the curve i.e., draw 
through O a line parallel tthe asymptote. This line is the radius 
vector of the point at oo. 


Draw through O a line perpendicular to the asymptote meet- 
ing it at Y. Then, by def. OY is the polar sub-tangent of the point 
at infinity on the curve. (§ 12:7, p. 271). 


Thus 


dé l 
p=—- Wii len0, , where 4= , 
~ Note Without employing the notion of the polar sub-tangent and the 
point at infinity, the value of p, may aiso be obtained as follows :— 
From (iii) we have, when r-> o, 
p=lim [r cos (0 —«)] | 
=lim [r cos (6—-01:+7/2)] 
slim [rsin (0—0,)}= lim °/2.(@:—9) 
0,-—>9 ifr 
which is of the form (0/0). 
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p= lim S&S (6;— 6) 
a 1 r 
ge, |. a 
r2 do 
= lim po |=tim[ “a | where y=! 
@—>F; r u r 


Hence the asymptote is 


. i) )= _ 
lim( — §° =r cos (Q—«) 


n‘ 
= r cos ( 6—0,+ 5 ) 


where 0, is the limit of gas r> @fe., as u->0. 


Working rule for obtaining asymptotes‘to polar curves. 


Change r to I/u in the given equation and find out the limit of 0 
asu—->0. 


Let 6,, be any one of the several possible limits of @. 
Determine (— d6/du) and its limit as u -» 9 and 6-6. 
Let this limit be p. 
Then 
p=r sin (0,-- 4), 
is the corresponding asymptote. 
To draw the asymptote. 


Through the pole O draw a line making angle (8, — 37) with the 
initial line ; on this line take a point Y such that 


OY =lim (—dé/du). 


The line drawn through Y perpendicular to OY is the required 
asymptote. 


Examples 
1. Find the asymptote of the hyperbolic spiral r@=a. 
Here 
0--alr—au so that 6-> Oasu > 0. 
Here 
A, == lim g-=0. 
Since u=6/a, 
we have 
du/d@=1la or d6éjdu=a. 
Therefore 
--a=r sin (0O—@)=--r sin 6, 
i.e., r sin g=Q, 


is the asymptote. 
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2. Find the asymptote of the curve 
a 
~ 4—cos 6° 


Here 


1 1 
— ee (LE 
U= =o ($—cos @). 


When u -> 0, (4—cos 6) + 0 so that cos 0 > }. 
es = + 7/3. 
Now, 


dus il, dp a 
dd~ a”. du 


and 


as @ »— 7 
3 


2a 
-ay=! sin(j 6 ), le., 4a=r(4/3 sin 0--3 cos 6), 
and x =F gin (— 5 —6@ ), L.e., —4a=r(1/3 sin 6+3 cos @), 
are the two asymptotes. 


Exercises 


Find the asymptotes of the following curves :— 
lope a0 2 __3a sin 0 cos 6 

6—1° Oe sin® 6-++c0s? 0" 

3.. r=asec69+b tan 9. (P.U.) 4. r?=a?(sec* 9+cosec? 6). 

5. rsin 20=acos 39. 6. 2r?=tan 29. 

7. r0cos 9=acos 20. (P.U.) 8. rsinng=a. (P.U.) 
9, r®™sin ng=a". 10. r=a tan 6. 

1. r=a log gé. 12. r log 0=a. 


13. r(1-e9 )=a. 14, r(g?—n*) = 2a9. 
15. rsinQ@=ae? . 16. r(n+6)=ae® 
17. Find the equation of the asymptotes of the curve given by the 
equation . 

rFn(0)+ r™-fn.-(0) + 00+ fol0) = 0 


18. Show that all the asymptotes of the curve 
r tan n6=a, 


(P.U. Hons., 1938) 


touch the circle 
r=aln. 
19. Find the asymptotes of the curve 
r cos 26=a sin 36. (Delhi Hons., 1948) 


CHAPTER XVII 
SINGULAR POINTS 
MULTIPLE POINTS, DOUBLE POINTS 


17-1, Introduction. Cusps, Nodes and Conjugate points, ‘The 
cases of curves considered in § 11:4, p. 243 show that curves with 
implicit equations of tho form S(*, y)=0 exhibit some peculiarities 
which are not possessed by the curves with explicit equations of the 
form y=F(x). These peculiarities arise from the fact that the equa- 
tion f(x, y)=0 may not define, y, asa single valued function of x. 
In fact, to each value of x corresponds as many values of y as is the 
degree of the equation in y, and these different values of y give 
rise to different branches of the curve. 


We recall to ourselves the following three curves considered in 


$1i-4 


—_— os aw 8) Pe ee we 


Fig. 127. Fig. 128. 


(t) Origin is a point common to the two branches of the Cissoid 
(Fig. 127) 


y?(a—x) =x3, (§ 11-41) 
and the two branches have a common tangent there. 
Such a point on a curve is called a cusp. 


(ii) Origin is a point common to the two branches of the Stro- 
phoid (Fig. 128) 


(x? +-y?)x —a(x?— yp?) =0, (§ 11°42) 
and the two branches have different tangents there. 
Such a point on a curve is called a node, 


335 
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(it) (—a, 0) is a point common tothe two branches of the 
curve (Fig. 129) 


ay? —X(X +a)*=0 (§ 1 1-43) 


and the two branches have imaginary tangents there. There is no 
point in the immediate neighbourhood of the point (—4«, 0) which 
lies on the curve. Here, a, is positive. 


Such a point on a curve is called an isolated or conjugate 
point. 


Y 


~ £820) 7X 


Fig. 129. 
17:2. Definitions. 


Double points. Cusp. Node. Conjugate point. 4 point througit 
which there pass two branches of a curve is called a double point. 


A curve has two tangents ata double point, one for each 
branch, 


The double point will bea node, acusp or an isolated point 
according as the two tangents are different and real, coincident or 
imaginary. 


Multiple point. A point through which there pass, r, branches 
of a curve is called a multiple point of the rth order so that a curve 
has, r, tangents at a multiple point of the rth order. 


Thus a double point is a multiple point of. the second order. 
,/\ multiple point of the third order is also called a triple point. A 
multiple point is also, sometimes, called a singular point. 


17:3. A-simple rule for writing down the tangent or tangents 
at the origin to rational algebraic curves is obtained in the following 
article. 


17:31. Tangents at the origin. The general equation of rational 
algebraic curve of the nth degree which passes through the origin O, 
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‘when arranged according to ascending powers of x and y, is of the 
orm 
(B,X +BY) +(6,x° +C9xy +0497) + (4x9 +d,x°Y +...) + oee=0, (i) 


where the constant term is absent. ~ 


Let P(x, y) be any point onthe curve. The slope of the chord 
OP is y/x. Limiting position of the chord OP, when P > O, is the 
tangent at O so that when x > 0 and y > 0, 


lim (y/x) =m, 
as the slope of this tangent. 


From (i), we have, after dividing by x, 


( b, +5, “ ) +(e. +Cyy +). —) +-(d,x* +d xy+..)+...= . 
On taking limits, when x > 0, we get 


b, +b,m=0 so that m= —b,/b,, if b,0. 
Hence 
y|x== --b,/by, 
4.€., 
b,.x-+b,y=0, ooe(td) 
is the tangent at the origin. This may be written down by equating 
to zero the lowest degree (first degree) terms in the equation (i). 

If b,=0 but 5,0, then, considering the slope of OP with 
reference to Y-axis, it can be shown that the tangent retains the same 
‘form. 

Let b,=-b,=0 so that the equation takes the form 

(CX? +.,xy +5 y") +(G, x3 +X? y + .ccee.) foee =O. . 00.(ili) 

Dividing by x? and then taking limits as x — 0, we get 

C, +¢,m +c,m* = 0, .+ (IV) 
which is a quadratic equation in, m, and determines as its two roots 
ithe slopes of the two tangents so that the origin is a double point in 
this case. 

The equation of either tangent at the origin is 

Y=mMx, . .s (v) 
‘when mis a root of (iv). Eliminating m between (iv) and (v), we 
obtain 
CX? +C4xY +C,y'=0, ..-(vi) 
as the joint equation of the two tangents at the origin. This can be 
written down by equating to zero the lowest degree terms in (iii). 

The equation (vi) becomes an identity if c,—c,=c,=0. In this 
‘case the second degree terms, also, do not appear in the equation of 
the curve. It can now be similarly shown that the equation of the 


tangents can still be written down by equating to zero the terms of 
the lowest degree which is third in this case. 
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In general, we see that the equation of the tangent or tangents at 
the origin is obtained by equating to zero the terms of the lowest degree 
in the equation of the curve. 


The origin will be a multiple point on a curve whose equation 
does not, at least, contain the constant and the first degree terms. 


Illustrations. 
(i) The origin is a node on the curve 
x3 -+y3 —3axy=0, 
and x=0, y=0 are the two tangents thereat. 
(ii) The origin is a cusp on the curve 
(x° +y")x —2ay’—0, 
and y=0 is the cuspidal tangent. 
(iii) The origin is an isolated point on the curve 
ax? + b®y? = (x? +y2)?, 
and ax--iby=0 are the two imaginary tangents thereat. 
(iv) The origin is a triple point on the curve 
2y5 + 5x5 —3x(x?—y*)=0, 
and x=0, x=y, Xx=—y are the three tangents thereat. 


Exercises 
Find the tangerts at the origin to the following curves :— 
1. (x?+y)?=4a'xy, 2. y*(a?—x?)=x*(b—x)*. 
3. (x?-+y?)(2a—x) =x. 4, a(x?—y*)=x"y?. 
5. (x2+-y2)8=a2(x2—y2)2, 
Example 


’ Find the equation of the tangent at (—1, —2) to the curve 
x? +2x2+2xy—y*+5x—2y=0, 
and show that this point is a cusp. 


We will shift the origin to the point (—1, —2). Todo so we 
have to write 


x=X—1, y= Y—2, 
where X, Y are the current co-ordinates of a point on the curve with 
‘reference to the new-axes. The transformed eqation is 
(X—1)?+2(X—1)?+2(X¥—1)( Y—2)—(Y—2)?+5( X¥—1)—2(Y—2)=0, 


or 
X38 — X?4+9XY—Y*2=0, 


Equating to zero the lowest degree terms, we get 
—X?42XY—Y?=0, ie. (Y—X)*=0, 
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which are two coincident lines, and, therefore, the point is a cusp 
and the cuspidal tangent, i.e., the tangent at the cusp with reference 
to the new axes is 


Y—X=0. 


To find the equation of the cuspidal tangent with reference to 
the given system of axes, we write 
X=xX+1, Y=y+2. 
Hence the tangent at (—1, —2) is 
(y+2)—(x+1)=0, ie, y=x—l. 
Exercises 
Find the equations of the tangents to the following curves :— 
1. y*(a2+x?)=x?(a*—x?) at (+a, 0). 
2. (x—2)?=y(y—1)? at (2, 1). . 
3. x'—4ax* —2ay® + 4a2x?+ 3a2y?— at=0 at (a, 0) and (2a, a). 
4 


. Show that the origin is a node ; a cusp ora conjugate point on the 
curve | | 


y2=ax*+ax’, 
according as, a, is positive, zero or negative. (Delhi Fons. 1950) 
17:4. Conditions for any point (x, y) to bea multiple point of 
the curve 


f(x, y)=90. 


In § 10°94, p. 213, we have seen that at a point (x, y) of the 
curve 


F(x, y)=0, 
the slope of the tangent, dy/dx is given by the equation 
dy 


Ata multiple point of acurve, the curve has at least two 
tangents and accordingly dy/dx must have at least two values at a 
multiple point. 


The equation (1), being of the first degree in dyfdx, can, be 
satisfied by more than one value of dy/dx, if, and only if, | 


S,=9, fy=0 
Thus we see that the necessary and 1 sufficient conditions for any 
point (x, y) on f (x, y)=0 to bea ne rome are that 
To find multiple points (x. 1 we hh ‘herefore to find the values. 
of (x, y) which simultaneously satisfy the three equations . 


Selxs Y)=0, f(x, y)=0, f (x, y)=0. 
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17°41. To find the slopes of the tangents at a double point. 


Differentiating (1) w.r. to x, we have 
dy dy \ dy d?y 
2 7. _ 7 ora 
Se thoy ax +( fe th? dx ) ax +f, dx? ~—™ 


60 that at the multiple point, where f,=0, f,=0, the values of dy/dx 
are the roots of the quadratic equation 


fy dy 
Sy (ie) + fav Gy +h.2=0. »oo(2) 


In case f ,”, fay, Sy?, are not all zero and f,=O0=fy, the point (x, y) 
will be a double point and will be a node, cusp or conjugate according 
as the values of dy|dx are real and distinct, equal or imaginary 1.e., 


according as , 
( fey)? —Sa7fy? >, =(0, <0. 
If f° =fiy=/,°=0 ; the point (x, y) will be multiple point of 
order higher than the second. 
| Example 
Find the multiple points on the curve 
x4 Zay®— 3a*y*— 2a*x?+at—0. 
Also, find the tangents at the multiple point. 
Let f(x, y)=x!—2ay’ —3a®y?— 2a?x?+ al, 
“| CSAX, y) = 4x38—4a2x, 
f,(x, y)= —6ay*—6a’y. 
FAX, y) =0 gives x=0, a, —a. 
f(x, y)=0 gives y=0, —a. 
Hence the two partial derivatives vanish for the points 
(0, 0) (0,—a), (a, 0), (a, —a), (—4, 0), (—a,—a@). 
Of these the only points on the curve are 
(a, 0), (—a, 0), (0,—a). 
Hence these are the only three multiple points, on the curve. 
To find the tangents at the multiple points, we proceed as 
follows :— 
First method. 
We have 
fP=12x?—4a?, f.y=0, f2= — lay—6a’. 
Since at (a, 0). 

- 2 =8a'’, f.y=0, f7 = — 6a’, 
therefore, by the equation (2), the values of dy/dx at (a, 0) aré given 
b . : 

” — 6a*(dy/dx)*+ 8a? =—0, 
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i.e., dy |dx = +2]4/3. 
The two values being both real, the point (a, 0) is a node. The 
tangents at (a, 0) are 
y= +(2/4/3)(x—a). 
It may similarly be shown that the tangents at ( —a,0) and 


(0, —a) are 
YEtV3X+4), Vpa=tv/ hx. 

Second method. Differentiating the given equation w.r.to 2z, 

we get, 
4x3 — Gay?y, —6a*yy, — 4a*x =0, 

which identically vanishes for the multiple points. 

Differentiating again, we get 

12x?— l2ayy,?—6ay’y, —6a*y*, — Ga? yy, —4a*=0. 
From this we see that 
(i) for (a, 0), yP=38, Le, y=. 


4 
(i2) for (—a, 0), y2==8, Le. y=tVi. 
(iii) for (0, —@), y,7==%, ie, yy = +2. 
Knowing the slopes of the tangents, we can now put down their 
equations. 


Third method. To find the tangents at (a,0), we shift the 
origin to this point. The transformed equation is 
(x= X-+a, y=Y-+0) 
X +a)4— 2aY3— 3a? Y?— 2a?( X +-a)?+-a*=0, 


or 
X4+4X%a—2aYs3 + 4a2X2—3a2Y?=—0. 
The tangents at the new origin are 
4a*X?2— 3a Y?=0, 
or 


Y= +/(4/3)X. 
The tangents at the multiple point (a, 0), therefore, are 
y=t/(4/3)(x—4). 
It may similarly be shown that 
y= + (4/3)% +4) and y+a= + /(2/8) x, 

are the tangents at the multiple points ( —a, 0) and (0, —a) respec- 
tively. 

The three mutiple points on the curve are nodes. 

Exercises 


Find the position and nature of the multiple points on the following 
curves :— 


1. x%(x—y)+y2=0. (D. U. 1951) 
(2. ya=xttaxt, (D. U. 1950 ; P. U.) 
3. xt+y3—2x24 3y2=0. (P. U.) 
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4. xy?—ax?+2a2x—a?=0. 

5. y2=(x—1)(x—2)?. 

6. ay*=(x—a)*(x—b)*. 

7. x4—4ax*+2ay® + 4a*x?—3a?y?—a‘=0, 
8. x8-+y®—12x—27y+70=0. 

9. x*+4ax?+ 4a2x?— b*y?—2b3y—at—bt=0. 


10. x*+-y(y+4a)?+2x"(y—5a)?=5a?x*. (B. U.) 
11. x9+4+-2x?+2xy—y?+ 5x—2y=0. (P. U.) 
12, (2y+x+1)?—4(1—x)5=0. (P. U.) 
13. (x+y)®—~2 y—x+2)?=0. (P. U.) 
14. (y?—a?)?+ x4(2x+3a)?=0. (P. U.) 


15. x*y?=(a+y)?(b?—y?) ; distinguishing between the cases bSa. 

(D. U. Hons. 1953) 

Find the equations of the tangents at the multiple points of the 
following curves :— 

16. x*—4ax'—2ay®+4 4a2x? + 3a2y?—a*t=0. 

17. x#—8x°-+-12x?y + 16x?2+ 48xy+4y?—é64y=0. 

18. (y—2)?=x(x—1)2. 

19. Show that each of the curves 

(x cos a—y sin a—b)®=c(x sin a+y cos «)?*, 
for all different values of «, has a cusp : show also that all the cusps lie on a 
circle. 

17:'5. Types of cusps. We know that two branches of a 
curve have acommon tangent atacusp. There are five different 
ways in which the two branches stand in relation to the common 
tangent and the common normal as illustrated by the following 


figures :— 


Fig. 130 Fig. 131 
Single cusp of ist species . Single cusp of 2nd species 
Fig. 132 Fig. 133 


Double cusp of Ist species Double cusp of 2nd species 
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Fig. 
Point of oscu-inflexion 


In Fig. 130, the two branches lie on the same siue of the com- 
mon normal and on the different sides of the tangent. 


In Fig. 131, the two branches lie on the same side of the nor- 
mal and on the same side of the tangent. 


In Fig. 132, the two hranches lie on the different sides of the 
normal and on the different sides of the tangent. 


In Fig. 133, the two branches lie on the different sides of the 
normal and on the same side of the tangent. 


In Fig. 134, the two branches lie on the different sides of the | 
normal but on one side they lie on the same, and on the other on 
opposite sides of the common tangent. One branch has inflexion at 
the point. 


It will thus be seen that the cusp is single or double according as 
the two branches lie on the same or different sides of the common nor- 
mal, Also it is of the first or second species according as the branches 
lie on the different or the same side of the common tangent. 


Examples 
1. Find the nature of the cusps on the following curves :— 
(i) P=x’, (ii) y2—x'=0. (iii) (y—4x2)®?=x?. 


(‘) y=0 is the cuspidal tangent. Since x cannot be negative, 
the two branches lie only on the same side of the common normal 
so that the cusp is single. See Fig. 130. 


3 
Again, y= +x? so that to each positive value of x correspond 
two values of y which are of opposite signs and hence the two 
branches lie on different sides of the common tangent and the cusp is 
of first species. 


(2) Two branches of y3—x*=0, are the two parabolas y—x?=0 
and y+x*=0 which lie on different sides of the common tangent 
y=0 and extend to both sides of the common normal x=0, Thus 
the origin is a double cusp of first species. See Fig. 132. 
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7 
y=4P 4x", 
where the two signs correspond to the two 
5 branches ; y=0 is the cuspidal tangent. 

Since x cannot take up negative values, 
the two branches lie only on the same side 
of the common normal and the cusp, there- 
fore, is single. 


_ Now, one value of y is always positive and, therefore, the cor- 
responding branch lies above X-axis. Again 


Fig. 135 


7 3 
4x?>x?, if 4>x? .e., if 43>x. 


Thus, for the values of x lying between 0 and 43 the second 
value of y is also positive and, therefore, the corresponding branch 
lies above Y-axis in the vicinity of the origin. Thus the cusp is of 
the second species. 


2. Show that the curve 
Y= Ixy + xPy 4x3, 
has a single cusp of the first species at the origin. (Delhi Hons. 1949) 
Equating to zero the lowest degree terms, we see that the 
origin is a cusp and y=0 is the cuspidal tangent. 
‘We re-write the given equation in the form, quadratic in y, 
y? — yx?(2+-x) —x8==0, 
and solve it for y, so that 
yx POTD EV IMAL ALA? 


For positive values of x, we have 
x4(2-+4x)2-4 4x3 >x4(24-x)2, 
or 
/[x4(2+x)* + 48]> x2(2-4-2), 
so that to positive values of x correspond two values of y with 


opposite signs. Thus the two branches lie on opposite sides of x-axis 
when x is positive. 


» Again, we have 
x4(2-++- x)? 4+-4x3 = x8(4-4+4x-4+4x9-+ x3), 
For values of x which are sufficiently small in numerical value, 
4+4x+4x2-+ x3 
is positive, for the same —> 4 when x —> 0. 


Thus for negative values of x which are sufficiently small in 
numerical value, 
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x3(44-4x 44x84 x3), 
is negative so that the values of y are imaginary. Thus x cannot 
take up negative values. 


Hence the curve has a single cusp of first species at the origin.. 


Exercises 

Find the nature of the cusps on the following curves :— 

A, x°%(x—y)+y?=0. 2. x(x+y)—y?=0, 

3. x®+y?—2ay*=0. 4. aty?=x5(2a—x). 

5. (y—x)?+x*=0. 6. x*—ayxi!—a@x’y+aty*=0. 

7. x5—ax8y—a*x’y+qiy?=0. 

8. Examine the curve 

x>+16x*2y—64y?=0 

for singularities. (Delhi Hons. 1948) 

9. Prove that the curve x°+ y3=ax? has a cusp of the first species at the 
origin and a point of inflexion where x=a. (Lucknow Hons. 1950): 


10. Show that the curve 
y= (x—a)?(2x—a) 
has a single cusp at (a, 0). (D.U. 1955): 
17°6. Radii of curvature at multiple points. The formula for 
the radius of curvature at any point (x, y) on the curve I(x, y)=0, 
as obtained in § 15-42, page 292, becomes meaningless at a multiple 
point where f/,/,=0. Ata multiple point we expect as many values 


of, p, as its order. Of course, these values of @ may not be alk 
distinct. 


The following examples will illustrate the method of determin-. 

ing the values of at such points. 
Examples 

1. Find the radii of curvature at the origin of the branches of the 

curve ; 
yt 2axy?=ax3 +x, 

Here, 2xy?=x°5, i.e., x=0, y= -+(1/4/2)x are the three tangents 
at the origin so that it is a triple point. 


To find, p, for the branch which touches x—0, we 
find lim(y?/2x). Todo this, we write 


y?/2x=, i.e., x=y"/20,, 
and substitute this value of x in the given equation. Lim p,=p is 


the radius of curvature of the corresponding branch at the origin. 
We get 


2ay* y8 ys 
4to0 4 og 4 7 
YT apr =4 gost 1658 
or 
: 4g vy 


OF a8 Bos F168 
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Let y — 0 so that we have 1 +a/p=0. 

Thus, pe, for this branch=—a. 

To find, e, for the other branches we proceed as follows. 
Suppose that the equation of either branch is given by 


y=f(0)+ xf"(0) +X -f'0)+ eae 
te have, ere 
(0) =0. 
Also we write f’(0)=p, f’’(0)=q. Thus we have 
y=pxthqrxet+.... 
Making substitution in the given equation, we get 
(px+t dqx?+t....)4--2ax(px+iqxe+t....)?==ax3+x4 
Equating co-efficients of x? and x‘, we get 
2ap*=a, p*+2apq=1. 


These give 
1 34/2 
Pev2 41> Ba? 
— 1 _ 8/2. 
P= — 73 I= — "8a 
2 
pene = +24/34, 


for the two branches. 
2. Show that the pole is a triple point on the curve 
r=a(2 cos 6-+-cos 38), 
and that the radii of curvature of the three branches are 
a/3al2, a/2, 4/3a/2. 
The radius vector, r, vanishes for the values of, 6, given by 
2 cos @+cos 30=0, 


f.e., 
2 cos 9+ 4 cos* @—3 cos g=0, 
er 
cos @ (4 cos? g—1)=0, 
er 


cos 6=0, cos 6=}, cos 6=— }. 
Thus, r=0 when 0=7/3, 2/2, 27/3 so that the pole is a triple 
point. 
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We now proceed to find p. We have 
r,=a(—2 sin 9—3 sin 36), rz=a(—2 cos @—9 cos 39). 


For 0=7/3, 
ry=—1/3a, rg=8a ; 
for 9@=7/2, 
r,=a rg=0 ; 
or 6=27/3, 


r= — 1/34, r= — 8a. 
Also, r=0 for each of these branches. 
Putting these values in the formula 


3 
ret or t—rrg’ 
we get the required result. 


Exercises 


1. Show that the radius of curvature at the origin for both the branches 
of the curve 


y*(a—x)=x*(at+x) 
is 2a. 
2. Find the radius of curvature at the point (1, 2) for the curve 
(y—2)*=x(x—1)?. 


3. Find the radii of curvature at the origin of the two branches of the 
curve given by the equations 


y=t—8,x=1-2". (P.U.) 


(For the origin t=+1, so that the two branches correspond to these two 
values of ¢). 


Find the radii of curvature at the origin of the following curves : 
4. x?+y3=3axy. (Folium). 
§. x*—3xy—4y*+y3+y'x4x5=0. 
6. x5+ax?y?—axty—2a*xy2+a"°y=0 
7. Show that (a, 0), in polar co-ordinates, is a triple point on the curve 
r=a(1+2 sin 36), 
and find the radii of curvature at the point. 


CHAPTER XVIII 
CURVE TRACING 


18:1. We have already traced some curves in Chapters IT 
and XII. The general problem of curve tracing, in its elementary 
aspects, will be taken up in this chapter. 


It will be seen that the equations of curves which we shall trace 
are generally solvable for y, x or r. Some equations which are not 
solvable for y or x may be rendered solvable for r, on transformation 
from Cartesian to Polar system. 


18:2. Procedure for tracing Cartesian Equations. 
I. Find out if the curve is symmetrical about any line. In this 
connection, the following rules, whose truth is evident are helpful : — 


. (i) A curve is symmetrical about X-axis if the powers of y 
which occur in its equation are all even ; 


(i) A curve is symmetrical about Y-axis if the powers of x 
which occur in its equation are all even ; 


(iii) A curve is symmetrical about the line y=x if, on inter- 
changing x and y, its equation does not change. 


II. Find out if the origin lies on the curve. If it does, write 
down the tangent or tangents thereat. In case the origin is a multi- 
ple point, find out its nature. 


TIf. Find out the points common to the curve and the co-ordinate 
axes if there be any. Also obtain the tangents at such points. 


‘IV. Find out dy/dx and the points where the tangent is parallel 
to the co-ordinate axes. At such point, the ordinate or abscissa 


generally changes its character from increasing to decreasing or vice 
versa, 


V. Find out such points on the curve whose presence can be easily 
detected. 


VI. Find out points of inflexion.. (It may not always be neces- 
sary). 


VII. Find out multiple points, if any, and their nature. 


VIII. Find out the asymyptotes and the points in which each 
asymptote meets the curve. 


IX. Find out if there is any region of the plane such that no part 
of the curve lies in it. 


Such a region is generally obtained on solving the equation for 
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one variable in terms of the other, and find out the set of values of 
one variable which make the other imaginary. 


X. If possible, solve the equation for one variable in terms of 
the other and find out, by examining the sign of the derivative, or 
otherwise, the ranges of the values of the independent variable for 
which the dependent variable monotonically increases. 


Important Note. The student must remember that a mere knowledge of 
symmetry, asymptotes, double points, etc., will not enable him to trace a curve, 
this knowledge being only piece-meal ; asymptotes indicate the nature of the 
curve in parts of the plane sufficiently far removed from the origin and the 
tangent at any point gives an idea of the curve in the neighbourhood of the 
point. To draw a curve completely, it may be necessary to solve the given 
equation for one variable, say, y, interms of another andthen to examine how 
y varies as x varies continuously. For this purpose the examination of dy/dx 
proves very helpful. 


Examples 
18: 3. Equations of the form 
y’=f(x). 
1. Trace the curve 
y2(a2-+ x2) = x2(a2—x?), 
We note the following particulars about this curve :— 
(i) It is symmetrical about both the axes. 


(tt) It passes through the origin and y= +x are the two tan- 
gents thereat. Thus the origin is a node. 


(iii) It meets X-axis at (a, 0), (0, 0) and (—a, 0) and meets Y- 
axis at (0, 0) only. The tangents at (a, 0) and (—a, 0) are x=@ and 
= —a respectively. 


9q2x2 x4 

(iv) 4 =4- at 20x" —x! “j 
(at xia xt 
‘which becomes zero, when 
at—2a’x?—x4=0, i.e., when x*=(—1+44/2)a’. 
Thus the only real values of x for which dy/dx vanishes are 
(1+ /2)a. 
(v) It has no asymptotes. 

(vi) Solving the equation for y, we re-write it as 


,__x*(a*—x) yer x a? — x? 
We gpye OF PR \/ atx | 


We see that, for y to be real, a?—x? must be non-negative and 
therefore, x must lies between —aand a. Hence the entire curve lies 
between the lines x=a and x= —a. 
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Conclusion. In order to trace the curve we have to connect 
the above isolated facts. We proceed to do this now. The curve 
| being symmetrical about both the axes, 
we firstly consider the part of the curve 
lying in first the quadrant where x, y 
are positive and 


_ ae x? 
yen \/ a | 
When x=0, then y=0. When 
x increases, starting from 0, then y, 
which is positive, also increases and 
goes on increasing till x=4/(—1-++-+/2)e 
Fig. 136. where dy/dx=0, i.e., where the tangent 
is parallel to X-axis. Since y=0 when 
x=a, we see that when x increases from 4/(—1++/2) a to a,y 
decreases. 


Fig. 137 


The variable x cannot take up values greater than a, for, then, 
y isnot real. Thus the part of the curve in the first quadrant is as 
shown in Fig. 136. The curve being symmetrical about the two axes, 
its complete shape is as shown in Fig. 137. | 


2. Trace the curve 

y(x—a)=x*(x-+a). 

(i) It is symmetrical about X-axis only. 

(ii) It passes through the origin and y?+x?=0, 1.e., y-ix=0 
are the two imaginary tangents thereat: Thus the origin is an iso- 
lated point. SO 
+ | 

(iii) It meets X-axis at (—a,0) and (0, 0) and y-axis at the 
origin only ; x=—a is the tangent at (—a, 0). | 

2 ax—q? 

(iv) dy —_ x ax a — , 

, dx 2 4 
(x—a)* (x La) 


‘which vanishes when 
Since x?—ax—a’?=0, i.e., when x=} (1+4/5)a. 


CURVE TRACING 35) 


For x=(1—4/5)a/2, which lies between —a and 4, y is not real. 


See (vi) below]. - 
(v) y=+(x-+a) and x=a are its three asymptotes. 
a: oye Xt __ 2x —a 
(vi) Since Yar? s— =x (aye 


we see that, for y to be real, x?—a? must be non-negative, i.e., must 
be > aand < —a. 


Hence no part of the curve lies between 
x=a and x= —4. 


La 


on~ - = + - - fee re aa 


) 4 
a 


Fig. 138 
Conclusion. The curve being symmetrical about the X. axis, we 
consider the part of it lying in the first two quadrants where y is 
positive so that we have 


yaax a/ (3%) 


where we consider + or — sign according as x is positive or nega- 
tive. 


When x=—a, y=0.° Also x=—a4, is the tangent at the cor- 
responding point (—4@, 0). 


Let x vary continuously from —ato —o. Then, since dy/dx 
is not 0 for any of these values of x, and y=—(x-+a) is an asymp- 
tote, we have the part of the curve in the second quadrant as shown 
in Fig. 138. 


For values of x lying between --a and @, y is not real. 
Since x=a@ is an asymptote and dy/dx=0 for x=(1++/5) a/2, 
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‘we see that y, starting from «0, goes on decreasing as xX increases 
‘from ato (1+4/5)a/2. As x increases from (1+4/5)a/2 to o, y 
again goes on increasing and, y=x +a being another asymptote, we 
‘have the part of the curve in the first quadrant as shown. 


The curve being symmetrical about the X-axis 
shape is as shown in Fig. 138. 


We thus have the curve as drawn. 


Note. Thecurve appears to have two points of inflexion, apparently 
necessitated by the fact that the curve could not be asymptotic to the lines 


y=+(x+a) unless it changes the direction of its bending after leaving the point 
({—a, 0) where it touches x=—a. In fact, by actual calculation, we see that 
4—2a, 2a] 3) and (—2a, — 2a/13) are its two points of inflexion. 


3. Trace the curve 


, its complete 


yx? = x?—a?, 
‘(i) It.is symmetrical about both the axes. 


(ii) It does not pass through the origin. 


(iii) It meets X-axis at (a, 0) and (—a, 0) but it does not meet 


Y-axis at any point ; x=a and x =—4a are the tangents at (a, 0) and 
((—a, 0) respectively. : 


., ay a? 
0) ae TE Ay Ea ° 
‘which never becomes zero. 


(v) y=+1 are the two asymptotes. 


From § 16°31, p. 319, it appeare that x=0 is also an asymptote, 
'but it will be seen below that it cannot be an asymptote. 


(vi) Writing the equation in the forms 
2 o a 
x? ? ~ 1—y? 
-we see that for x and y to be real, we have 


x?-a > 0,ie,x <—adorx>a 


-and 
l—y? > 0, i.e,-—l<y <l. 
As no pact of the curve lies between the lines x= —a, and x=a 
ino branch of the curve can possibly be asymptotic to x=0. 
Conclusion. 
Consider 


y=n/ Ps] _@ 


‘which corresponds to the part of the curve in I first quadrant. 
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For. the. values of x lying hetween 0 and @,-y.ia not-reala, 
If x=a, y=0 so that (a, 0) is:a point on the curve and %=a;'\as 
seen above, is the tangent there. 


As x increases from a onwards, y, which is positive must con- 
stantly increase ; dy/dx being never zero. 


Since the line y=1 is an asymptote, the part of the curve in 
the first quadrant can now be easily shown. 


The curve being symmetrical about both the axes, its complete 
shape is as shown in the Fig. 139. 


Y 


Gaame~pese @2@2a 0 @2 82 & & 


“Lae 


Fig. 139 


4. Trace the curve | 
y*=(x—a)(x —b)(x—c). 


We suppose that a, b, c are positive and in ascending order of 
magnitude so that we have to consider the following four cases :— 


(i) acb<ec, (ii) a=b<ec. (iii) a<b=c. (iv) a=b=c. 
Casel. a<b<ce. 

(4) It is symmetrical! about X-axis. 

(ii) It does not pass through the origin. 


(iii) It meets X-axis at (a, 0), (b,0) and (c, 0), but it does not 
meet Y-axis ; x=:a, x=b, x=c are the tangents at (a, 0), (b, 0), (c, 0), 
respectively. 


(iv) It has no asymptotes. 

(v) When x<a, y*<0, ie., y is not real ; 
when a<x<b, y?>0, 
when b<x<e, y*<0; i.e., y is not real ; 
when x>¢, y=<0. 


Hence, no part of the curve lies to the left of the line x=a and 
between the lines x=), x=c. 


(vt) As y? vanishes for x=a and x=b, it must have a maximum 
for some value of x between a and D. 
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(viii) As x increases beyond c, y*? also constantly increases, for 
each of the three factors then increases. 


—< 


Cn a 
-— ow ww ee ee ee 


Fig. 140 


We have 
2y & 3x2 —2(a+b+c)x+(ab+bce-+ca), 
: \dy _3x*—3(a+b+c)x +(ab+be +ca) 
dx Qa/[(x—a)(x—b)(x—c)] 
xt 3 —2(a +b -+c)(1/x) +(ab+be + ca)(1/x?) 


V/[(1—a/x)(1—b/x)(1 —-c/x)] 


which — 0 as X > o. 

Thus the curve tends to become parallel to Y-axis as x -> 2. 

Since the curve, in departing from (c, 0), where the tangent is 
parallel to Y-axis, must again tend to become parallel to Y-axis, we 
see that the curve must change its direction of bending at some 
point between (c, 0) and o ; and as such must have a point of 
inflexion. 

Hence, we have the curve as shown in Fig. 140. 

It consists of an oval and an infinite branch. _ 

Case II. aab<c. The equation, now, is 

y?=(x-- a)?(x—C). 


Y: 


Fig. 141 
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It is easy to show that (a, 0) is an isolated point, as if the oval 
of case I shrinks tu.the point (a, 0). 


The curve consists of an isolated point and an infinite branch 
and can be easily drawn. (Fig. 141 on the preceding page). 


As in case I, it can be shown that the curve has two points of 
inflexion. 


Case IIT. a<b=c. The equation, now, is 
y?=(x—a)(x—b)?. 


Fig. 142 
Tt is easily shown that (5, 0) is a node and 
y=t/(b—a)(x—b) 
are the nodal tangents. 
The curve may now be easily drawn. (Fig. 142). 
CaseIV. a=b=c. The equation, now, is 
y= (x—ay?, 


Fig. 143 
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It is easy to see that (a2, 0) is a cusp and “y=0 is the ouspidal 
tangent. 


The curve may b2 easily drawn. (Fig, 143). 
5, Trace the cissoid 
y(a—x) =a, 


This curve has already been considered in § 11:41, p. 244 also. 
(See Fig. 64, p. 244). 


We note the following particulars about the curve :— 
(i) It is symmetrical about x-axis. — 
(ii) It passes through the origin and y?=0, i.e, y=0, y=0 
are the two coincident tangents at the origin. Thus the origin is a 
cusp. 
(iii) It meets the co-ordinate axes at the origin only. 
(iv) x=a is the only asymptote of the curve. 
(v) Since 
y?=x8/a—x), 


we see that y” is positive, i.e., y is real only when x lies between 
and a. 


; -.Ga—x) WV x 
(v1) 
a (a— x)? 


which vanishes when x=3a or 0. 


But x= 4a is outside the range of admissible values of x. Thus 
dy/dx vanishes at no admissible value of x except x=0. 

Combining all these facts, we may easily see that the shape of 
the curve is as shown in Fig. 64, p. 244. 


Note. The student would do well to learn to trace the curves given in 
§§11°42, 11:43 also by the methods of this chapter. 


6. Trace the curve 
x3 4. yy =3ax*, (a>0). 
(i) It is neither symmetrical about the co-ordinate axes nor 
about the line y=.x. 
(ii) Origin is a cusp, and x=0 is the cuspidal tangent. 
(iii) It meets X-axis at (0,0) and (3a, 0) but meets Y-axis at 
the origin only ; x=3a is the tangent at (3a, 0). | 


(iv) y+xX= ais its only asymptote and the curve meets the 
asymptote at 


(a/3, 2a/3). 
(v) x and y cannot both be negative. 
(vi) Now, y*dy/dx=x(2a—x) and, therefore, 
dy|dx=:0, for x=2a. 
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Solving for y, we obtain *: 


=[x*(3a—x)]8, 


Fig. 144. 
If x=0, then y=0 and Y-axis is the tangent there. 


If0 <x<3a, then y>0, and if x increases from 0, y also in- 
creases ; y will go on increasing with x till x=2a where dy/dx=0. 
When x increases beyond 2a, y will constantly be decreasing ; y=0 
for x=3a and is negative for x>3a. 


We now consider the negative values of x. 


If x is negative, y is positive and constantly goes on increasing 
as Xx increases numerically, i.e.,as x varies from 0 to —oo. 


Also, y+x=<a is the only asymptote of the curve. 


Taking all the above facts into consideration, we see that the 
complete curve is as shown in Fig. 144. 


18-4, Equation of the form y*-+-yf(x) + F(x) =o. 
7, Trace the curve 
x(x—y)+y'=0 
(i) Itis symmetrical neither about the co-ordinate axes, nor 
about the line y= x. 
(ii) Origin is a cusp and y =0 is the cuspidal tangent. 
(iii) It meets the co-ordinate axes at the origin only. 


(iv) y=x-+1 is the only asymptote of the curve. It meets the 
curve at (—4}, 4). ; 

(vy) We re-write the equation as a quadratic.in y and solve 
it. We have 


y—yxi+x3==0, 


or y= avieen A 
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so that y is imaginary if x3(x—4) is negative i.e., if x lies between 0 
and 4, 


@WeaeF® 6 Bw 2 O88 we oe wa ewe ewe @ @ @ ww 


Fig. 145. 


Thus, there is no part of the curve lying between the line x=0 
and x=4. 


(vi) y=8 when x=4 for both the branches, and x=4 is the 
tangent at the point. 


The following additional remarks about the two branches of 
curve will facilitate the process of tracing the curve. 


eve de) _ a VEE 8) | 
—V/(? = -4x°) _ ve vite 4) 
D) 5] 


Now y= . (2) 


and y= .. (i) 


are the two branches. They meet where x4—4x*=0, i.e., where x =0 
or 4. 
Thus the two branches meet at the points (0, 0) and (4, 8). 
Consider the branch (1). 


When x, starting from 4, increases, then y is positive and also 
constantly increases. 
Also, when x starting from 0 decreases, and takes up negative 
"values whose numerical value increases, then y is positive and con- 
stantly increases. 
Now, consider the branch (ii). 
When x>4, x4—4x' is positive and 4/(x*— 4x3) <4/x!=x? and, 
therefore, y is positive. Also, when 2, starting from 4, increases, y 
decreases in the beginning. 


When x<0, x4— 4x is positive and 4/(x*—4x3)>4/x!=x? so 
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that y is negative. Also, when x, starting from 0, decreases, then y 
numerically increases. Thus, we have the shape as shown in Fig. 145. 


18°5, Polar curves. 
8. Trace the curve 


ad 
-m—oe” 


Fig. 146. 
We first consider positive values @ only. We have 
dr 2a6 
dg = (14.62)? 
which is always positive so that r, constantly increases as, 6, in- 
creases, 
Also, 
, =() when @=0; 
Again we have 
ag? a 
—1+6? ~ 9-241 
Thus r, starting from its initial value 0, constantly increases as 
6 increases and approaches, a, as 9 — 0 so that the point (r, 6) 
approaches nearer and nearer the circle whose centre is at the pole 
and radius equal to a. 
The circle is shown dotted in the Fig. 146. 
The figure shows the part of the curve corresponding to the posi- 


tive values of @ only, and the part of the curve for negative values 
is its reflection in the initial line. 


9. Trace the curve 
r=a(sec 8--cos @). 


_ l 1+ cos? g 
rad Tr 608 a)=a cos 9 


(t) The curve is symmetrical about the initial line. 
(ii) rcos @=4, i.e., Xx=ais its asymptote. 


which — aas @ —> oo. 


Here 
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gin? 6 dr 
(ai) =a cost 9 so that 70 is positive when 9 lies between 
6 and 7/2. 
Y a; 
sf ' 
I 
ON 
ee re ae 
t . 
Of 
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y ‘ 
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i 
a 
i) 


Fig. 147. 


When 6=0, dr/dé=0 so that 6=7/2 and, therefore, the tangent 
is perpendicular to the initial line at the point (2a, 0). 


Also, r=2a, when @=0 and r — oo as 6 > w/2. 


Hence we see that when @ increases from 0 to 47, or monotoni- 
cally increases that 2a to oo and the point P(r, 9) describes the part 
of the curve drawn in the first quadrant. 


_ When @ increases from 47 to 7, r, remains negative and de- 
creases in numerical value from oo to 2a and so the point P(r, 6) 
describes the part of the curve as shown in the fourth quadrant. 


As the curve is symmetrical about the initial line, no new 
point will be obtained when @ varies from 7 to 27. 


- 18°6. In the case of some curves it is found convenient to 
make use of the polar as well as the Cartesian form of their equa- 


tions. Some facts are obtained from the Cartesian and the others 
from the Polar form. 


Curves whose cartesians equations are not solvable for x and 


y, but whose polar equations are solvable for r, are generally dealt 
with in this manner. 


10. Trace the curve 
xf yt=ai(x?—y"). 
(i) It is symmetrical about both the axes. 
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(ii)" Origin is a node on the curve and y=-x are the nodal 
tangents. Oo 
(iii) It meets X-axis at (0,0) (a, 0) and (—a, 0), but meets 
Y-axis at (0, 0) only ; x=a and x=—a are the tangents at (a, 0) 
and (—a, 0). 
(iv) It has no asymptotes. 
On changing to polar co-ordinates, the equation becomes 
+. @ cos 28 | 


~ cos*§+sin4é 
(v) We see that 
par 8a® sin® 0 cos® @ 
da——“(eost 6+ sin* a* 


so that dr/d@ remains negative as @ varies from 0 to w/4 and there- 
fore r decreases from a to0 as 6 increases from 0 to 7/4. 


(vi) As 6 changes from 7/4 to 7/2, r? remains negative and 
therefore no pointon the curve lies between the lines g=7/4 and 
6= 7/2. 


Fig. 148. 


As the curve is symmetrical about both the axes, we have its 
shape as shown. (Fig. 148). 


11. Trace the curve | 
yt—xttixy=0. (P.U.) 
(i) It is neither symmetrical about the co-ordinate axes, nor 
about the line y=x. 


(ii) It passes through the origin : x=0, y=0 are the two tan- 
gents thereat so that the origin is a node. 

(iii) It cuts the co-ordinate axes at the origin only. 

(iv) y=Xx, y=—XxX are its asymptotes. 

On transforming to polar co-ordinates, we get 

r= tan 26, 

(vy) When @ increases from 0 to m/4, 26 increases from 6 to 

w/2, and, therefore, r? monotonically increases from 0 to oo. 
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When @ increases from 7/4 to 7/2, tan 26 and therefore also 
r* remains negative and, thus, there is no part of the curve lying 
between the lines 0=7/4 and =7/2. 


. Fig. 149. 


When @ increases from 7/2 to 37/4, r? increases from 0 to 00. 


When 6 increases from 37/4 to 7, r? remains negative and so 


there is no part of the curve lying between the lines 9=37/4, and 
O= 1, 


We can similarly consider the variations of r? as @ increases 
from 7 to 27. 


Hence we have the curve as drawn. (Fig. 149) 
12. Trace the Folium of Descartes 
x8 +y3=S3axy. 
(i) It is symmetrical about the line y=x and meets it in the 
point (3a/2, 3a/2). 


(ii) It passes through the origin and x==0, y=0 are the tangents 
there so that the origin is a node on the curve. 


(iii) It meets the co-ordinate axes at the origin only. 
(iv) x+y+a=0 is its only asymptote. 
(4) x, y cannot both be negative so that no part of the curve 
lies on the third quadrant. 
, On transforming to polar co-ordinates, we get 
3a sin 8 cos 0 
™ ‘eos? 6-+sin® 6 | 
Now, r=0 for 6=0 and 9=7/2. 
dr 3a(cos g—sin 9)(1+sin @ cos 6 +sin*@ cos*@) 


do “(cos®g -+-sin’ 9)? 
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which vanishes only when 
cos 6—sin 6=0, i.e., tan 0=1. i.e., 9=7/4 or 52/4. 
For 9=7/4, r-=3a] 4/2. 


Fig. 150 


Thus r monotonically increases from 0 to 3a/,4/2, as @ increases 
from 0 to 7/4, and monotonically decreases from 3a/,/2 to 0, as 6 
increases from 7/4 to 7/2. 


Again as @ increases from 7/2 to 37/4, r remains negative and 
numerically increases from 0 to oo so that the point (r, 6) describes 
the part of the curve shown in the fourth quadrant. (Fig. 150). 


As @ increases from 37/4 to 7, r remains positive and decreases 
from 00 to 0 so that the point describes the part of the curve shown 
in the second quadrant. 


It is easy to see that we do not get any new point on the curve 
when, @, increases from 7 to 277. 


13. Find the double point of the curve 
x4+y4--4a*xy, 
and trace it, (P.U. 1955) 
Let 


f(x, y)==x4-+y'!—daPxy. 
F(X, Y)=4(x8—a*y), 
F(x, y)=4(y°—a?x). 
Putting /,=-0 and f,=0, we have 
x3— q’y=0, yt—a’x=0. 
ae y’—aby=0, 
or y=0, +a. 


Thus we see that f, and /, vanish at the points (0, 0), (a, a) 
(—a, —a). Ofthese only (0, 0) is a point of the curve so that the 
origin is the only double point of the curve. 
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To trace the curve we note the following particulars abont it :— 

(i) It is symmetrical about the line y=x and meets it at — 
(+4/2a, 44/24). : 

Y? 


7 


Fig. 151 


(ii) It passes through the origin and x=0, y-=0, are the two 
tangents there. 


(iii) It meets the co-ordinate axes at the origin only. 
(iv) It has no asymptotes. 


(v) x and y cannot have values with opposite signs, for such 
values make 4a2xy negative whereas x‘-+-y! is always positive. Thus 
the curve lies in the first and fourth quadrants only. 


(vi) On transforming to polar co-ordinates, we have 
. r?—.4q@" sin @ cos 9/(sin*@ +cos‘@). 
rt _ _ og: (00876 —sin®4)(cos'9 +sin’g + 4 sin’ co3"9) 
dé (sin4g +-cos4@)? 
so that dr/dg=0 if and only if 
tan @=1,i.e., @=7/4 and 57/4. 
Thus we have the curve as drawn (Fig. 151). 


18°6. Parametric Equations. The following examples will illus- 
trate the process. 


14. Trace the curve 


X=a(@-+sin 9), y=a(l+cos 6), 
as, @, varies in the interval (—7, 7). 


Fig. 152 
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We have 
dx dy ; 
dg ~M1+008 6), Go=—a sin 6. 
dy _ 6 
; Ix ~—- tan 3° 


Since dx/dg is positive for every value of 9, we see that as, 9, 
increases, x will always increase. Also, dy/d@ is positive when, 6, lies 
in the interval (—7z,0) and negative when, @, lies in the interval 
(0, 7). Therefore y constantly increases as @ increases from —7 to 0 
and constantly decreases as, @, increases from 0 to 7. 


The following table gives the corresponding values of 6, X, Y, 
and dy/dx :— 


| 
. 6 — Tntermediate 0 | Intermediate 7 
i | 
x | —am ' increases | 0 | increases ! ar 
Yy 0 . increases | 2a decreases | ) 
dy/dx  @ : 0 | | re) 
Since for 9=—7, we have x= _an, y=0 and dy/dx=o0, we see 


that the point A(--a7, 0) lies on the curve and the tangent thereat is 
parallel to Y-axis ; when @ increases from --7 to 0, x and y are both 
increasing so that the point P(x, y) moves to the right and upwards 
till it reaches the position V(0, 2a) corresponding to g=0 where, dy/dx 
being 0, the tangent is parallel to X-axis. 

When @ increases from 0 to 7, X increases but y decreases so 
that the point moves to the right and downwards till it reaches the 
position A’(az, 0) corresponding to 9-=7 where, dy/dx being infinite, 
the tangent is parallel to Y-axis. 

Thus the point P(x, y) describes the curve AVA’ as @ increases 
from —7 to 7. 

It is easy to see that the point P(x, y) describes congruent por- 
tions to the right and to the left of the portion AVA’ as § varies in 
the intervals 


wesese(—57, —37), (—37, —7), (7, 37), (37, 57),..... 
15. Trace the curve 


x=a sin 29(1+cos 24), y=acos 29(1—cos 26). 
We have 


dx dy 
de == 4a cos 39 cos @ ; do. =4a cos 39 sin @. 


dy 
oe > oo =tan g. 
This shows that .  w=@ 
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The following table gives corresponding values of 9, x, y and 
dy|dx. ’ | 


61 0 | Inter- 7/6 | Inter- a/3 | Inter- n [2 
mediate mediate mediate 
x10 increases 3o/da decreases Va decreases | 0 


4 4 


a 3a : 
y | 0 | increases | ~g- decreases |~ 4 decreases | —2a 
dy|/dx} 0 1//3 /3 oe) 
6 |2/2 , Inter- 2x | Inter- 7 Inter- 7’ 
mediate 3 mediate 6 mediate 
x} 0.] decreases v8 decreases wt increases | 0 
y | —2aj increases |— ae. increases 7 decreases | 0 
] 
dy|/dx |. —4/3 4/3 0 


With the help of this table of values, we have the curve as 
shown. (Fig. 153). 


Since x, y are periodic functions of 9, with 7 as their period, the 
values of x, y will repeat themselves as @ varies in the intervals 


(7, Qo), (22, 37), etc., 
so that the same curve will be traced. 


. Fig. 153 
The curve has 3 cusps viz., A, Band C. 
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Exercises 


Trace the following curves :— 
3ay* = x?(x —a). 

3. ay*==x(a?—x?). 
5. y®=x2(4—x’). 
7, x?y2=(a+y)\a?—y?). 
8. y(a?+x*)=a’x. (B.U.) 
9. x*(y?+-x?) =a2(x*—y?). 

11. y?(a?—x*) =a? x. 

13. y*x=a*(a—x). 

15, y*(a?+-x?) =a?x’, 

17. y*x=a(x?—a’). 

19, y*x?=x?-1. 

21. a®y?=x(2a—x)(x—a). 

23. y2(2x—1)=x(x—1). 

25. 36y2=(x2—1)2(7—x2)?. 
Trace the following curves : — 

27. rsat+bcos 6. 

29. rcos @=a sin 36. 


31. r=a log @. 


33. r=ae® sin 6. 
Trace the following curves :— 
35. x+y>=Sax*y?. 
37. x’=ay®-—axy'. 
39. x(y—x)=(y+x)(y? +x). 
Trace the following curves : - 
40. yi=22(x-+a). 
42. a/x*—b3/y=1. 
44. axy=x'—a’. 


2. y®=x(x+1)*. 
4. 4aty*=x5(2a—x). 


30. r2 cos @=a? sin 36. 


32. rlog @=a. 


34. r=a(9—Sin 6). 


36. (x?+y?)(x — a)? =a?x?. 
38. x4tyt=dazy?, 


41. x3+y%=a!. 
43, x®+y3=a’x. 
45. a?/x?—b?/y2=1. 
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6. x(x*+ y?)=a(x*—y?). (D.U. 1955) 
(P.U.) 
10. a*y?=x*(q?—x?). (D.U. 1955) 
12. y(x*—1)=2x—-1. 
14, ay*=x(a?+x°*). 
16. y?x=a(x?+ a’). 
18. y?x?=x?+41. 
20. ya?—x2)=x4. 
22. yX(x+2)=x4+1. 
24. y?=(x?+ 1)2(2—x?)3. 
26. x=(y—1)(y—2)(y—3). (P.U.) 
28. rcos® @=a cos 26. (L.U.) 


46. Show that the curve x%(x+y)—y?=0 has a cusp at the origin and a 
rectilinear asymptote x+y=1 and no part of the curve lies between the lines 
x=0 and x= —4 and that it consists of two infinite branches, one in the second 
quadrant and the other in the first and fourth. Give a sketch of the curve. 


Trace the following curves :— 
47. xyt=:(x+y)*. (L.U.) 
49. x%(y+1)my%Xx—4). (P.U.) 
51, 2xy=x?+y?. 


48. y(x—y)?=(x+y). 
50. y=x(x?— my"), 
52. xty?+(y?-+4xy + 3x*) =0. 


(B.U.) 
(B.U. 
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53. y(t—x*)(2—x)*=x(1—x). . 54. r(1-+0)=ag. 
55. Show that no part of the curve 
x*y+xy?--xy+y?-+3x=0, 


Hes between x=—4 and x=—1 or between x=0 and x=3 ; give a sketch of the 
curve. (M.T. 


36. Show that the cubic 
xy? —x*y—3x2— Ixy +y?-+x—2y4+1=0, 
has double point at (0, 1) ; find its asymptotes and sketch the curve. 
Trace the following curves :— 
it §7. x=alg—sin 0), y=a (1—cos 9). (0< @< 2n) 
58. x=a(6+sin 9); y=a (1—cos 6). (--r< OK) 
59. x=acos*9, y=5 sin? 6. 
60. x=acos' 9, y=a (sin 304+-9 sin 6). 
61. x=a(3 cosé—cos*6), y=a (3 sin g—sin*6). 
62. x=a(cos 6+6 sin 6), y=a(sin 0—6 cos 6). (0< 9X 2) 
63. x/a=log (1+cos 6)—cos 6, y/a=sin 0. 
64. x=a log | (sec 6+tan 6) | , y=a log | cosec 6+cot 6) |. 


65. x/a=2 sin 6—log | (sec 9+tan 6) | , 
y/b=2 co3 9—log | (cosec 9+cot 6) }. 


66. x=a cos @; y=a(2+sin 9) sin? 6/(3+cos 6). 
67. x=a(sin 9+4 sin 36), y=a (cos 6—} cos 39). 
68. x=a(0+sin 6 cos @—sin 6), y=a(cos?6—cos 6). (ON 0K 27) 


CHAPTER XIX 
ENVELOPES 


19:1. One parameter family of Curves. If F(x, y, «) beeany 
function of three variables, then the equation | Co 


I(x, y, 4) =90, 
determines a curve corresponding to each particular value of «. 


The totality of these curves, obtained by assigning different 
values to a, is said to be a one-parameter family of curves. 


The variable, «. which is different for different curves is said to 
be the parameter for the family. 


Illustration. 


' 


(1) The equation 
x?+-y?— 2ax=0, 


determines a family of curves which are circles with their centres 
on X-axis and which pass through the origin. Here, a, is the 
parameter. 


(ii) The equation 
y=mx—2am—am', 


determines a family of straight lines which are normals to the 
parabola 


y? = 4ax, 
Here the parameter is m. 


We now introduce the concept of the ervelope of a one- 
parameter family of curves by means of an example considered in the 
next article. 


19:2. Consider the family of straight lines 
y=mx-+alm, - eee(E) 
where, m, is the parameter and, a, is some constant. 


The two members of this family corresponding. to the para- 
metric values m, and m,-+ 6m of the parameter, m, are 


(s- 


, ' 


Qa | os 
Yum, xX+ m, » . . (tt) 


(* y= (m,+8m)x+ rie . . (iid) 


een One 
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We shall keep m, fixed and regard 6m asa variable which 
dine ( towards 0 so that the line (iii) tends to coincide with the 
ine (ii). | 


The two lines (ii), (iii) intersect at (x, y), where 


a __a(2m, +-8m) 


ee ee ee 


X= —"s Yo 
m,(m,+ 6m) m,(m,-+-6m) 


As 6m -> 0, this point of intersection goes on changing its posi- 
tion on the line (ii) and, in the limit, tends to the point 


(fe) 
m,?’ m, 


This point is the limiting position of the point of intersection 
of the line (ii) with another line of the family when the latter tends 
to coincide with the former. 


‘which lies on (ii). 


There will lie a point, similarly, obtained, on every line of the 
family. The locus of such points is called the envelope of the given 
family of lines. 


To find this locus for the family of lines (ii), we notice that the 


co-ordinates (x, y) of such @ point lying on the line ‘m’ are given by 


rat, ya 24 
| m m 
Eliminating m, we obtain 
y?=4ax, 
as the envelope of the given family of lines. 


19-3. Definition, The envelope of a one-parameter of family of 
curves is the locus of the limiting position of the points of intersection 
of any two curves of the family when one of them tends to coincide with 
the other which is kept fixed. 


19:4. Determination of Envelope. Let 
f(x, ys a)=0, (8) 
be any given family of curves. 
Consider any two members 
fi (x J; a) =0 
and 
| f(x, yy a-+5a)=0, . (EL) 
corresponding to the parametric values « and «+-8«. 
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The points common. to the two curves (i), (ii) satisfy the 
equation 


I(x, y, a+8a)—f(x, y, «)=0, 


or 


I(x, Y, a+8a)—f(X, Y, %)_ 9 (iii) 
5a 
Let 5a > 0. Therefore the limiting positions of the points, 


common to (i) and (ii) satisfy the equation which is the limit of (iii) 
viZ., 


fu(x, y, «)=0. . (iv) 


Thus the co-ordinates of the points on the envelope satisfy the 
equations (i) and (iy). 


Let the elimination of « between (i) and (iv) lead to an equa-. 
tion 


$(x, y)=9. 
This is, then, the required envelope. 
Rule. To obtain the envelope of the family of curves 
F(x, y, a) =0, 
eliminate, «, between 
f(x, y, «)=0, and fa(x, y, «)=0, 
where fu(x, y, «) is the partial derivative of f(x, y, «) w.r. to a. 
If, on solving the equations (i) and (iv) for x, y, we obtain 
X=9(x), ..(V) 
y=(a), . (vi) 


then (”) and (vi) are the parametric equations of the envelope; « 
being the parameter. 


Illustration. To find the envelope of the family of lines 


y—ax—ala=0, | . (vii) 
we eliminate, «, between (vii) and 
—x+a/a2=0, . (viii) 


which is obtained by differentiating (vii) w.r. to a. 
The eliminant is 
2 == 4ax, 
which is the envelope of the given family of lines. 


This conclusion agrees with the one already arrived at ‘ab 
initio’ in § 19-2. 
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19-5. Theorem. The evolute of acurve is the envzlope of its 
normals, : 


PR, QR are the normals and PT, QT’ the tangents at two 
points P,Q of acurve. L is the point of intersection of the tan- 
/ gents. 


T 


ZL. PRO=ZTLT'=56y, 
arc PO=é6s. 
Applying sine-formula to the A 
PRQ, we get 


PR sin 7 ROP 
PO sin 7 PRQ 
T | PO 
rie. sae , or = PR=sin / ROP. ~— 5 


chord PQ $és_ [dy 


= sin Z.ROP . ‘are PO . Sw . sin op 
Let Q -+ P, so that 7 ROP > / RPT=7/2. 
.*. Lim PR=sin— .1. a . 1=e. 
Q—-P 2 4 


Thus the limiting position of R which is the intersection of the 
normals at P and Q is the centre of curvature at P. 


Hence the theorem. 


19:6. Geometrical relation between a family of curves and its 
envelope. 


19-61. To prove that any singular point of any curve of a given 
family is a point on its envelope. 


We have to show that if for any point on any member of the 
family : 


f(x,y, «)=0, (i) 
we have 
f2=f,=0, 
then, for such a point, we will also have 
fa=0. ) 


From (i), we get 


of af Of, 


Putting 
0 S/ox=0 flay=0, we get 
af/aa=0. 
Hence the result. 
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Thus the locus of the singular points of the curves of a family 
is a part of its envelope. 


19-62. To prove that, in general, the envelope of a ‘family of 
curves touches each member of the family. 
Let 


f(x, y; a)=0, ..(Z) 
be a given family of curves. | 


Its envelope is obtained by eliminating a between (i) and 


fa(, Y, a) =0. oe (il) 
Let 
ya ay (ili) 


be the parametric equation of the envelope obtained by solving (i) 
and (ii) for x and y in terms of «. 


The equation (iii) satisfy the equation (i) identically, i.e., for 
every value of a. 


We differentiate (i) w.r. to «, regarding x, y as functions of «, 
so that we obtain 


Of dx of dy of _ 
dx ‘da tdy * da t3a~”” 


which, with the help of (ii), becomes 


OF ary OF pyay 
ox? (a) + ay y’(a)==0. ...(7V) 


The slope of the tangent at an ordinary point (x, y) of a curve 
‘a’ of the family is 


Also the slope of the tangent at the same point to the envelope 
(iii) is p"(a)/$'(a). 

We see from (iv) that these two slopes are the same, Thus 
the slopes of the tangents to the curve and the envelope at the com- 
mon point are equal. This means that the curve and the envelope 
have the same tangent at the common point so that they touch. 


Note. If for any point on a curve, 0 f/dx and 9 f/dy are both zero, then 
the above argument will break down, so that the envelope may not touch a 
curve at points which are the singular points on the curve. 


Cor. 1. We know that a straight line and a conic cannot have 
a singular point. Hence we can say that the envelope of a family of 
straight lines or of conics touches each member of the family at all their 
common points without exception. 
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Examples 
1. Find the envelope of the family of semi-cubical parabolas 
Y y?—(x+a)®=0. (i 
Differentiating (i) w.r. toa, we 
get 


— 3(x+a)?=0. . (ii) 
Eliminating « between (i) and 
(ii), we get 
0 y=0, 
which is the required envelope. 


We already know that y=0 is 
the locus of singular points /.e., cusps, 
Fig. 1 | of (i) and also it touches each member 
of the family. 


2. Find the envelope of the family 
x?(x—a) +(x --a)(y—m)*=9, 
where a is a constant and m is a parameter. 
Differentiating w.r. to m we get 
—2(x-+a)(y—m)=0. 
Eliminating m, we get 
x*(x—a)=0, 
which is the envelope. 
_ Thus the envelope consists of two 
ines 
x=0 and x=a. 
If we trace the given curves 


x?(a—x) | Fig. 156 

— 2-70 NU ‘ 
m= 

we will find that y-axis (x=0) is the locus of its singular points and 
x=d is tangent to each curve. 


3. Considering the evolute of acurve as the envelope of its 
normals, find the evolute of the ellipse x?/a? +-y?/b°=1., 


The equation of the normal at any point (a cos 6, b sin 6) on 
« the ellipse is 


ax ; by os be 
soso in O72 — 5, oee(i) 


Thus, (i) is the equation of the family of normals, where @ is 
the parameter. 


Differentiating (i) partially w.r. to 8, we have 


axsin@ by cos @ . 
cost 6 tanto v(t) 
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To obtain the envelope, we have to eliminate 6 between (i) and 
(ii), From (ii), we get 


tan @= _ (by (Oy) " ' 
“(axyt 
i 
sin 6=+ (dyy" : , COS ¢=$—_O) 
VUlax)# + (by) 8 Vitax)t + (byyhy 


Substituting these values in (i), we get 

+{(ax)8 +(by)8] ((axy8 + (by) bt =a2—Bs, 
or +((ax)8 + (by) 8}? (aba), 
or (ax) # +(6y)8 =(ar—bryh 


which is the required evolute. 
4. Find the envelope of the family of ellipses 
x2/a?-+y2/b?= 1, 
where the two parameter a, b, are connected by the relation 


a+b=c; 
c, being a constant. (B.U. 1954} 


We will eliminate one parameter and express the equation of. 


given family in terms of the other. We have 
b=c—a, 


80 that 
x3 y? . 
ar ier wo (i 
at tc") 1, (ty) 
is the equation of the family involving on parameter @. 
Differentiating (i) partially w.r. to a, we have 


which gives 
a=cxij(x8 +8), 


c—a=cy8 (x3 +y8), 
Substituting these values in (i), we get 


x(x + y8)2+y8(x8 +yb pe’, 
or (x3 y8)3—c8 


or xs +yt t 
which is the required envelope. 
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ints Oy andthe envelope of the family of. lines 


xja+y/b=1, (4), 
where the parameters a and b are connected by the relation 
a" +bt=cr »» (i) 


Here, if, as in the example above, we eliminate one parameter, 
the procegs of determining the envelope ‘will become rather tedious. 
This tediowsness may be avoided in the following manner. 


We cohsider, b, ds a function of, a, as determined from (ii). 
Differentiating (i) and (ii) w. r, to the parameter, a, we get 


x yy db ve 
ai + Be da ——==0, ...(iii) 
an Aap bAa o =0. ...(iv) 
From (iii) and (iv), we eliminate db/da and get 
x y 
Qi = pnt + (VY). 


The equation of the envelope will, now, be obtained by elimi- 
nating @ and b from (i), (ii) and (v)._ Now (v) gives 
x/a yi[b xla+ty/b 1 . - 
xn mA me eets =n [From (2) and (J/)] 


 ant—xe" or a=(xcr)1/("+]) ; 


br+i— yer or b=(yen) +) , 
Substituting these values in (ii), we get 


cxenyt(n +1) 4-(yeryt@+1) =", 
or 
+l) +yn(n41) _ nat) 
as the required envelope. 
6. Show that the envelope of a circle whose centre lies on the 
parabola y®=4ax and which passes through its vertex is the cissoid 
y*(2a 4x) +x8=0. (B.U. 1953) 
Now, (at?, 2at) is any point on the parabola. Its distance from 
the vertex (0, 0) is 
. 4/(a*t4 + 4a7t?), ; 
Thus, the equation of the given family of circles is 
(x—at?)* +(y—2at)*=a"t* +-4a°??, 
or 3 
x? -+ y?— 2at?x — 4aty=0. ». (v2) 
Differentiating (i), w.r. to ft, we get : | 
—4atx—4day=0, or t= —y/Xx. 
Substituting this value of ¢ in (i), we get the required envelope. 
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7, Find the envelope of straight lines drawn at right angles, to the 
radii vectors of the Cordioide. 
r= rath -+-cos 9). 
through their extremities. 


Let P be any point on the curve. Ifa “be its vectorial angle, 
then its radius vector OP=:a(1+cos a). " 


The equation of the line drawn through P at right angles to the 
radius vector OPis 


r cos (@—«) =a(l +-cos «). : . (1). 
The angle « is different for different straight lines. 
Differentiating (1) w.r. to a, we get 


r sin (@Q—a)= —a@ sin «. ..(2) 

To eliminate («) from (1) and (2), we re-write them as 
(r cos @~-a) cos a-++r sin 6 sin a=a. . (3) 
rsin 9 cos «—(r cos §—@) sin «=0, (4) 


Now, (4) gives 
tan a==r sin @/(r cos 6—a). 
rsin @ rcos §—a 
a/(r2 4-a?— Yar cos 6)’ cos eV +-a?—2ar cos 6) 
Substituting these values in (3), we obtain 
(r cos 6—a)*-+-r? sin? 6 
a/ (r?-+-a2—2ar cos §) 


*, BINna= 


or 
r? 4+. q?—2ar cos 0=a", i.e., r=2a cos 8 
which is the required envelope. 


Exercises 
1, Find the envelope of the following families of lines :— 
(i) y= mx + ~V'a2m* + 67), the parameter being m ; 
(ii) x cos? 9+ y sin? g=a, the parameter being 6 ; 
(iii) x sin 0—y cos 9=a0, the parameter being 9; 
(iv) x cos” 0+y sin” g=a, the parameter being 6 ; 
(v) y=mx +am?, the parameter being mm ; 
(vi) x cosec 9—y cot O=c. 
2. Find the envelope of the family of straight lines x/a+y/b=1 where 
a, b are connected by the relation 
(i) at+b=c. (if) a2+b?=c?. (iii) ab=c*, 
¢ is aconstant. 
3. Find the envelope of the ellipses, having the axes of co-ordinates as 
principal] axes and the semi-axes a, 6 connected by the relation 
(i) ab=c?. (ii) a? +b*=c?. 
4. Show that the envelope of the family of the parabolas, 
N(x/a) + V(y/b)=1 
under the condition 
(i) ab=c? is a hyperbola having its asymptotes coinciding with eo axes. 


U. 1955) 
(ii) a+b==c is an astroid. 
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| 5. Considering the evolute of a curve as the envelope of its normals, 
find the evolute of the parabola y*=4ax. 


6. Prove that the equation of the normal to the curve 


may be written in the form x sin $—y cos $-+a cos 2¢=0 and find the envelope 
of the equation of the normals. , , (P.U. 1944) 


7. Find the equation of the normal at any point of the curve 
x=a(3 cos t—2 cos® t), y=a(3 sin ¢—2 sin® ¢) 
and also find the equation of its evolute. [P.U. (Supp.) 1936} 


8. From any ‘point of the ellipse x®/a?+y2/b2=1, perpendiculars are 
drawn to the axes and their feet are joined ; show that the straight line thus 
formed always touches the curve 


(x/ayé +(ybys =] (B.U. 1952) 
9. Find the envelope of the curves 
x?/a® cos 6+-6*/y* sin 6=1. 
10. Circles are described on the double ordinates of the parabola y?=4ax 


as diameters : prove that the envelope is the parabola y?=4a(x+ a). 
P P P NNTP. (Supp.) 1935] 


11. Show that the envelope of the circles whose centres lie on the 
rectangular hyperbola x2—y?=@? and which pass through the origin is the 


lemniscate 
r= 4g2 cos 20. (B.U. 1955) 
12. Find the envelope of the circles described upon the radii vectors of 
the ellipse x?/a?+ y2/o2=1 as diameter. 
13. Find the envelope of a family of parabolas of given latus rectum and 
parallel axes, when the locus of their foci is a given straight line 
y=px+q. (P.U. 1937) 
_ 14. Shnw that the envelope ol the straight line joining the extremities of 
a pair of semi-conjugate diameters of the ellipse x2/a?+y2/b?=1 is the ellipse 
x? /a®-+ y?/b?=1/2. . . 
15. Find the envelope of straight lines drawn at right angles to the radi 
vectors of the following curves through their extremities : 
(i) r=a+b cos 0. (i?) r"=a" cos ng. 
(iit) r=ae9 COE (B.U. 1953) 
16. Find the envelope of the circles described on the radii vectors of the 
following curves as diameter : 
(i) I/r=1+e cos 6. (ii) r"=a" cos n0. 
17. Find the envelope of the curves 
x™/la™+y™/o™=1, 
where the parameters a and b are connected by the relation 


a? + bP=c?, (P.U. 1955) 
18. Show that the family of circles (x—a)?+-y2=a? has no eye 042) 


Miscellaneous Exercises II 
1, Show that all the curves represented by the equation 
xnrh yMtt 4 ab \n 
at et (5 , 
for different values of n, touch each other at the point x=y=ab/(a+b) and that 
the radius of curvature at this point is 


(at+5%)? +nla+b)?. (D.U. 1956) 
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2. If the polar equation of a curve be r=a sec* 46, find an expression fox 
its radius of curvature at any point. 


3. Show that 
x=a(cos 6+6 sin 6), y=a(sin 6—6 cos 6), 

is the involute of a circle. 

4. Find the radii of curvature of the curve 

atyi=q*x!— x, 

for the points x=0O and x=a. 

5. Ifacurve be given by the equations 

Qe=v(t2+ 2t)+ V(t2—20), 2y= v(t? +2t)— We? —22), 

find the radius of curvature in terms of f¢. 

6. Ifacurve passes through the origin at an inclination, «, to the axis 
of x, show that the diameter of curvature at the origin is the limit of 

(x?+ y?)/(x sin a—y cos «) 

when x > 0. Hence show that the radius of curvature at the origin of the curve: 
. y* + 2ay —2ax=0, 
1s —242a. . 


_ 7. IE 1, es be the radii of curvature at the extremities of two conjugate 
semi-diameters of an ellipse semi-axes a, b, prove that 


(15 +05 $) a’ b3 =at+b?. (Delhi Hons. 1948 ; P.U.} 


8. Show that the projections on the X-axis of radii of curvature at the 
corresponding points of y=log cos x and its evolute are equal. 


9. If Pis any point onthe curve r™=a™ cos mg and Q is the intersec- 
tion of the normal at P with the .line through O at right angles to the radius 


vector OP, prove that the centre of curvature corresponding to P divides PQ in 
the ratio J: m. 


10. The equation of the equiangular spiral is r=ae® cot % Prove that if 
O be the pole and P any point on the curve, thena straight line drawn through 
QO at right angles to OP, intersects the normal at P in C such that PC is this 
radius of curvature at P. (M.U.) 

11. Show that the normal to the Lemniscate 

r? ga’ cos 20 

at the point whose vectorial angle is x/6 is perpendicular to the initial line and 
that the centre of curvature at the point at a distance ¥2a/12 below the initial 
line. 

12. Show that a point P on the curve 

x=3 cos 0—cos’9, y=3 sin 8@—sin’6 

where 6=7/4, the normal passes throrgh the origin O and that the centre of 
curvature at P divides OP internally in the ratio 4: 1. (B.U.) 

13. Show that the pole lies within the circle of curvature at every point 
of the cardioide = a(1+cos 9), and that its power with respect to it 1s riv3. 

14. Find the co-ordinates of the point in which the circle of curvature of 
the parabola y*= 4x at the point (c*, 27) meets the curve again. 

The circles of curvature of a fixed parabola at the extremities of a focal. 
chord meet the parabola again at Hand K; prove that HK passes through @ 
fixed point. (Indian Police 1935) 

15. 0, e’ are the radii of curvature of an ellipse and its evojute at corres- 
ponding points P, P’ A is the area of the triangle which the tangent at P makes. 
with the axes ; show that e/o’ varies as A. 


16. Prove that the maximum length of the perpendicular from the pole 
on the normal to the curve r=a(t—cos 9) is 4v3a/9. (B 


17. For what points on the curve xy'sa*(a—x) is the square of sub-tan- 
gent maximum. 
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18. Show that the tangents at the points of inflexion of the curve 
y*(x+a)=x*(x—a) : 


are 
5x+2v3y—4a=0, --(B.U.) 
19. Find points of*inflexion on ~~ - 
x(xy—a’P=b'. (M.T.) 


20. Find the co-ordinates of two real points of inflexion on the curve 
y*? =(x —2)*(x—5) 
and show that they subtend a right angle at the double point. 


. 21. If O.is a fixed and Q, a variable point on a given circle whose centre | 
ts Cand if OQ is produced to Pso that QP=2. OC, prove that the radius of 


curvature of the locus of Pat the point Pis 
s(0C.cP)* | (B.U.) 


22. IfO is the extremity of the polar sub-tangent ata point P of the’ 
‘curve 


r=a tan (6/2). 


r=a(1+sin 0). (B.U.). 
23. Find polar sub-tangent and polar sub-normal at any point of the 


prove that the locus of Q is. 


curve 

r=ae?/(1+ 67) ; 
show that the polar sub-tangent constantly increases as 6 increases and the 
polar sub-normal attains its maximum value 3v3a/8 at the point (a/4, 1/3). 


24. Show that thecircles of curvature of the parabola 
y?=4ax 
for the ends of the latus rectum have for their equations 


x® 4+ y2— 10ax + 4ay—3a®=0, 


and that they cut the curve again in the point (9a, ¥ 6a). (P.U.) 
25. Show that the centre of curvature at every point of the curve 
r=a(9—sin 0) 


where it meets the positive side of initial line is the pole. 


. 26. Show that the co-ordinates of the centre of curvature may be given 
an any of the following ways :— 
dx | @ 


. dy dx 
(i) *— Ge? YT ay 
i A+ (dx/dy)? 1+(dy/ | 
(i) | * 4 ~Gex]dy? ? YT deyldx? 
ae d*ridx* d*r]dx? 
(iii) | 4 d2x/ dy? ’ dt | 
27- Show that the area of the triangle formed by a tangent to the cissoid 
y(2a--x)=a°, 
dts asymptote and X-axis is greatest for the point given by 
= Ja/éZ, . 
28. Find the equations of the tangents to the curve 
- P(yth=y(x—-4) 
parallel to the line y=. 
29. Trace the curve 
r=-a(1+cos @) 
and prove that the greatest distance of the tangent to the curve from the middle 


point of the axis is ¥2a. (PU.) 
: 30. Show that the length of the perpendicular from the foot of the 
ogdinate to: normal at any point of the curve 


; x=a(sinh 29—29), y=4a cosh 9, 
is constant. 
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31. Show that for the curve 
x/a=log (1-+cos §)—cos 9, y/a=sin 6, 


the portion of the X-axis intercepted between the tangent and the normal at 
,any point is constant. 


32. Find the nature of the double poiut on the curve 
(y+ 1)?=(x—1)?(x—4) 
and show that it has two real points of inflexion. (P.U.) 


33. Show that the pedal equation of the curve 
y2(3a— x)= (x—a)? 
is 
p(r2+ 15a?) = 9a2(r? —a"), 
34, Show that the tangential pedal equation of the curve 


(x/a)8 + (y/by8 =1 
is 
1 Ja? sin? o& + 1/b? cos? ¥=1/p?. (B.U. 1955} 
35. If on the tangent at each point of curve, a constant length be 
measured from the point of contact, prove that the normal to the locus of the 


point so formed passes through the corresponding centre of curvature of the 
given curve. 


36. Show that there is a curve for which the circles 
(x—a)?+ y?—2y cosh a+-1=0, 
as the parameter ‘a’ varices, are the circles of curvature. 


37. Prove that the distance from a fixed point P,(xo, yo) to a variable 


point P on the curve f(x, y)=0 is stationary when PP, is normal to the curve 
at P. 


38. The tangents at any point ‘@’ of 
x=a(9+sin 9), y=a(1+4 cos 6) 
is normal to the curve at the point where it meets the next span on the right, 
prove that cot (6 /2)= 1/2. 


39. Show that the locus of the intersection of perpendicular tangents to 
the Astroid 


x=acos'§, y=a sin*g 

is the curve 
2(x? + y*)8 = a?(x?— y2)? ; (D.U. Hons., 1959) 

and the locus of the intersection of perpendicular normals is the curve 

(x2+ y*)8=8a2x2y?, 

40. For the curve 

x= a(2 cos t+cos 2t), y=a(2 sin t—sin 2r), 


find the equation of the tangent and normal at the point whose parameter is ¢ 
and show that 


(i) the tangent at P meets the curve in the points Q, R whose parameters 
are —$t and n— $f, 


(ii) QR is constant, 
(iii) the tangents at Q and R intersect at right angles on a circle, 


(iv) the normals at P, Q and R are concurrent and intersect on a concentric 
circle. 


41. P, Q are any two points on ay?=x*® such that PQ always passes 
through a fixed point (at*, at*) lying on the curve ; show that the locus of the 
point of intersection of the tangents at P, Q is the parabola 


(3tx-+ 2y)? + 2at®y=0. 
42. Tangent at any point P of the Folium x*+y%=3axy meet the curve 


again at Q ;_ show that 
cot? /XOP+ tan | XOP=0, 
where OX is X-axis. 
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43. Show that x=a/4 is a bitangent of the cardioide 
r=a(l—cos 6). (Birmingham) 
44, The envelope of the straight line 


, J 
x cos $+y sin J=a(cos ng) * 
As the curve whose polar equation is 
nii—n) ni(l—n n 
r I dg It ) cos [> 6. 


45. Show that the radius of curvature of the envelope of the line 
x cos a+y sin a=f (a), 
‘is 
F(a) +frla), 
and that the centre of curvature is the point 
= —f’(a) sin a—f"(«) cos « | 


y=f'(«) cos a—f"(«) sin « | (M.U.) 
‘46, Discuss the nature of singularity at the origin of the curyes, 
(i) y2=x4(x?—1), (ii) x5—a(x?—ay)*=0. (B.U.) 


47. Show that the curve 
by?=x? sin®(x/a) 
has a cusp at the origin and an infinite series of nodes lying at equal distances 
from each other. 
48. Trace the following curves :— 
(i) r=a(2 cos 9+cos 36). (ii) y4—2c?y? + a2x?=0. 
(iii) x=a[cos t+log tan $t). y=a sin f¢. 


49. The tangent to the evolute of a parabola at the point where it meets 
“the parabola is also a normal to the evolute at the point where it meets the 
evolute again. 
50. Ifo be the radius of curvature of a parabola at a point whose distance 
‘measured along the curve from a fixed point is, s, prove that 
302° _[ 4 |'-9=0 
P dst ds _ 
51. Ifp and 09’ be the radii of curvature at corresponding points of acusp 
and its evolute, and p,q, rfirst, second and third differential co-efficients of y 
‘with respect to x, prove that 


* 


ep’ _ Inat—r(1 +p") 
a, tae 
[Hint. p’ =d®s/dp?.] 
52. Show that the radius of curvature ata point of the evolute of the 
curve 
r®=a" cos ng, 
corresponding to the point (r, 6) is 
nl nsec nd tan ne 
(n+1)? aa 
53. (a) Show that the curve 
¥ x4—2x? y— xy? —2x? —Axy + y2—x+ 2y+1=0 
has a single cusp of the second kind at the point (0, —1). 
(b) Show that the radius of curvature of the curve f(r, 9)=0 is 


and the chord of curvature perpendicular to the radius vector is 2p cos ¢ where 
» denotes the radius of curvature. (D.U. 1956) 
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(iii) sec? x tanh x +-tan x sech? x, 
Page 102. 


Ex. 4. (1) (cos x)°8 * [(log cos x)/x--tan x. log x]. 


(i?) (L-+4-x71)*[log(1 -+-x-1)— (1 4-x)74]. (iit) e* x* log ex. 
(iv) (tan x) * . cosec?x log (€ cot x) - 


(cot x)ban * | sectx log (e tan x). 
(v) (log x )* (og. log x + log ) 7 


(sin-? x) *(cos x. log sin 1 x + an X . ). 
| : 4/(1-- x7) sin-}) x 


(yi (1-- x)i/*(3 ~ x?)8 { dl 4x 9x" 
(v1) (3 x3)4(4— x4)978 ~~ 2(L- =x) “3(2) - x?) T4 4(3 — x3) 
— 16x87 
“B(4. xd) | 
3 2 
(vii) (2x4 + 15x? 4 36)/3(x° 4-3) 7 (x* 44)%. 
(viii) sin x. e*. log x . x* [cot x +(x log x)~* }-log e-x]. 
Faze 104. 
3 I I 
Ex. 5. () pe (may) hg lia 
9 
(1V) + 5. (V) ] x? 
ot, | vs Jaf X—a/ (LX) 
) avrx(tgxy OO ayeyile 2x4) 
Ex.6. (i) - 1. (ii) 3/(1 +-?). 
Page 105. 
Ex. 3. (i) 2x cos x’, (i1) sin 2x, (iif) 1/2+/x. 


(iv) eSIN X cog x, (v) eV*/2,./x, (vi) 1/(1-+-x?). 


[Pages 105-106 | ANSWERS 387 


Page 105. 
2 2 
1. 2x e , 2. oor {ont * x) 3. (xX cos X sin x). 
- | 
4. 2xsectx?, 5, - .— > 
} xX | Vv (x?--1) 
Page 106. 
6 cos~hxX.-- X4/(L-- x?) 
° (1---x?)3/2 
BX gE RX? dad 
7. x44/(1 x2)’ “ene ae 


azb 


~ J x 
‘ 1 
?. x yi gg ae 4. e 


a? | x? (tan- 
a 


a r y - | . . 
10. e .x*. log ex. Il. 3 x28) Exe 


2-1, 13. &. 


(1--2.x)2/8(1- 3x)y-8 AL — 4x) 4 
(1 - GX)? 8) l 1-7x)78/7( 1 ~-ax)? x 

8 ee geet y Ca 
16. pede Pp ox 78D 2axy 741 bax) 5d) 4x9] 


14. 


1s. xt FN) log (ex*). 


oD - ; 
16. |1 |-x log x log exyx Jixl ; 
71 xP Bxye (1) ox). sincly, 18. cosech x, 
x l 
; 20. , a 
19. y(l x) (cos X¥—-sIn XxX) \/(cos 2x) 
) (y Sg} : 
21.0 | ne aon’ 22. 10° sent x, log 10. 
V( 1 -- ax?) 
23. log (e log x) -j-log x. . log log x. 
40 (a 8") sin x oa 
" (a? } b®)(14- cos? x)-{-4ab cos x 
cos”! x/ , log sin ‘) 
25. (sin .*) cost 2 cot x) 
26. ¢ ax” [cos (x log x). log ex —2ax sin (x log x)]. 
1 2a"x 


27. asech ax, 28. 2(1 bx) ° 29. at yx 
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] 1 sin a 
“4 3. icy x cos a $2 
Page 106. 

33, 9x* sin (3x —7) . log (1—5x) x 
4 - d Se , 
| {log (1-52) 1 (bet? cot (6x—7) ] 
34, e*[a(1-+x?) cos (b tan-!x) —b sin (6 tan-!x)]/(1+-x*). 


—nisin x x 
35. _h cosec X . cot Xe | V 
ly (1—e —n]sin x )]- VL —n|sin x 
36. —cosec? x. oth x—cosech? x. cot x. 
37, a* sinh x +xa* sinh x log a +xa* cosh x. 
38. Vev(ere x) \/(sec 3x). 
39, (14+ = -—— =) [2x log (4 ~)- xh 
4 C/(Ac—aC) | 
V[(ax?-+e)(Ax? +C)] 
41. (1—x3) —3 
Page 107. 
«AZ. (i) (x4 +1). (it) x/(x?—1). 
43. (i) 0. (it) —tan 3¢. (iii) tant, 
45. x sin x cos x/log x. 
46. : SP XK cin x +x cos x log x) 


(sin xy (x cos X+-sin x log sin x) 
47. 4. . 48. x(2-+2 tan log x-+sec? log x). 49. —4}. 
2 o x)\—1 
—— J/(1—22) (log xn x[sec* x log(log  ¥) + tan x(x log g x)7] 


Page 111. 
1. ’(0) exists but f’’(0) does not. 


2. Differentiable at x=0 for m > 2. f’(x) is continuous at 
the origin form > 3. 


3. f(x) is continuous but does not have derivative at the origin. 
5. f(x) is continuous but not derivable at the origin. 


6. Continuous when X isirrational or zero and discontinuous 
for other values of x. Differentiable for no value. 


7. f'(0)=1. 


Seam 


m cos (m cos~? x) 
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Page 112. 


10. Continuous but not differentiable for x=a. 


11. (i) Continuous. (it) Discontinuous. 


12. Discontinuous at 0 ; derivable at 1; continuous but non- 
derivable at 2. | 


Page 115. 
3. —3/2. 
Page 116, ‘ 
MW tayo. , 
Page 119. 
16 l 


1 @(-l1)"n! 


(x— ayn Geyer ph 


a (—len! 3 l 
(vi) ‘df. —— ayn r (x+2)"41 | 
as ] ] 2(n+1)_ 
(iti) (--1)" n if (x-—1)41 _ (x4 beat Oot ])n+2 |’ 
I I I 
10! | iit (x-}-1)8 -_ xy" | 


i l ; 
(-- 1) n! E eayar + (x1)"+2 — (x4-2)e+H | 


Page 120. 
3 len! ] _ 2n ] 
Ol Cay eerie} 
., (—I)'n! ] _ 1 
(it) 4q3 “(x —a)rt (x-+a)t+1 
2 sin [(n 4-1) cot~*(x/a) 
~ (a2 x2 n(1-+1)/2 
(tit) pen : sin (n-+1)@, where 


r= /(x*+x-+-1), @=cot-! [2x+1)//3). 
(iv) (—1)en - [cos (n-+1)9— (" _ |, where 


ntl 
r=/(x? seu cor ((2x +1)/,/3]. 
7, (i) (—1)"(n—1)! sin" 6 sin n#, where @=cot~x. 
(ii) (—1)""1(n—1) ! cosec" « sin” @ sin 19, where 
6 =cot—![(x— cos «)/sin «}. 
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Page 121. | 
2. (i) 2 sin (x+-4n w)— Oh sin (3x 4n7). 
(i) 4[2" cos(2x +47) cos(4x +-4n7z) +6" cos(6x + 4n7)]. 
(iii) - ax [2 cos (x 4-4n7) -- 3” cos (3x +-$n7) -- 5* cos(5x + 4nz)]. 
(iv) [8e* - 4:52" eos (x--n tan~! 2) 
178 eos (4x-4-n tan 2 4)]/8. 
(v) 4 e* pone” cos (x-+n tan~! L) 132” cos (3x-+n tan 1 3) 


298" cos (5x+-ntan ! 3)]. 
Page 123. 


n- 2 _ : 
° v moo. -- . td ) ee A _ n 2 ; 
1. (i) ev x Ph yqt 21 xX” Fee, 


(ii) x8 cos (x 4-4nm) 43x? cos [x -k(n--1)z| 
-+ $n(n—1)x cos [x +3(n—2)7] 4 
n(n--1)(n--2) cos [x-+43(a -3)a]. 
(it) ant, e%*, xX? 
(iv) e*{log x 4-"c,x !—"ogx 7 Ec, 2! x8... 
he pe (— Dyed te, (aA)! ox 77, 
AL (LP pte (20 4-1) ay + (a?- -m)y, =0. 
3. XV ate (2 LD) xy, 4-4. -m*)y, <= 0. 
Page 125. 
1. Uaq(0) =O 5 Honty(0) =(— 1)" 2 
2. Yon(0)=0 ; Yonia(O) = 7( 12 m2)(32 om). (Qn 1)? me}. 
3. Van(0) =O : Vong (0) =(--1)". 12. 32. 52 (20 —1)?. 
Page 126. § 5:6. 
4. Yoq(0)==mn"(m?—-22)(m2®— 42)... (mM? — (2n-—2)°] ; 
Van+y(0) = m(m* — 1?) (mm? -—3?)(m>-— 52). fm? —(2n--1)?]. 


3S. Veny = — nn, (1? -+-m?)(32 4-m?) ... .[(2n-—-1)? +-m?]. 
mya +-m)(42 4m)... .[(2n—2)2 4-2], 
6. Yons1 =O, Von==(—~ 1)" 2. 22, 42, 62... (In—2)?, 
Page 126. 


4. (1-4222)/( —x2yF, 
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Page 127. 

9. If nis even, y,(0) 0 ; if nis odd, y,(0)-n ! (3n-—5) — — 
Page 135. 

Ex.3. c=(6—/21)/6. 

Ex. 4. (i 1 (ii) \/5. (iii) log (e --1). 
Page 139. 


2. For a>1, the function is steadily increasing; for a<—1], 
the function is steadily Cecreasing. 


3. Increasing in [---2, —1] and [0, 1] ; decreasing in (--0 ,--2] 
|--1, O], [1, o). 


4. Increasing in [-—1, 1]; decreasing in (—o, —1], and [I, ). 
5. Decreasing in (--% , —2] and [0, 2]; increasing in [—2, 0] 
and (2,  ). 
Page 140. 
6. 36, 0. 


Page 144. 
b2 a(a — 3b*) 


qQ*— 
4. e® cos bx | i ax-i- ~~ xP 4- 3 
a 


_ +. (a? + p22!" e ox cos ( bex-+-n sean) 


Page 150. 
Ex. 2. 136. —X. 
Page 153. 
Ex. 3.) max. —8;: min. -10, 26. 
Ex. 5. 55/27, 1 : 1109, -- 27. 
Page 156. 
1. (i) max, 38 ; min. 37. (##) min, 4. 
2. Max. for x =2a and minimum for x0 and x=3a. 
3. Max. for x-=1, min. for x=2. 
4. 2,/3/9. 
5. max, 54, min. 50 ; least 0, greatest 70. 
6. max. for x-=1, min. for x=—6. 
7. max. for x ={/3 ; min, for x-=—4/3. 
Il. e}. 
12. min. value : log [(de—e) log a}/log a 
13. max. values : (27% +3//3)/6 ; (87 -+-3,//3)/6. 
min. values : tg 309) [6 ; (lOr—3+/3)/6. 
14. max. for x==n7 where n is an odd positive or even negative 


integer, and minimum for x-=n7 where n is an even positive or odd 
negative integer. 


392 DIFFERENTIAL CALCULUS [Pages 156-169 


Page 156. 


15. min. values :—3(57+3,/34-2), 1(27—3,//3+4-2). 
max. value : }(—2w +3,/3—2), +(5%+3,//3+-2). 


17. (i) min. value ve > max. values 2Y¥o° ; 
least value 0 ; greatest value VA 4° ; 


(ii) min. values :—4, —% ; max. values : 44, — ,4, 
least value :—5 ; greatest value : +2. 
18. (i) min. —1, —2/34/6 ; max. 1, 2/3,/6. 
3 


(t7) min. (a3 3 yz ; max. —(ai +53 )?. 


(tiZ) min. 0, —2/3,/3 ; max. 0, 2/3,/3. 
_ 4+a/4) ,. (a-+7/4) 
(iv) min, e(2n el )m max. © ay etna , 
where n is any integer. 
Page 157. 


20. max. c?/(a+5). 
21. The required values are the roots of the quadratic equation 
(a—r-*)(b—r-*)=h?, in r. 
Page 163. 
1. 9, 6. 3. Sq. whose each side = //2a. 
4, ~/(40/3), ./(40/3), 44/(40/3). 
5. Diameter of the semi-circle =40/(m +4) ; 
Height of the rectangle = 20/(7 +4). 
9. Breadth ./4a, depth 4/§a. 


10. 15()8 miles per hour, 19800(2)3 rupees. 
18. srt h tan? a. 


Page 164. 
21. 3,/3ab/4. 22. ab. 25. 3\/3/4. 
26. (3v/8n)?. 28. 24/32/27. 


30. Length 2 ft., girth 4 ft. ; yes, length should now be 1? ft. 
and girth 4} ft. 


Page 168. 
Ex.3. (i) —}. (ii) w9/2e. (iii) 4. (iv) 2 (v2. 
(vi) 2a/b. 
Ex. 4. (i) 3. (ii) }. (iii) — 3. (iv) 4. 
Page. 169. 


Ex. 5. a=—2; limitis —1. 
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4. 


0. 


L 
75° 


Pages 170-188] ANSWERS 
Page 170. 
Ex. 3. (i) 2. (ii) —}. (iii) 1. 
(iv) --2/7%. Change cot mx to cot 7x. (v) 
(vi) 4. (vii) 2. 
Page 173. 
Ex. 2. (i) 0. (ii) 3. (iii) 1. (iv) L. (v) 1. (i) 
Page 174. 
Ex. 2. (i) 0 (ii) J (iii) 2a/n. 
Page 175. 
Ex. 2. (i) 4. (ii) 0. (iii) 3. (iv) 7/6. 
Page 176. 
Ex. 3. (i) 1. (ii) ec. (iii) 1 (iv) 1. 
Page 177. [§8°7]. 
(v) e. (vi) e. (vii) e® (viii) e. 
Page 177. 
1 4062.0. 3. —§. 4 ee SL G. 6. —l. 7. —2. 
8 coe? 10. £. i. - 212. ew? 
13, @ PP?) 4s e158. e®. 16. 7/7 
17, @ ol 18. a log a 19. 2. 20. 1. 
21. elt 22. 4/37/6. 23. log (e/b) log be. 
Page 178. 
I 
24. (4,a,05...a,) " . 25. —e/2. 26. lle/24. 27. 16. 
28. — ha’e*, 29. are" 30. f’(a)j2f'(a). 31. 
33. Continuous at the origin. 
Page 187, 
3 (len 
2n-+ 1 
7 oes +3 3 
2 Vr 2K XP O-x8- SS xA— xP + 9 x8, 
Page 188. 
x? x4 
11. PX +-G- yg ; 
] 2 1 x x3 
a a oe 3 nee 
BA Xt 3 IS. gt go 48 
; (x—3)? 
14. log sin 3+-(x—3) cot 2—-* a a cosec? 3 +- 


. cot 3 cosec? 3. 


(x—3)* 
3 
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IS. 14+429(x---2) +16(x—-2)?43(x --2)8. 
Page 188. 


2 3 
17. Lx 5 * 


3 
(Read e* —e*% ©°S * in place of e—e* °° *). 
Page 202. 

1 . ] l 


Lg cetyyt ) TEGEEY 


(it) ae** sin by, be** cos by. 


ane 2x 2y 
iii es re 
OD (xa py) (x? -+y?) 

2. (i) e&¥, —e", —eF-¥, ce ¥., 


(ity ye") e-atyaw 4 y 1], 
e(*") xu 4 (14. x¥) log x¥}. 
) x¥-101 4-(1 4x4) log x4], 
eb") x91 4.x)(log x)2. 
(ity VAAN) Arty) Ax+y)  2x(L+ x*) 


(1—xy)®? (1—xy) (1—xy)8" (1 —xy)8 

4, 1/c?z. 8. 0. 
Page 203. 

17, —2. 
Page 205. 


Ex. 1. 
Page 209, 


2. 4%. 6. . -3h. 
Page 215. 


1. 4x-4-2y. 2 


ol 


. (cos y—xy sin y)/x* 
3. —(u cot x cos usin y+z sin v sin x)/(cos v sin y). 
4. —(1+x%)(1 +y*)(25-+-7%)/(1—ay)?, 
3. (1) [y+ x? cos (x—y)]/[x-+x® cos (x—y)] 
(11) (cot x—yx¥-! log y)y/x¥(y log x log y+ 1). 
(iii) - sin y(y sin x +-cos x log sin y) 
cos x(sin y log cos x-—x cos y) 
(iv) y(y—x log y\/x(x—y log x). 
vy) y(tan x)¥-1 sec?x-—cosec*x log y(y)* ? 
log tan x (tan x)¥ cot x(y)?! 2-1 
Qz oF lax . oz oFlay 
©) B= oFlae dy ~~ aF loz’ 
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- resin 6, cos 8, r cos @, sin @, ~ Fr cosec g, cosec @. 
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Page 216. 
. 2a3xy ... 2a®xy(Zat -}-x?y?) 
14, ee, et Aen 
(?) (ax -- y2)3 (i (a2x — y3)$ 
GaP xy(2a® +-r3y*) . Gaex?(a® +-x8) 
(111) (abx yy , (tv) ? 
Page 228. 
1. (i) min. at (3, —4). (ii) min. at (0, 0) if a= - 4. 
(tii) min. at [4(b— 2a), 4(a --26)]. 
(iv) max. at (2, 1). (v) min. at (2, 3). 
(vi) min. at (0, 0), (—1, 0). (vii) max. at (—2, 9). 


(vil) No extreme value. 
(ix) max. at [-4-7(1 4-4 -+-L2n), dar(1 +401 4-20), 
min. at [4):7(7-+4m 4-12), 2a(1 4.201 + 2n)], 
where m and nare integers. 
(x) max. at (4, 4). 
2. max. value 112 at (4, 0) ; min. value 108 at (6, 0). 
Page 229. 


3. S(X, X_)(MIyMg- MIN,)/4/L(myNy- Ml)’. 


Page 232. , 
1. (i) 3a. (ii) 3a®, (iii) Rae. 
2. -~-a? (min.) and $a? (max.) 
3. 2k,’(a?--ab +-b*). 
4. (al-+-bm beh jm? { n?), 
§. 


( 2 
14 og’ 4/ ia) 
6. Squares of the semi-axes are the roots of the quadratic 


( a - ‘a )( h - a) Ah? in r?. 


7, }. 8. 28, 3. 
Miscellaneous Exercises 
Page 233. 


1. Zero is the only point of discontinulty. 


2. n+}, whore n is any integer, are the only points of dis- 
continuity. 


3. (2m-4-1)/(1--2m), m being any integer and x= LI. 
4. 1,1. 


5. (i) All integral values of x. 
(ii) All integral values of x. 
(fit) x:=0. 
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Page 233. 

6. x=0, 3, 1. 

7. Discontinuous at the origin. 
Page 234. 

g, ein (C—A)-+sin B(cos A—cos C) 9, 3a 

' sin (B—-C)-+sin A(cos C'--cos B) ors 
11. (—Irnt sin (n-+-1) @ sin”*+! 9, where 
ant? sintt2y , 


tan 0=a sin a/(X-+-a cos a). 
16. 34x—7i-x8— ,}, x5. 


Page 236. 
30. (i) 1; (ii) --1; (iii) --1. 
31. 2. 32. }. 
33. (i) 1. (ii) 2a/b. (iii) 0. 
34, —2. 


35. (i) continuous, (ii) discontinuous, (iii) continuous. 
Page 237. 
4— 34/2 443 /2 
37. 4432 max., 43,2 m 

38. max. at 7/3 and min. at 57/3. 

40. 4/e max. and 0 min. 

43, (3d—b)/(a—3c) is a max. (min.) and --(b+4)/(a-}c) isa 
min. (max.) if, ad-- bc, is positive (negative). 

47. Height =2(30/n)3, radius=(1/4/2)(3v/m)3 where v is the 
volume of the cone. 

SO. 2a{1—(4/2/3)} radians. 

31. The vertices of the rectangle are 


(Se ya) (8s) (ve) Ge ya) 


y?=4ax being the equation of the parabola. 


in, 


; Lje 
52. The greatest value is 1 and the least value is (1/e) , 
Page 260. 


1. (i) x+y+a=0, x—y da. . 
w (ii) b?x'x-a®y'y=a?b? ; a®y'(x—x')=b*x' (y-—y’). 

(tii) x-+-p?y=2cp ; p®x—py=c(p*— 1). 

(iv) 4x+2y—a=0 ; 2x-F4y=—3a. 
(v) 31x+8y4+9a=0 ; 8xF3ly442a=0. 

(vi) x+y=0; x—y=0. 6 
vil) x+yp=3a ;x—y+ta=0. 

Gi % boos g+y sin? 0c - x sin? 6.—y cos? @+ 2c cot 26==0. 

(ix) 13x— 16y=2a ; 16x+13y=9a. 
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Page 260. 
5. (i) (0, a) ; (a, 0). (ii) (3/2a, ¥/4a) ; (8/4a, ¥/2a) 


(ii) (b99>F g). (2a Fg): 
6. x—20y=7, 20x+y=140. 


Page 262. 
1—2x, 2x,—7x,?+7x,;° 
Page 264. 
1. (i) w/4. (it) tan-} 4/16. 


3, (i) mh+m(a—b)—h=0. The roots of this quadratic equa- 


tion in, m, are the slopes of the two axes. 

Page 265. 

3. asin? §,a tan @ sin? 9, a sin? g cos 9, asin? ¢ tan @. 
Page 270. 

1. (i) 6/2. (ii) w/2+m6g. (itl) w/2—9/2. (iv) w/4+-me9. 


4. (i) w/2. (ii) tan-3. (iii) /2. (iv) tan—{2e/(e2—1)] 
(v) 2mr/3. (vi) 4/2. 
Page 272. 
4. (i) 2a cos® 39 cosec 39. (ii) cane (17) Pd 
6. (i) —a/6?. (ii) —b sin @. 
7. p=ael(1-+8)-/(2+26). 
Page 273. 
9. (i) 1/p?=1/r?+-1/a?. (1) p==r sin o. 
d (e?—1) 2 
(iit) Pp 2 | tr’ 
(iv) 1/p?==1/r?+ a?/r'. (v) r3:=2ap? 
(vi) r= p*(a*m?+(1l—m?*)r?). (vii) ar’=4p*. 
(viii) r4==(b6?—a?+2ar)p. (ix) r+) p\/(a2™ + 52”) 
Page 279. 
1. (#) cosh (fi) Oe 
ves 3x—4a fas 
0) uz(@—ax)} ” a/ er 
2x?2— 3a? 3x+a 
(v4) y/8a?(a?— x*)] ° (4) /(12ax)’ 


(viii) (x?+.a*)/2ax. 
2. ad(a t+ oyhy/axy’, 
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Page 279. 
4. (i) v(@ sin?g+-5? cos’6). 
(ii) 3 sin 9 cos @ \/(a? cos’9-+-b? sin?g). (iii) 2a sin }@. 


(iv) \/2a ef (v) ag. 


§. (i) 2acos @/2. (ii) a,/(sec 29). (iii) acosec a ef cot * 


(iv) a,/(1-+6?). (v) a(g?+1). (vi) a(g@2+1)/(9? —1)*. 
(vii) a™/r7 >. (vill) \/2am™/rm 1, 
Page 288. 

2, Concave downwards in |0, 7] and upwards in [7, 27]. 

3. Concave upwards in [ --2, 0] and [2, o 20) 5 concave down- 
wards in ( --0o, —2] and (0, 2]. Inflexions at (—2, 198), (0, — 20), 
(2, —238). 

4. Concave upwards in (-- 0, ~- 1] and [1, oc] ; concave down- 
wards in{—1, 1]. Inflexions at (—1, 2e) and (1, 10/e). 

5. Concave upwardsin [0, 7/4] and [57/4, 277] and concave 
downwards in [1 /4, 57/4]. 


6. (i) For x~2—b/3a. (ii) (0, 0), (1, 0), (© -1, 0). 
(iii) (5, 0), (AY. &). | (iv) (0, 2). 
(vy) For x =-—-a@ and a(2-; 3). 
(vi) For x~ 0 and +a@,%3. (vii) Forx=- 2and 1+ 3. 
3 3 
(vill) For x --a/\/2. (ix) (3ae 7 , ae?) 
. 1 4 
(x) (1, 3). 0) (3 tg cy) 
(xit) (0, O). 
Inflexional tangents to (//) are x--}y:- -- 2y+-1--0, 


Inflexional tangents to (il!) are x~ * and 39x Gy) --15T. 
Inflexional tangents to (x/) are yx" $3,/3y Eb O. 


Page 289. 
9 Forx= - 2, (—4- ic v/ 18). 


oT yd 3a 
af (smn i a » | 


¢ 2 . 
anlage 4 V0. (0, O). (a?) (4. a3 » ): 


Pege 292. 
Ex. (i) ¢ sec’ yw. (ff) dacos p (iT) tacos gu. 
(iv) c tan y. (v) 2a sect, 
Page 296. 
1. (1) y?fe. (ii) at, (tit) 3(axy)3 . (iv) —al(l?? -1)2/t4, 


2. (i) —1/2. (ii) 1. 
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Page 297. 

10. 2a?/b, 2b? /a. 

14. [—(log 2)/2, 1/4/2). 

20. (%, +3). 
Page 298. 

23. (c?-+-s?)/c. 25. 4/[8a(2a—y)]. 
Page 302. 


(r?-a°n?—n?y2)? a(1 +6)? ( ) (1462)? 
r2—rn?tQaen? ° (") (2+9) 64 
(iii) a'{(n+l)r"-, (iv) 4/(r?—a?), (v) +/(8r3)/4/a. 


3. an/2. S. (i) 2p?/a?. (ii) r4/Ap>. (iii) a®b2/p 
6. a2b2/p3. 


; m 
7. (i) 3p. (ii) mel cosec? Cat yp ) 
Page 303 
“v3 , | .. 
10. —S-—a. 12, (i) (Ba/2. | 3). (ii) (44/2a, 1/2). 
Page 309. 
9. (a-|-b)(x?-}-y?)=2x +2y. 


I}. (a) x?+4° soe) y | (b’--2a°)=9. 13. "Ve. 
Page 315. 

Ex. 2. (i) < vias. (ii) x ty=a. (iii) vo x4-al3. 
Page 320. 

1 x=0, vs--ba. 2. Xe:2, X=3, y=3. 

3. Xes-L Il, yp =O. 4. x=-a. y=++5b. 

§. xX =0, yo=X, p=x+], 6. y=xta,x=ta. 

7. VX -2, yp eXx--3., 8 x; 1l=Nv=0,x :y=0 

90 porn 3, puex 4-2, w+ype, 

10. yp=O0, yb x=+]). 

Mh. ve=0, pexty/?2. 

2. xtyst4/2, Ke bps 1, 
Page 321 

13. y=(), ytx= I. 14. x=. 


IS. x4+-y=2, p=x42, y—2xu 4. 

16. y-{-3=0, X+1-0, y=x !-4. 

17. x=0, y=::0, 2y—2X =6. 18. x. +a, yi x=a. 
19. x+yta=0., 

20. 4(y—x)-+-1=0, 2(y +x) =3, 4(y +3x) +90. 
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Page 321. 
21. x=y+a, x=y+2a, Qy=x+14a, 3y—x—? 3a. 
22. X=ta. 
27. x+ty—4a. 
Page 325. 
1. y=a,x=0,x+yta=0. 2. x=1, x=2, x+y+1=0. 
3. 3(y—x)+2=0. 4, y—x=0. 
3, x*+y+1=0, 3y+x—1=0, 2y+x+1=0. 
6. 3y+x=(—5+t4/106)/9. 
7. yt2x+2=0, y+2x—1=0 ; y—x+3=0, yp—x—2 =0. 
8. x=0, y=0, 2y=4x4+3, 4x4-9y=15, 
9, xty+a=0, x=—0. 
10. y=xX, y=2x+1, p= 2x+2, 
Page 328. 
5. 3y4+x=1. 6. y=tx+l, y= tEx+s. 


7. 6(y—xX)+7=0, 2(y--3x)4-3=0. 
3(2y+x)+5=0, LOby—381x +105 =—0. 
8. x8—6x°y+1ll xy3~—6y3~—x =0, 
9. y=2x38+1, yo —2x—1, x=2y, x4+2y=0. 
10. x-+-y=0, 2x--3y—1=0, 2x—3y+3=—0, 4x--6y +9=0. 
Page 331. 
Ex, 2. (i) x+y=a. The curve lies above or below the asymp- 
tote according as x is positive or negative. 
(ii) x +y+a=0. The curve lies above the asymptote both for 
positive as well as negative values of x, 
(iti) y=x-+1. The curve lies above or below the asymptote 
accordiug as X is positive or negative. 


Page 334. 
1. —a=r sin (1—@). 2. a4+/2r sin (6+ br)=0. 
3. rcosé@tb=a, 4, rcos 6ta=0, rsin @ta=\. 
5, 2rsin 9=da, 26=—r7. 6. @=+t27/4. 
7. rsin @=da, n(r cos #)+2a=0. 
8 r sin( g—— ) = 7 where mis any integer. 
n n cos mrt 

9, n@=mn where m is any integer. 

10, rcos 6=<+a, 11. @=0. 

12. a=rsin (@—1). 13. y+a=0. 14, y+a=0. 


15. System of parallel lines y=ae"™ where nis any integer or 


16. ye" +a=0. 


17. ft) =r sin (9,—96), where 6, is any root of the equa- 
a\' 1 


tion f,, (0) =0. : 
19. a=2r (cos 6—sin @), 2+2r(cos @+8in 6)=0. 
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Page 338. 
1. x=0, y=0. 2. bx=-+ay. 3. x=0, 
4, y=+x., 5. yo +x. 

Page 339, 
1 x=+4a, Zz (Y—-)N=t(X—2). . 


3.0 +/38y=+/2(x—a) ; 2(x—2a)=+/3(y—Q). 
Page 34]. 


1. Cusp at (0, 0). 2. Cusp at (0, 0). 
3. Node at (0, 0). 

Page 342. 
4. Node at (a, 0). . 


5. Node at (2, 0). 
6. (a, 0) is a node, cusp or an isolated point according as b/a 
is less than, equal to or greater than 1. 
7. Conjugate point at (a, 0). 
8. Conjugate point at (2, 3). 
9. Conjugate point at (—a, —-b). 
10. Cusp at (0, —4a). 
11° Cusp at (—1, —2). ° 
1Z. Cusp at (1, —1). 
13. No multiple point. 
14. (0, +a) are triple point : (—$%a, +a) are cusps: node at 
(—a, 0). 
15. (0, —a) is a double point ; being a node, cusp or conjugate 
point according as b>a, b=a or b<a. 


16. y—a=+(2//3)x 5 y= +V/(2/38)(x—@) 5 


yp—a= +(2/3)(x — 2a). 
7. y—-2=+(2,/2)(x—2). 
18. x—y+1=0, x+y=3. 


Page 345. 
1. Single cusp of first species. 
Z. Single cusp of first species. 
‘3. Single cusp of first species. 
4. Single cusp of first species. 
5. Isolated point. 
6. Double cusp of second species. 
7. Oscu-inflexion. 
8. Oscu-inflexion. 
Page 347, 
2. 2/2. 3. 24/2 for each. 4. 3a/2 for each. 
5. 28/17, By/2. 6. a, —a/2, —6*a. 


7. &/2a, $/2a, a. 


[ Page 367 
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Page 377. . 
1. (i). x®/a?+y2/b?=1. (ii) c2(x®+ y?) = x?y2, 
(iii) x==a cos @+49 sin 9, y=@ sin 9--a 9 COs §@. 
civ) 2I2—M) 4 22m) _2N(2—n) 
(v) (p—1)?-2x?4-p? ay?-1=0, 
(vi) x? —y?=c?, 


2. (i) x?tyt=c?. Gi) x84ydnc8. (iii) 4xyact, 
Page 378. 

3. (i) 2xy=c*. (ii) xty+tc-=0. 

3. 27ay?=4(x—2a)?. 

6. (x--y) 3+ (x—y) $298. 7. x3 4y3_. (4a)! . 


9. x*/q?+y?/b*=1. 
12. (x2-++ y?)? = ax? + b2y?, . 
13. The straight line p?x—py+(a+ap*+ pq)=U. 
15. (i) r?—26r cos 0+4-(b2—a?)—0. 
, nf(i—n) _ n[(l—n) n 
(i) or =a cos Gos 0 ). 
(iit) r sin «ae ~7/2) cot « e! cot * 
16. (i) r?(e*—1)—2/ er cos 9+-2/? =0. 
iy PHO AV Lg MOHD yg 78 
L-{-n 
Page 379, 
17, MPP), mpl +p) _ mplm+ Pp) 


Miscellaneous Exercises II. 


Page 379. 
2. 2a sec® (9/2). 4. -ta/2; —a. 
( i ) 4 zal , a 
5S. 3f(?—3)?. 
Page 380. 


14. (9f2, —6?). 
17. (4a, +a). 
22555 44818 | 
(Sigs 557505 20. (6, +4). 

Page 381. 
” 28. = x--4. 

32. (1, —1) is an isolated point ; (5, 3) and (5, —5) are tha 
two points of inflexion. 

36. x=a—tanh a, y-=sech a is the required curve. 
Page 382. 

40. x sin h/-+ y cos $f=-a sin 3, x cos t—y sin $f+-3a cos Ff. 

47. (i) Isolated point. (ii) Single cusp of second species, 


INDEX 
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A 


Acceleration, 79 
Angle of intersection, 

—of two curves, 262, 268 
Approximate calculation, 207 
Arcs, 274 

—, Derivative of, 274 
Astroid, 212, 257 
Asymptotes, 313 

— by expansion, 328 

— by inspection, 324 

-—-parallel to axes, 315 


Cardioide, 249 
Catenary, 238, 259 
Cauchy’s Theorem, 137 
Cissoid, 244 
Closed interval, 3 
Composite functions, 209 
Concavity, 281 
Conjugate point, 336 
Convexity, 281 
Continuity of elementary functions, 54 
Continuous functions, 36, 194 
—, properties of, 54 
Curvature, 290 
—, Centre of, 303 
—, Chord of, 305 
—, Circle of, 305 
—, Radius of, 29! 
Curve Tracing, 348 
Cusps, 336 
Cycloid, 240, 257 


D 


Derivative, 72 
—, of arcs, 274 
—, Partial, 196 
—-, Sign of, 136, 150 
Determinant, 107 
Differentials, 206 
Differential Coefficient, 72 
Differentiation, 72 
—, Logarithmic, 100 
—, of function of a function, 86 
—, of implicit functions, 209 
— , of inverse functions, 88 
—, Partial, 196 
—, Repeated, 217 
—, Successive, 113 


Discontinuity, 38 
Double points, 336 


E 


Envelopes, 369 
Epicycloid, 240 
Equations, 
—, Implicit, 243, 254 
—, Intrinsic, 291 
—, Parametric, 255, 276 
—, Pedal, 266, 272 
—, Polar, 248, 277, 298 
—, Tangential polar, 300 
Equiangular spiral, 252, 269 
Euler’s Theorem, 199 
Evolutes, 305, 310, 372 
Expansions, 179 
Extreme values, 148 


EF 


Folium of Descartes, 246, 362 
Functions, 11 

—, Algebraic, 35 

—, Composite, 209 

—, Continuous, 37 

—, Exponential, 23, 97 

—, Homogeneous, 199 

—, Hyperbolic, 67, 97 

—, Implicit, 209, 292 

—, Inverse, 21, 88 

--, Inverse Hyperbolic, 70, 99 

—-, Inverse Trigonometric, 30, 93 

—, Logarithmic, 25, 96, 100 

—-, Monotonic, 20 

—, of a function, 34, 86 

—, of two variables, 193 

—, Transcendental, 35 

—, Trigonometric, 26, 89 


G 


Geometric Interpretation, 77, 131, 197 
Graphical representation, 14 
Greatest values, 149 


H 


Homogeneous functions, 199 
Hypocycloid, 240 


Implicit Functions, 209, 292 
Indeterminate forms, 165, 185 
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Infinite limits, 48 Points, Stationary, 150, 223 


—, series, 179 Polar coordinates, 267, 277, 331, 359 
Inflexion, 281 


Interval, Closed, 13, 55 


R 
—_—, Op en, 1 
Inversion of operation, 53 Radius of curvature, 291, 345 
—, vector, 267 
L Remainder, 142 
| Repeated derivatives, 217 
Lagrange’s Theorem, 133 Rolle’s Theorem, 130 
—, multipliers, 230 
Least values, 149 S 
Leibnitz’s Theorem, 121 
Lemniscate, 249 Series, Binomial, 183 
Limits, 41, 195 —, Taylor’s, 140, 220 
—, Indeterminate, 165 —, Maclaurin’s 142 
—, Right handed, 42 , Sign of derivative, 136, 150 
—, Left handed, 42 Singular points, 335 
Smallest values, 149 
M Spirals, 251, 252 
Stationary values, 150, 223 
Maximum value, 148, 223 Strophoid, 245 
Minimum value, 148, 223 Subsidiary conditions, 229 
Mean value theorem, 133, 137 Sub-tangent, 2 
Modulus, 9 Sub-normal, 264 
Monotonic functions, 20 Successive differentiation, 113 
Multipliers, 230 
N T 
; Tangent, 254 
Newtonian Method, 293 Tangential Polar equations, 300 
Node, 336 Taylor’s Theorem, 140, 220 
Normal, 259 Theorem, Cauchy’s, 140 
Numbers, Irrational, 5 —, Euler’s, 199 
—, Rational, 2 —, Lagrange’s, 133 
—, Real, 6 —, Leibnitz’s 121 
—, Maclaurin’s 142 
Oo —, Mean value, 133, 137 
—, Rolle’s, 130 
Open interval, 13 —, Taylor’s, 140, 220 
—, on limits, 52 
P Total differentials, 200 
Parametric equations, 255, 276, 293, 364 Vv 
Partial differentiation, 196 
Pedal equations, 266, 272 Values, Greatest, 149 
Points, Conjugate, 336 —, Maximum, 148, 223 
—, Cusp, 336 - ——, Minimum, 148, 223 
—, Double, 336 —, Smallest, 149 
—, Node, 336 —, ’ Stationary, 150, 223 
— , Multiple, 335 Variables, 11 
—, of inflexion, 281 Velocity, 78 


—, Singular, 335 


